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The PRE FACE. 
; 75 ſay any thing in Praiſe of the Method of Fluxions, 
| or of its Dignity and Rank among the Mathematical 

= Sciences, would be as needleſs as to deſcribe the Excellency 
o bright Sun-ſhine above the twinkling Light of the Stars; 
fence any one who is acquainted with the Sciences will 
allow it to be a Method of Calculation incomparably 
ſuperior to all other Methods that ever were known or 
found aut; and beyond which nothing further is to be 
| hoped or expected. It lends it's Aid and Aſſiſtance to all 
the other Mathematical Sciences, and that in their 
greateſt Wants and Diſtreſſes : It opens and diſcovers to 
us the Secrets and Receſſes of Nature, which have al- 
ways before been locked up in Obſcurity and Darkneſs. To 
this all the noble and valuable Diſcoveries of the laſt and 
. preſent Age are entirely owing : And by this Method 
Sir Iſaac Newton, the worthy Inventor, determined and 
ſettled the Syſkem of the whole viſible World, | 
The Uſe and Application of FLux1ons are exceedingly 
extenſive; for Example, in Trigonometry, it teaches the 
Computation of Sines, Tangents and Secants; in Aruh- 
metic, the Calculation of Logarithms;, in Geometry, 
drawing Tangents to Curves, finding their Curvatures, 
their Lengths, and Quadratures, the Surfaces and Solidi- 
ties of Badies; in Mechanics and Philoſophy, the In- 
veſtigation of the Centers of Gravity and Oſcillation, 
the Vibration of Pendulums, the Laws of Centripetal 
Forces, the Times, Velocities, and Spaces deſcribed by 
Bodies afted upon by any Forces, the Motions and Re- 


f Aſtances of Bodies in Mediums, &c. Theſe ove June of 


the numberleſs Inſtances, wherein Fluxions are applied 

with ſuch wonderful Succeſs. Aud though ſome fem of 

theſe may be (and actually have been) hammer d out with 

great Labour and Difficulty by other Methods ; yet the 

Proceſs of none of them can in the leaſt be compared with 
that Beauty, Simplicity, WW _ 
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the Method of Fluxions per forms all 12 
ſhirt, the Method of Fluxions is capa long 
fach Diffictlties as raiſe the Wonder 245 Kr * 
Mankind, and which would in vain be attempted by a 
other Method whatſoever. So that it is juſtly efteethied 


the greateſt Work of Genius, that 


ever entered the human Mind. 
The Method of Fluxions is founded upon this moſt 

femple and obvious Principle, viz. that any 1 

be ſuppoſed to be generated by continual Increaſe, after 


the ſame Manner that Space is deſcribed by local Motion. 
The great and noble Inventor tells ns, that in this Me- 
thod he conſiders Things as generated by continual 
Increaſe, after the Manner of a Space which a Thing 
or Point in Motion deſcribes. Now the Conception 
of this is exceeding eaſy amd natural; for we every Day 
„ all kinds of Lines and Figures 
deſcribed by the Motion of Bodies : This Principle then 
will be eaſily admitted. And further, ſince we alſo ſee 


by Experience, that theſe very Lines and Figures art de- 


ſcribed, ſome with greater Degrees of Velocity, ſome with 
leſs, ſome with Motions continually accelerated or retarded, 
and ſome with uniform Motions : We fhall eaſily under- 
ſtand that any one of theſe Lines or Spaces has in every 
Point of it's Deſcription a certain Degree of 3 
determinate in it felf, and peculiar to * Point, and 
which is the ſame with the Velocity of the Thing that 
deſcribes it. And to determine this Velocity, or this De- 
gree of Increaſe, in in any given Point of the generated 
Quantity, is the ſame Thing as finding the Fluxion of a 
Prupoſed variable Quantity, and is the Foundation of all 
 #be Arithmetick of Fluxions. And to determine 3 
is of the greateſt Conſequence for 1 
Many Diſputes and Objettions have 

againſt the Truth of the Methed of Fluxions; * 
theſe Diſputants, as it commonly happens, thoſe have been 
the moſt inveterate, who underftood the leaft of the Matter. 
To anſwer all the Cavils that have been offered will be 


„ F none at all for 
 ſetlg 
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; ſettling the true Notion of Fluxions. Therefore, inſtead 

T of that, I. Hall, by following Nature as cloſely as I can, 

Z endeavour to give the unprejudice Reader a clear and 
true Idea thereof ; and then perhaps be will be able to 
judge for himſelf, whether the Principles of this noble Art 

© be capable of Demonſtration or not. In order to this, 
let ns aſſume what has been before laid down, that any 
generated, flowing Quantity is analogous to 4 Line de- 

* ſcribed by a moving Point, and that the Velocity of this 
Paoint in any place repreſents the Fluxion of that Quant: 

* ty in the correſpondent Place of the Fluent ; now 1 ſhall 
* eonfider the Generation of this Line, inſtead of the Fluent, 

: as being more eafily underſtood. 
I 1s the general Practice in Mechanics, io meaſure 

: the Velocity of a Body by the Space uniformly deſcribed in 
n given Time, For Velocity being that by which a Body 
is carried through a given Space in a given Time, there- 
pere Velocity muſt be looked upon as the proper efficient 

 * Canſe of the Space deſcribed ;, and the Space deſcribed the 
adequate Effet of that Cauſe. Now ſuppoſe a right 
Line deſcribed with any ſort of Velocity, accelerated, or 
* retarded, at Pleaſure, and that we would enquire what is 
* theVelocity of it in any given Place. If we take a ſmall 

Pari of the Line, which the moving Point deſcribes juſt 
before it arrives at that Place, and call it an Increment, 
and ſuppoſe it to be deſcribed in a very ſmall given Time; 

3 then this Increment will nearly meaſure the Velocity of the 
deſcribing Point at the place propoſed, and is ſufficient to 
give a vulgar Notion of the Degree of Velocity required, 
Now if this right Line was deſcribed uniformly, this 
would accurately meaſure the Velocity. But ſince that 
* Jncrement is deſcribed with a Velocity, by ſuppoſition, 

- Continually variable, therefore this Notion we have here 

: obtained is to be corrected; the firſt Notions we get of 
any Subject are generally incorrett, and demand a nicer 

View, and a more accurate and philoſophical Examination, 

| before, we can acquire Notions that are perfett and 
aA adequate, Here then it will be very evident, if we take 
3 fill a leſſer and a leſſer Increment, by which the Velocity 
1 I ts 


fs n as the Point hi draws nearer the propoſed 
Place; we approach nearer and nearer to a uniform 
Velocity, till the Difference be leſs than any affignable : 
And this Increment will differ from the true Meaſure of 
the Velocity, by leſs than any given Difference : And as 
_ this Increment continually diminiſhes, till at laſt it vaniſh, 
it approaches continually to that Meaſure, till the Differ- 
ence vaniſhes with it. 

Now although by diminiſhing the Increment at Pleaſure 
we can approach within any ; od of Exatineſs to the 
Velocity required, yet fince no Increment can be taken 
ſo ſmall, but it is till further diviſible ad infinitum 
and ſince the Velocity is by Suppoſition continually variable, 
it is plain, there can be no two Points of this Increment 
in both which the Velocity is accurately the ſame. It is 
therefore moſt manifeſt, that the Velocity here enquired 
* is peculiar to one only indiviſible Point; and that 

oint is the Place where the Increment ends, or vaniſhes 
into natbing. Here then we ſee plainly, that the Velocity | 
in any given Point of the Line deſcribed (or, which is 
the ſame thing, that the Fluxion in any given Point of 
a generated Quantity) has a certain, fixed, determinate 
Value, proper to that Point of it alone : And this fur- 
vibes the Mind with that accurate abſtraf?F Idea, which 
we ought to form of this Velocity or Fluxion. And here 
we may obſerve, that this Degree of Velocity (or Fluxion ) 
we have been bere conſidering, and which continues but a 
Momen!, differs from the ſame Degree of Velocity (or 
Fluxion) which continues for any given Time, and by 
which a given Space is actually deſcribed; theſe, I fay, 
differ no otherwiſe than as a Cauſe in PowER differs 

from a Cauſe n ACT. 
Hlere a metaphyſical di fputant may demand, bow it 
comes to paſs, that any Velocity which continues for no 
Time at all, can peſſibly deſcribe any Space at all; or 
whether its Effect be abſolutely nothing, or an infinitely 
ſmall Quantity, or what it is. Here then it is, that 
our Reaſon is at a Stand, and the human Faculties are 
quite confounded, leſt, and bewildered. We are 3 
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„ F we do not know what, nor whether it is ſomething 
er nothing: And at beſt is ſome ſuch ſubtile, fleeting 
of * Thing, as the Mind can lay no Hold on, nor form any 
as Idea of. Now whether ſuch ſubtile Queſtions will be ever 
h, | determined, or not, yet there is one Refuge for us, viz. 
that it is nothing at all to our Purpoſe what they are: 
Aud therefore we may ſafely leave theſe deep Speculations 
we 1 40 thoſe that have more Buſmeſs with them. The Me- 
he © thod of Fluxions bas no D e on theſe myſterious 
en © Diſquifitions. What I apprebend the Method of Fluxions 
is ® to be concerned in, is, not what any ſingle abſtraft Velo- 
, city can deſcribe or generate of itſelf, but what a conti- 
nt | nual and ſucceſſruely variable Velocity can produce in the 
is ©Þ whole. And here I think no Reaſon can be aſſigned, why 
2d © variable Cauſe ſhould not produce a variable Effect, as 
at | well as a permanent Cauſe a permanent and conſtant 
e's Effet. For ſince every Effeft bas a co-inſtantaneous 
ty |} Exiſtence with its efficient Cauſe, and is always per- 
is Þ fellly connefied with it; all the Difference can only be 
of |} this, that the continual Variation of the Effet muſt 
i» Þ always depend on, and be proportional to, the continua 
Variation of the Cauſe that produces it. And this will 
ch © always be true, though we bave no Ideas at all of the 
re © perpetually arifing Increments, or their magnitude in 
„) Þ their naſcent or evaneſcent State, that have ſo much, 
2 and to ſo little Purpoſe, confounded and puzzled the 
oy matbematical World. And whether we can or we cannot 
by >} conceive the formal Nature or Manner of exiſting of a 
y, hing juſt ariſing out of nothing, or beginning to be ; or 
rs Þ whether a naſcent or evaneſcent Quantity be any thing or 
nothing; yet the truth of the Method of Fluxiens will 
is fand juſt as it did. But theſe fort of Diſputes have 
wo een arifully introduced for no other Purpoſe but to in- 
* valve the Subjef# in Obſcurity, to darken the Reader's 
ly I Judgment, and thereby 10 miſlead and divert bim fl rom 
at + Purſung the principal Buſineſs in Hand, that is, from 
* F co ng the proper Evidence on which alone this 
* 3 Dearine is founded; by inſnuating that — 
ul 3 | G 


xed by endeavouring to examine into the Nature 
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of theſe things is eſſential to the very Nature and Founda- 
tion of Fluxions: When, it is evident, all that the 
Method of Fluxions does or ever did propoſe, being either 
to determine the Velocity (or Fluxion) wherewith a gene- 
rated Quantity increaſes in any given point; or elſe to 
ſum up all that bas been deſcribed or generated by ſuch 
continually variable Fluxion, during any given Time, or 
to any given Point of the Fluent or generated Quantity. 
Theſe two things alone are the tus Baſes on which this 
nable Structure (the Method of Fluxions) is to be erefted. 
A metaphvſfical Speculations, of what Nature foever, 
| baving no Buſineſs here, — 
I Hall now bring an Inſtance or two out of the Phano- 
mena ef Nature, which will help the Readers Notions a 
little; and will ſhew, thut what has been ſaid before, con- 
terning the Nature and Idea of Fluxions, is really true, 
and agreeable to the Nature and Conſtitution of Things. 
Let a beavy Body deſcend through a perpendicular beight © 
of 16-4, Feet in one Second of Time, according to the © 
Gallilean Hypotheſis of Gravity; then at the end of this 
Second of Time, the Body has acquired a Velocity of 
32 Feet in a Second; which therefore is accurately 
known. Now take any Point A in the right Line, at 
amy given Diſtance from the Place the Body fell from, 
and the Velocity which the falling Body has in the Point © 
A may be moſt accurately computed. But take any Point © 
above A, though at ever ſo ſmall a Diſtance, if it be © 
 diftant at ali from A, and the Velocity in that Point 
will always be fomething leſs than in the Point A. And 
in like manger the Velocity at any Point below A, though 
indefinitely near it, will be ſomething greater than in A: 
and therefore if is plain, that to the Point A, there be- 
longs a certain determined Degree of Velocity, which be- 
longs to wo ether Point in the uubole Line, and this is ac- 
curately the Fluxion of that right Line in the point A; 
and is the Valecity «with which the Body would proceed 
8 if the Force of Gravity ſhould be fuppoſed immediately to 
E |. ceaſe when the Body arrives at A, and to alt nos longer. 


Let 


” * 
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i ater, ſo that the Water may flow 


Tet there be a glaſs Tube, open at both Ends, and 
whoſe Concavity is of different Diameters in different 
Places, let it be immerſed in a running Stream of clear 
freely through it, and 


' always fill the Tube. Then it is evident, that in different 
Places of the Tube, the Velocity of the Water will be re- 


e it. 


* ciprocally as the Squares of the Diameters of the Tube, 


in theſe places, and will therefore be different. Therefore 
if you mark ary Place in the Side of the Tube, and ſup- 
poſe a Plane to paſs through the Tube perpendicular to 
the Axis, or to the Motion of the Water, then the Wa- 
ter will always paſs through this Section with a certain 
determinate Velocity. But ſuppoſe another Section to be 
drawn, though ever ſo near the former, then (by reaſon 
of the ſuppoſed different Diameters) the Water flows 
through this with a Velocity different from that it did at 
the former: And therefore that given determinate Velo- 
city belongs only to one ſingle, indivifible Point, or 
Section of the Tube, and this is the Fluxion of the Space 
which the Fluid deſcribes at that Section; and is that 


uniform Velocity with which the Fluid would continue 


to move, if the Diameter continued the ſame through the 
ſucceeding part of the Tube. Something like this may 
be obſerved in a River, for there the Velocity is greateſt, 
where the Dimenſions are leaſt, and leſs where theſe are 
realer. | | | 
a Again, let a hollow Cylinder be filled with Water, 
and let it flew freely out through a Hole at the Bottom 
It is ell known, that the Velocity of the effluent 
Water depends on the Height of the Water within the Cy- 


inder; and therefore, ſince the Surface of the incumbent 


Water continually deſcends without any the leaſt Stop, 


the Velocity of the effiuent Stream will continually decreaſe, 


till it all be run out. Therefore it is plain, there can be 


no two Moments of Time, ſucceeding each other ever fo 

nearly, wherein the Velocity of the running Water is pre- 

erſely the ſame. And therefore the Velocity that the 

Muent Water bas at any given Point of Time, belongs 

only to that one particular, indiviſible Moment of vs 
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and no other : And this is accurately the Fluxion of the 
Fluid flowing out at that Moment of Time. Now if 

preciſely at that Moment you begin and continue 10 pour 

more Water into the Cylinder, ſo that the Surface of the 

Water may deſcend no lower, but keep it's Place; then 

the effluent Water will alſo retain it's Velocity, and con- 

tinue to be the Fluxion of the Fluid as before. Now 
theſe are the genuine Effects and Operations of Nature 
it felf ; and do, in à manner viſibly, confirm the Truth 
of «what has been ſaid of the Nature of FLVUx TON. = 
From theſe Examples and many more that might be 

Produced, it is clear to me, that it is an efſential Pro- 

perty of the Fluxion of a generated Quantity, that it 

does not retain any one determined Value for the leaſt 

Space of Time whatever ;, but at the Moment it arrives 

at that Value, the ſame Moment it leaves it again; ſo 

that it only paſſes gradually and ſucceſſively through all 
the ind:finite Degrees contained between the two extreme 

Values which are the Limits thereof, during the Gene- 

ration of the Fiuent : That is, in caſe the Fluxion be 

variable at all; but if it is invariable, the extreme 

Values, and all the intermediate Degrees, are but one 

end the ſame Value. And therefore, although any deter- 

minate Degree of Fluxion do not continue at all, yet every 

Fluent has (intrinfically) in itſelf, ſome determinate De- 
gree of Fluxion, at every determinate, indivifible Moment 
of Time. RES = 
being now, I ſuppoſe, made evident, that every 
generated Quantity has every where a. certain Rate of 
mcrenfing (called its Fluxion) whoſe atfiraf? Value is 
determinate in itſelf, at any determinate Point of that 

Quantity : Therefore to find out its Value, or its Ratio 

10 any other Fluxion, is a Problem ſtriftly geometrical, 

It remains ſo enquire in general how we muſt compute 

this Value. And here the only, or at leaſt the meſt na- 

tural Way is, to get the Proportion of the Increments 
generated by the Fluxions in all Suppaſitions of Magni- 
| Fude of theſe Increments, and from thence collect the 

Ratio they firſs begin with, When the Fluxions and 

Moments 


de continual Effects of the Fluxions ; and bow can u, 


S323 judge 
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4 ; Moments of the fimple literal Quantities are aefirned 
y proper Symbols ;, it will be eaſy by the binomial Theo- 
rem to find the contemporary Increment of any compound 


 Onantity; for that will be expreſſed in the Form of a 


Series. Now although it is evident, that this Incre- 
ment of the compound Quantiiy is not accurately the 
Hluxion of it in any determinate Point, becauſe that 
very Increment is generated by a Fluxion continually va- 
riable; yet it is as evident that it continually approaches 
to it, by continually diminiſhing the Increments of the 


ple Quantities. Here then will be bad in general, the 
Ratio of the Fluxion of a ſimple Quantity to the 
Fluxion of that compound Quantity, and in the loweſt 
Terms, and that as near the truth as we pleaſe, whilſt 
we ſuppoſe ſome, though ver) ſmall, Increment actually 
aſcribed. But fince the Ratio of theſe Fluxions is re- 
quired for, and belongs only to, ſame one indivifible Point 


of the Fluent, that is, in the very beginning of the 


Tacrement, or when there is no Increment at all gene- 


rated; therefore in this particular Caſe making the 


Values of the fimple Increments nothing, which before 
was expreſſed in general, and then all the Terms wherein 


| they are found will vaniſh, and what is left will accu- 
rately ſhow the Relation of the Fluxions, for that ſingle 


indiv;fible Point where the Increment is ſuppoſed firſt 
to commence, or was required. For this abſtract Value 
of the Fluxion belongs to no more Points than one of the 


Fluent ; and therefore of Conſequence the Moments muſt 


be made to vaniſh, after we have ſeen by the continual 


; Diminution thereof, whither the Ratio tends, and what 


it continually converges to; which will be as viſible to 


every Body as the very Characters it is written in. And 
if any one ſhould doubt of the Truth of ibis, I ſhould for 


ever deſpair of convincing him of any thing at all, The 
Increments here muſt neceſſarily be made uſe of, not to 
determine their Magnitude as ſome have abſurdiy ima- 
gined, but as a Medium in our Reaſoning, io diſcover the 
Quantity of the Cauſe that produces them, they being 
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Judge of the Force or Efficacy of a Cauſe, without con- ; 
 fidering the Effect that it does or could produce : For that 
like Cauſes are proportional to their Effects can never ble 
denied, except by thoſe that can deny any thing. This Way 

of Reaſoning and Method of Demonſtration then muſt 
be exceedingly clear and convincing to all that are duly 

qualified to examine and conſider it, and do not with a 
— unaccountable Olſtinacy, and invincible Prejudice, 

reſolve 16 yield to no Reaſon at all, though laid before 
them as clear as the Sun. 

And here it may be worth obſerving, that in the 
Proceſs of this Demonſtration, the Terms which va- 
niſned cut of the Increment of the compound Quantity, 

did plainly ariſe frem, and was generated by the Va- 
riation of the Fluxion of that compound Quantity; and 
the remaining Quantities alone are thoſe generated by 
the Fluxion ib ſelf. 
The Eofiniſs and Simplicity of this Method of De- 3 
monſtration is no ſmall Argument for it's Truth and ; 
Perfection. The Simplicity of Truth is Us great Beauty. i 
And by this Mark it here proves itſelf to be the genuine 
O/7-/pring of Nature and Truth. But if any Perſons 
will not aſſent to the Truth of theſe Principles, I would 
have them ſuſpend their Fudgments, leſt they make it ap- 
pear that they have no Fudgment at all, In the mean 
Time let them compare the Reſults and Concluſions ob- 
tained by the Method of Fluxions, with the like Conclu- 
1 frons obtained by other undiſputed Principles or Methods 
= of Calculation; and if theſe Reſults continually agree, 

8H then it is a convincing Proof (at leaſt a poſterion) that 
5 the Principles frem whence they are deduced muſt be 
equally true. But if any Perſon that plainly diſcovers 
 bimſelf unacquainted with mathematical Principles, fhall, 

out of his Averſion to theſe Sciences, cavil and diſpute 
againſt the Principles here laid down, and which he 
— rſtands nothing f; and endeavour to put the Iſſue 
on ſuch a footing, as neither himſelf nor ay Body elſe 
can underſtand any Thing about it, by running the Ac- 
count of it into the dark: I think it can be of no Con- 


ſequence | 
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ſeguencè at all to trouble a Man's ſelf with this Sert of 
© Anti-Mathematicians. 
dice can deſerve no Notice. 


Ignorance, Malice, or Preju- 
And thus much 1 chcos'd to ſay here by way of Pre- 


face, rather than in the Book itſelf, (which I would 


not encumber with needleſs Diſputes ) concerning the Na- 


ture and Principles of Fluxions; « Thing eaſy enough 


facilitating the Practice. 7 
excuſed at leaſt, if, among others, I endeavour to con- 


na meat i, gt > l 


io be underſtood, and rendered difficult, more by the in- 


tricate Diſputes that have been drogged into it by the 
Enemies of Science, than from the Nature of the Thing 
ſelf 
long as the Sun and Moon) clearly ſaw that this Matter 
did not at all require to be built upon any metaphyſical 


Speculations ; be, by expreſſing the ſimple Moments by 


general Characters, did thence derive, by infinite Se- 
ries, the Moments of compound Quantities ; from whence 
he gets the Proportion of the Fluxions for any indeter- 
mined Values of theſe Moments, from which general 
Proportion he at laſt gains their Proportion for that 


particular Caſe wwhere the Moments firſt begin, or at laſt 


vaniſh into nothing. And thus be has given a Demon- 


ſtration extremely eaſy, and compleat in itſelf. 


E Aris and Sciences of many hundred Years ſtanding 
receive daily Improvements and Additions, it cannot be 
ſuppoſed that this moſt ſublime Art of all, found out but 
Yeſterday can be arrived at Perfection all on a ſudden. 
If this Art be ſo exceedingly uſeful and valuable, it 
certainly deſerves the Pains and Attention of the learned 
Mathematiciens. Aud the World muſt expect that the 


| Beauty of this Method will excite them to lend all their 


Aſſiſtance towards the Advancement of ſo noble a Branch 
of Learning, whether it be in improving the Theory, or 
Therefore I hope I ſhall be 


tribute a little towards this great End. 


The following Book is divided into three Sections In 


the firſt are laid down ſuch univerſal Propoſitions, as are 
the Foundation of all that Doctrine. The ſecond Section 
applies theſe Principles ta the Solution of the meſt gene- 

ral 


The divine Newton (whoſe Works will laſt as 


rü 
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ral Problems, or thoſe of moſt frequent Uſe in the Ma- 
thematicks: And here many of the Problems ſo often 
done by others are reſolved by Methods entirely new, 
and, I think, more fimple; and therefore will by many 
Perſons be more eafily a 
becauſe the Reſolution of phyſical Problems bas been lit- 
tle touched on by others, I have added the third Section, 


phyſical Problems in the Phenomena of Nature. And 


in this Set ion, it may perhaps pleaſe a Reader of the 


Principia (the greateſt human Production that ever ap- 
peared in the Werd) to ſee many of the Author”s ſabtle 


Problems reſolved by bis own Analyſis. 


I is not in the leaſt pretended that all Things here 


treated of are new ; for 7 have collected many Things 


which I thought material fer forming this Doctrine into 
a regular Syſtem ;, and what was wanting I endeavoured 


to ſupply as well as I could; not that I take it ta be 


perfett : For there are many Deſiderata ſtill wanting to 


compleat the Science. Becauſe ihe Method of finding Flu- 


ents by the Tables is exceeding compendious and uſe 2 and 


Has yet been but very ſlightly paſſed over by the Writers on 


this Subject: I have been at the Pains (which was not 


a little) to compoſe a new Table, whoſe Uſe will appear 
upon trial to be far mere eaſy and intelligible than any 
extant ;, ana no leſs extenſrvz. And for the Explana- 


tion and Ujſe of it, I have given a vaſt Variety of Ex- 
emples throughout the whole Book. Yet I have not 
omitied the moſt general known Rules for finding the 


 Fluents by inſiuite and have inſerted the ps. Arr 


Forms of them in the T, able. In the Uſe of which Table 
there is not the leaſt Difficulty, there being nothing re- 
quired but a bare Subſtitution of Quantities. But as 10 
the Reſclutiown of Problems by infinite Series, I have 
been more ſparing of that, becauſe it bas been well pro- 
ſeculed by others. 1 am nat ignorant, that (by the Me- 


thod of Tranſmutation ef Fluxions) this Table might 


have been further extended, and other more com 4 
Forms migbi baus been inſerted. But, conſidering be 
ſeldom 


apprehended in this Form. And 


where you have the Inveſtigation of ſome of the chief 
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* ſeldom theſe come in Uſe, I thought it needleſs to carry 
it any further. I have all along, in my Calculations, 
* uſed ditint Characters for the Fluxions and Moments, 
© fence they ought not to be confounded together. And in 
- moſt Problems (except ſuch where the Reaſoning is ſo 
| obvious as not to need it) I have uſed both of them 
© beginning firſs with the Moments, and ſubſtituting at laſt 
* the Fluxions for the evaneſcent Moments which are pro- 
portional thereto. 


In all theſe Things I have defignedly been very ſhort. 


For the general Rules and Methods of Operation being 
laid down in as few Words as poſfible, the Examples 
will explain their Meaning and Uſe. In the mathema- 
* tical Sciences ] have taken general Methods to be beſt ; 
and they that deal in the detail of Things, and ſpin them 


out to an unneceſſary Length, making thereby a pompous 


* ſhow of Words only, do certainly miſpend the Time of 
* their Readers: Since one great End to be aimed at in 
* the Sciences, is to abridge and reduce them to the moſt 
general and conciſe Rules. 


As I am not conſcious of any Faults I have committed 
in this Treatiſe, ſo I hope they are but few. But in 
ſuch a vaſt Variety of Things of the moſt intricate Na- 
ture, it is hardly poſſible but ' ſome will eſcape. There- 


| * fore I muſt beg of the courteous aud good natur d Reader 


(for whom alone it was written) that he will rather 


indly inform me of my Errors and Deſects, than cen- 
* ſure and condemn my Work. For as Truth is what I 
Feet, I ſhall with Pleaſure retraft or correct any Thing 


I have written, when it appears inconſiſtent with that 
or the Reaſon of Things. SR 


4 Laſtly let me acquaint the Reader, that it is indiſpen- 
3 ſably required, that be per fectiy underſtand Arithmetic, 
* Geometry, and Algebra in all their Parts and Improve- 


ments, the Methods of Series, Dectrine of Proportions, 


ſuaged that it is the beſt Method to treat every Science 
2- 8 _ diftint 


xy 


Z Nature of Logarithms, Mechanics, and Laws of M. 
tion, &c. all which are tobe learned from theſe particular 
Sciences to which they belong. For I am clearly per- 
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diſtintt and entire by itſelf, without the Mixture or In- 

 terpoſition of any Thing foreign to the Subject. And 

therefore in this Treatiſe 1 have delivered nothing but 
| the pure Doctrine of Fluxions alone. It would be but 
loft Labour for any Perſon unacquainted with theſe Pre- 
cognita, 10 ſpend any Time in reading this Boot; or 
indeed to attempt to read any ſuch like Treatiſe with any 
tolerable Fudgment. The Conſequence would be, that 
either the Author or the Difficulty of the Subject muſt be 
blamed, as is always the Caſe ; but never the Reader. 
But then if be comes thus prepared, this will make 
every Thing eaſy and pleaſant, and he will then find 
few Difficulties here, but what he will eaſily ſurmount. 
All which I ſubmit to the Peruſal of the candid and 
judicious Reader. 


W. Emerſon. f 
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FLUXIONS. 


— 


Pos Tr LAT u N. 
That any Quantity may be ſuppoſed to be ge- 


nerated by continual Increaſe. 


ERE Quantities are conſider'd, not as 
compoſed of an infinite Number of con- 
ſtituent Parts, but as deſcribed by a con- 

tinued Motion. Thus a Line is deſcribed 

by the Motion of a Point; and a Rectangle may be 
conceiv*d to be generated by the Motion of one Side 


along the other; and Time proceeds by a regular 
Flux. And all other Quantities may (by Analogy) 
be conceived to be generated after the ſame Manner. 


DEFINITIONS. 
Definition I. 


Quantities generated by a continual Increaſe are 
called Fluculs or Flowing Quantities, Thoſe Quanti- 


ties that always retain the ſame Value are called given, 


conſtant, ſtanding, or invariable Quantities z and thoſe 
5 | that 
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that are continually changing their Value are called 
variable or indetermin'd Quantities. 

Thus in a Circle the Diameter is a conſtant Quan- 
tity; and the verſed Sine and correſpondent Sine are 
variable Quantiries : : Alſo in a Parabola, the Latus 
Rectum is a conſtant Quantity, and the Abſciſa and 
correſponderit Ordinate are variable Quantities, 


Def. II. 
They elociry of the Increaſe of any generated Quan- 


tity, or the Degree of Quickneſs (or Slowneſs) where- 


with the new Parts of i it . ariſe, is called its 
Fluxion. 
Thus when a Line is generated by the Mien of a 


Point, the Line itſelf is the Fluent, and the Velocity 


of the moving Point 1s ſtrictly its Fluxion. But Ve- 
locity is never properly aicribed to any Thing but 
local Motion, and is uled in this Definition, rather to 
deferibe what is meant by the Word Fluxion, than to 
define it. Velocity is the ſame in a particular Senſe 
in Relation to the Space deſcribed, as Fluxion is in 
a general Senſe in Relation to the Fluent generated 
thereby. Velocity is allow'd by all to be a ſimple 


Idea, and fo is Fluxion too. When a Man conſiders 


the Generation of ſeveral Quantities, after this Manner, 


he will find ſome to increale taſter, others flower ; and 
' conſequently that there are comparative Velocities (or 
Fluxions) of Increate during their Generation: And 


thus he will by Degrees get the Idea of a Fluxion; 
but without ſuch attentive Conſideration, he will never 
be the wiſer for all the Words in the World. 


Def. III. 


Tae indeſinitely ſmall Portions of the Fluent which 
are generated in any indefinitely ſmall Portions of Time 
are called Moments or Incremeuts. Or if the Fluent 


decreaſes, the Portions continually deltroy's are called 


Decrements. 


Theſe 


led 


n- 
are 
tus 
nd 


Z Fluxions, and are thoſe 
* Acceſſion of which the Fluent increaſes and grows big- 
ger and bigger: That is, any Moment conſider'd alone 
zs the adequate Effect of ſome ſingle determinate Fluxion 
which is (conſider'd as) its generating Cauſe. There- 
fore the Moments and Fluxions ought not to be con- 
founded together, ſince the Moments (being generated 
by the Fluxions) are as different from the Fluxions, as 
any Effect is different from its Cauſe. 


ef FLUXIONS. 


Theſe Moments are the immediate Effects of the 
Quantities by the continual 


Def. IV. 1 | 
The Velocity, Variation, or Puickneſs of Increaſe 
(or Decreaſe) of any F luxion is called the ſecond Fluxion; 


2 likewiſe the Variation or Quicknels of Increaſe of the 


ſecond Fluxion is called the third Fluxion, &c. 
As in the Generation of any Fluent, the different 


Parts of it may be generated faſter or flower, that is, 


its Fluxion at different Times may be unequal ; ſo 


there muſt be Degrees of Variation by which it is con- 


tinually changing, that is, it muſt have a ſecond Fluxi- 
on. And in like Manner this ſecond Fluxion may 
alſo be continually yariable, and therefore mutt have 
a certain Degree of Variation in every Point, or a third 
Fluxion. And ſo on. 5 
Def. V. 

Contemporary Fluents are thoſe which are ſuppoſed 

to be generated together or in equal Times; or which 


. O 
begin together and end together. 


Def. VI. 


In any Fluxionary Equation, a Quantity of the firſt 
Order is that which has only one firſt Fluxion in it; a 
Quantity of the ſecond Order has either one ſecond 
Fluxion or two firſt Fluxions : Quantilies of the third 
Order, are third Fluxions, product of three firſt Fluxi- 
ons, product of a firſt and ſecond Fluxion, &c. 


B 2 NoTAT10N, 
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1. The firſt Letters of the Alphabet, a, b, c, Ce. 
are generally put for ſtanding Quantities; and the laſt, 


X, Y, 2, Sc. for variable or flowing Quantities. 
2, If x or y be put for any fluent or variable Quan- 


tity, then the ſame Letter with a Point over it x, , 
denotes the Fluxion of x or y reſpectively; and the 


ſame Letters twice pointed x and , are the Fluxions 


of x and , or the ſecond Fluxions of x and y: thus 


x and F are the third Fluxions of x and y: Likewiſe 


x and y denote the fourth Fluxions of * and , Ec, allo 


the Fluxion of 4 or b is o. 


3. Again, £ denotes the Moment or Increment of 


x, and y the Moment or Increment of 73 likewiſe # and 3 
denote the Moments of the Moments, or the ſecond 
0 Moments of x and y, c. 
4. To the common Algebraic Characters already 


HO Ladd this O, which ſignifies a general Pro- 


portion 3 thus, A O N, Gignifies that A i in a con. 


tant Ratio to IF ; that is(if a, i. e, d be other Values 


of theſe Quantities) A : . 7 and thus every 
general Proportion is to be underſtood, 
Ax lO M. 


Quantities, which in any finite Time continually 
converge to Equality, and be/ore the End of that Time, 


approach nearer to one another than by any given Dif- 
ference, do at laſt become equal. 


If any ſhould think this not clear enough to paſs for 
an Axiom, he may conſider it thus; let D be their ulti- 


mate Difference, therefore they cannot approach nearer 
to Equality, than by that given Difference D, contrary 


to the Hy potheſis; which | is abſurd in all Caſes except 
when D is nothing, SECT. 


F FLUXIONS. 


816 T. -L 


7 he fundamental Principles and Opera- 


tions ef FLUX ION S. 


6 


PRO p. I. 


| The Fluxion of any Fluent or generated Quantity 
ig equal to the Sum of the Fluxions of all the 
Roots or Sides, each multiply d continually by 
the Index of its Power, and by the given Fluent 
divided by the ſaid Root or Side. 


DEMONSTRATION. 


E IT the Fluent be bæ ; now its Fluxion muſt 
be a Thing real and determinate in itſelf, other- 
wiſe we are ſeeking that which has no Exiſtence. By 


the Notation, x and y are the Fluxions of x and y; 
and will produce Effects, that is, will generate Mo- 
ments proportional to themſelves whilſt they retain their 


Values, which may therefore be expreſs'd by ox, oy. 


2, Now by the Poſtulatum, theſe Moments will 


incrcaſe the Quantities æ, Y, which therefore will be- 


come x —- ox, and y oy. 
3. Therefore the Fluent ba” ,” 7 will now become 


cl. 8 —y 


1 b xx -|- ox ed EW! x" bmx" l 
12 22 — —2 2:2, 
$ 7x Se. xt +1 obo oy”? 


Sc. N. p, q are * Quantities. 


4. The laſt Quantity being actually multiply'd, and 

| my ſubſtracted from it; we ſhall have bmx 75 
m 1, 

I bix y Oy 
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bmns" yt 25 ＋, Ge. for the 3 of be 55 


5. Therefore thi Moment laſt found being divided | 
= by! the indefinite Quantity o, will give the Fluxion of 


ba * w bus” ©! J's +bue"y + 


box" 5 0 "bx" — 2% bmx ee 


+, &c. * this is the Fluxion (or Velocity) where- 


with the foregoing Moment is (or may be) uniforraly 


generated. 

6. But ſince the (Velocity or) Fluxion is required 
wherewith that Moment firſt ariſes, in this Caſe the 
Moments ox and oy will alſo be juſt ariſing and there- 
fore nothing, and conſequently o will be nothing, and 


therefore all the Terms wherein it is found will be 


nothing. 
7. Therefore the Fluxion of of ba at that Moment 
of Time is accurately bmx» "s * — F. 


E. D. 
4 Otherwiſe thus. 


1. Let x and y y be very ſmall Increments 3 
generated by x and y, in a very 1 Time, 


2. The Quantities x, y, bx" then at the End of 


— 
thatTime are become *I, 3 M3 v, and bx x +x) * 


„IV, 


and the Increments generated in that 
—1 7, 


Time ate 5 and bmx | bas, * . 


2 mo * ＋ bar y 3 * Lbmnx” w_ at 


1 = "M by Subſticucion, where note p, q are 


. Quantities. 


3. Now fince x: Y:: x mi, becauſe the El- 
ſects of like Cauſes are — therefore ex- 
punge 


| 1 bux 9 9 * 2 


niſhing x, the Fluxion P 
do that Fluxion (or Velocity) where with the Incremens 


Sed. I. of FLUXIONS. 
| punge y out of the Value of M, and we * have 
1 the Increment of x to the Increment of bx” ** as x to 


Y M M17. 
> M or as 1 to > > that is, as x to bm 3) x + 
JET EY — M1 Mn, 

5 . {+ bmx b x9 


= PA. Se. by Subſti 


[ tution, ( putting P for the two ET and r, &c. 
1 tor the reſt). 


4. But x is the Fluxion of x, therefore P 4 Qs i is 


the Fluxion of he 9. But ſince this laſt Fluxion Px 


is not that with which the Increment begins to be ge- 


nerated, which we ſeek : It is evident that by dimi- 
niſhing the Time, or which is the fame thing, dimi- 


Qx continually converges 


firſt ariſes, and before x be diminiſh'd to nothing, is 


3 nearer to it than by any given Difference; and — 
* by the Axiom when x is nothing, and conſequently Qx 
| | nothing, then P or on 


be the Fluxion of bx""y". 
* demonſtrated for any other Quantity. Q. E. D. 


I x Ibn" Oy will | 
In like Manner it may be 


Cor. 1. A Fluent can have but one Fluxion : Thus 


the Fluxion of x can only be *; of a, 2axx, c. 
Cor. 2. When the Fluxion of any Quantity is the 


a ſame with a propoſed. Fluxion, then that Quantity 3 iS 
its Fluent. 


SCHOLIUM. 


As clear and evident as this Propoſition is, yet ic 
has been cenſur'd as falſe and erroneous ; though the 
Perſons that object againſt its Truth were never able 


ro 
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to tell us what the Error is, nor whether the Fluxion | 


of any Quantity is greater or leſſer than is aſſign*d by 
this Propoſition, 

For a further Illuſtration, let us ſuppoſe that x and 
are uniformly diminiſh'd by the very ſmall Incre- 


ments x and y. Then by reaſoning as before, we ſhall 


get the Fluxion (or YRS] ” the contemporary 


| Moment of bay — bus” by” * ＋ bn bnx m y— 3 


2 ax — ima" YA 9— —bqx j * 


ER 
Sc. = P— Qx, Sc. Now by continually diminiſh- 


ing , it is manifeſt that P Qs, Sc. will differ from 


the Fluxion the Moment firſt ariſes with, by a Quan- 


tity leſs than any aſſignable, before x be reduced to 
nothing. 


Now when we fee that whilſt x x converges to 


x, that at the ſame time P-LQs, Se. converges to that 
Fluxion the Moment ariſes with, and differs in Exceſ⸗ 
from it by leſs than any given Difference, and (till dit- 


fers the leſs, the leſs x is taken ; and when x is infi- 
ney imall, that Difference is 1 ſmall in Ex- 


cſs : J And ſeeing allo that whilſt x — 4 converges to- 
wards x, likewiſe P Qs, Ec. approaches to the 


Fluxion the Moment vaniſhes with, (or the ſucceeding 
Moment begins with, being the fame the other con- 
verg*d to) and differs in Defet? from it, by leſs than 


any given Difference, and ſtill differs the leſs as 4 is 


leſs, and when x is infinitely diminiſh'd, that Diffe- 
rence is infinitely ſmall in Defe?, It any one after 


all this ſhould contend, that when x is quite vaniſh'd 
2 and 


* — * * * * b * . 5 oi 
ill!!! i a ES \ 
3a 7 5.4 4:1. Head 
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1 | and 3 nothing, that the Fluxion of bxny is 


not accurately P or Dm iy ＋bnry-iy; I think 


1 no Man ought to give himſelf any Concern at all for 
ſuch an Adverſary, or take any further Pains for his 
Conviction. 


PRO p. II. 


1 two Fluents or variable Quantities be equal to each 
other, or in a given Ratio; their Fluxions will be 
equal, or in the ſame given Ratio. 

And if tuo fluxionary Quantities are equal or in a given 
Ratio; their contemporary Fluents will be equal or 
in the ſame given Ratio. 


For fince the Quantities always continue equal, or 


in a given Ratio; the continually ariſing Increments, 
and therefore the Fluxions proportional thereto, will 
3 neceſſarily be equal or in the ſame given Ratio. And 
vice vers, the Fluxions or generating Cauſes being 
always equal or in a given Ratio; their Effects or con- 
temporary Fluents will therefore be equal, or in the 
ſame given Ratio. Q. E. D. 


Cor. 1. Two fluxionary Quantities may be equal, 


; and their ſimple Fluents unequal. For (by this Prop.) 
: only the contemporary F ments can be equal. And 
therefore 


Cor. 2. A Fines may have an infinite Number 


1 of Fluents: thus the Fluent of x is , a ＋ x, . 
1 Lx, - 4, «- b, «-c, &c. 


Cor. 3. If any Fluxion be equal (or nearly equal) 


3 to ſome other F luxion, in ſome particular Cate : then 
the one may be ſubſtituted for the other in any fluxio- 
3 nary Equation, and their Fluents will be —4— in that 
k Particular Caſe, (or nearly ſo.) 


Cor, 4. If there be any Relation whatfoever be- 


.* Eween the Moments of ſeveral Quantities in their na- 


| Go or evaneſcent State; the fame Relation there 13 


alſo n the r of theſe Qanticies. 


C | Cos, 


10 


Term. 
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Con, 5. And therefore in any Equation between the 
Moments conſider'd as ariſing, the Fluxions may be 
ſubſtituted in their Room: and the contrary. 


PROP. III. 


Given an Equation containing the Relation of the flowing 


Quantities ;, to determine the Relation of their Fluxions. 


SOLUTION. 


1. If any Term contains only one variable Quan- 
tity ; multiply its Index, the Fluxion of the Root, its 
Power whole Index is leſſen'd by 1, and the Coeſh- 
cient of the Term continually, for the Fluxion of that 


2. If any Term involves ſeveral flowing Quantities ; 


multiply ſeparately the Fluxion of every variable Quan- 


tity (or its Power) by all the other Quantities in the 


Term; the Sum of all theſe Produdts is the Fluxion 
of that Term. 95 


3. Repeat the ſame Operation for all the Terms in 


the Equation; and the Sum of all gives an Equatior 


containing the Flux ions required. 
4. In exponential Equations, or thoſe whoſe Ex- 


ponents are variable; let X, T, Z, Sc. be the hyper- 


bolic Logarithms of x, 5, z, &c. then multiply the 


Index of any Quantity into the Logarithm of that 


Quantity, and you'll have a logarithmic Equation, 
whoſe Fluxion is to be found by the foregoing Rules: 


Then expunge the logarithmic Fluxions X, V, or Z, 
by fubſtimring their Equals r, J, or — 3 the Rea- 


ſon of which will appear hereafter by Prob. II. 
Sect. II. | | 
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5. Sometimes it may be convenient to divide the 


Equation given, by ſome of the indetermin'd Quan- 
tities contain'd in moſt of the Terms; or to ſubſtitute 
ſingle Letters for compound Quantities, 


3 EXAMPLE 


the 


** 3 9 r= - +: 
£2 1 N 
> 


1 It x = = 3» y == = 751 


2bgiyy. 
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EF EXAMPLE 1. 
| _ ng . ; then the Fluxion 


'Ex. 2. 
Let x ay; then the F luxion of this Fquatien i is 
x 3a. 
EX 3. 
Let 7 — ax*, the Fluxion is y = — 24X%. Orin par- 
ticular Numbers, let a = 10, x = 1, then y = 20x, 


No if x = x, then y=20. If x 2, 3, 4, &c. 
then y = 40, 60, 80, &c. 


EE Ex. 4. 
Let z = 120bx", the Fluxion is z= = 120 fbr. 
e „„ 
Let V aa — xx =), that aa = =973 
— £ — Xxx 
1 3 — * —= ue 
Fluxion is © x - 2XX x d —xX\ = Y, or — 


=). In Numbers thus, let a = 10, * = 1, then y 5 
Ve and if x = 0, then y = = = ©. 


If « = 6, then 5 = - = 


; If x = IO, 3 = >» — — Aa . and fo of others, 
. 6 
Let v = buy, the Fluxion is © = aye ＋ 


Ia, u., that is &) — = ©; the Fluxion is 


ix 1 „ * Y = 0, 5 = d, that 1s 
B-—- C2 Ex. 
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Ex. 8. 
Let * — 4 ＋ ax — o. Its Fluxion will 
be 3x%x — aa + axy a - 37 = o. 
"BE 4 
Let this Equation be given y N aa —; 
xx 
Vas — x 


its Fluxion is 2yy = x\/aa — xx — or 2yy 
aa — 2x*'x 
V 4G = xx 


E x. 10. 

Let 29 + of y— 20% = — 22 be given; then 
its Fluxion is 6y'y ＋ 29 ＋ * — on — 2c = © 
32 — — 6722, b 

Or thus, divide the given Equation by y, and you'll I 


23 | 
have 27 ＋ of — 20% = nf Ui 32*, whoſe Fluxion is 


NS worden SANA ISA 2 Co 3, r 


E 


mo 32 — 2¹ 
av + 21 — 202 = 7 5 n+ 


. . 8 * — 29 — by? ZZ, 
by Ex. 11. 
#— +57 ee onde Fluxion 


2 gby* 15 1 api i 3 1 
is 3x*x — 24 + > 2 — N —2xx\/ay mm 


2 


e rn 8 r 45 7; 2 
„ „ ˙² . ü d;. ⅛ ne EW ea dls ne 


— &ax — 2 


2 ay + * 


2aby*y + 2by'y xx ＋ 6x  ax*y 
= N 


ln V xx = v, then then will + 


* M uv, Whoſe Fluxion is ax— vA — 
2VV, 


= 0. Or 3 — 2% + 


Den * 2 28 
. 3 . 
o 


1 
\ 
* 


will 


; 8 Tn - wy 
MODEL Cody 


* as before, 


| Equation becomes 2bxt = 
| Bo 2bxt = = avy - . And reſtoring z, 25 x, I, 
| E; * z, b, v, v; you'll have 22x*+ 2xx2 = ayy 


ar — 7 


| nnn 


hence . — or v = 
1 25 2 — xs 


vo, 


xx 
"= as — Xx 


Ja—xx 
e 
Let zy—ax=0 1 z its Fluxion vin be 5 | 2j— 


ax o. Or thus, let =y, 4 — x, then 5 =y, and 
{=x; and the Equation 2) — ax = z5 —at =03 


whoſe Fluxion 23 + 32 — — at So, that is (reſtoring 


the Values of 3, 5, 0 o, the ſame 
: Ex. 14. 


* Suppoſe 2xxz = ayy, and let x be a given or con- 
tant Quantity, then its Fluxion is 25 ＋ 2x82 = 
| ay ay. 


Or thus, let x=b, 2 t, y=v; then the given 


= ayv, whoſe Fluxion Is 2btx 


| + ayy, the Fluxion required. 
E x. 15. 


9 


e and ſuppole 5 conſtant ; 


azx | 
then its Fluxion is —> „ 


* 535% , 


Sx. 36 
Suppoſe 247 — 


and æ invariable, its Fluxion will be 22% + 2 


. 8 | _ a | 
22x = 2 27 ==" 2 — — 2 


13 


14 


2xx2* — 2 & — x*2x = 2j —= 


The DocTRINE 


E x. 17. 
Let 1 = 2 2 where Y is the hyperbolic Log. of ; 


then its Fluxion is 3 Y=x; but Y =2, therefore 
31 
* 


x = 

E x. 18. 
Suppoſe * — z, then will xY = Z (where Z, 
Y are the hyp. Log. of 2, )) the F luxion of this Equa- 
£ 


tion u + T= 2 bot Y = A ad 2 = 85 


| whence = 5 * Ye ==; OE” 4 11. 
e 


xXx. 19. 
Let * = 2; then »Y =Z, in Fluxions x*Y 


+ Y x Fluxion of Z; bay (by Ex 18.) Fluxion 
of u N ; and Y =, alſo Z = 


Da 


2 = 


; therefore — ws 7 + You—"x ＋— IX = === 


Xi 


Whence 4 2 * Dry ix u v. 
. PROF. IF. 
Let the Fluent of / oz = A. 
Fluent of — 2 20+"2 = B. 


Fluent of e T= Ta 
Then I fay, | 


* 
al . 
ani 7 WIN 


. df. CT 7 Lbibce 6s omen 
7” 4 „ by , * AT - pe FF > 
E 4 * Lo — 


1! „ FLUXIONVSò. 1g 


DEMONSTRATION, 


* 5 3 
— 4 
2 for l. 7+1.P+m+1 nf B =p +1. 22. TZ. 
? ; +m+1 Lx. A 
F | whoſe Fluent, by Cor. 2. Prop. I. is 
fy; * 


P+1.P + m+1.nfB = hb refer 
fore WIL 77 fx" Pyz=7F / D N ED 
e e+ for T. D That is 


P—eA+fB, and the Fluent is P =eA + FB. 
SQEDMN - 
Cox. 1. Hence if any one of the Fluents A, B, P, 
Z, } be given, the other two will be found. Therefore, 
qua- . 
z Con. 2. B= — T. ep fan PEI. eA eA 
=». i e Pn + : 
5 xt 2 
* . 3 Co. 3 A 2. e+fZ _—1+=2-8 FB | 
24 7% 7 28 130 
Con. 4. 1. — neA + zi + j2* a 
| P +I+mn+% . 

a 8 
* 8 * &> 2 P—z2thetſz 
ion m + 1. e | 

=. "ROE V.- 
*:. = Let e +# 2"Þ+ gz bz Ac. V Number of 
— rann. 
. And the Fluent of VNR = A. 
v. Fluent of V"zt+"2 = B. 
Fluent of V"zt+wz C. 
Fluent of VIE = = D. E c. continu'd to 


t Quantities. 
And Fluent of Vn-+12'z = P. Then will, 


i -LppFr: eA+p+1+mn+1. fB + ] 
+= Þ nnr bD > V-. 
ay T, Sc. continu'd to f Terms ſ | 
1 II. P 


+7Þ zu. C +r + ZN. bD, Oc. SAV 
32&+1V"V ; that is (reſtoring the Values of es of V, V. A. 


| &c. + 52 N 2 + 2g + 3ubz—1 &c. where 


derived, that is, the Fluents in Equation the iſt, muſt 
alſo be equal. After the fame Manner is the ſecond 


Sc. be given; che reſt will be found. 


III. Q=B +. 


The DocTRINE F 
1. P=eA+fB + 2zC DL Sc. to t Terms. 3 
DEMONSTRATION. 1 


Let p 1 r, m+1=s. And putting the the firſt 
Equation ir into Fluxions, th there is reA EF + mm. 13 


B. Sc. and dividing by 2 V) re + r + in. ſz" + 
IZM gz ET zin. ba & c. = rxe+f2"+g2%"+ — 


both Sides of the Equation being manifeſtly equal, 
tis evident the Quantities from whence they were 


Equation very eaſily demonſtrated. Q. E. D. 
Cor. Hence if . = 1 of the Fluents P, A, B, C, 


PROP. VI. 
Put ef" = V, (TE T, and 
the Fluent FVI. = A. 
Fluent of II = B. 
Fluent of e VIC. 
Alſo Fluent of #2\V"+Y! P. 
Fluent of +"z2V=+Y! = Q. 
* 
I. p+1 
1 4030 
+2+1+9g#+#n.0 


1 IC. 
II. PS eA +fB. 


— 


DEMONSTRATION. 1 
 Letep+1=7r, m+1=5, q+1=t, and pu- 
ting the firſt Equation into Fluxions, we have 
R 


put- 
ave 


* 


* 
— * 
F 
% 
F * 
2 
K 
F. 
7 
" vi 
3 N 4 
Ay 
— 7 
Lo” 
4 1 
* 
7 1 
* os 


| acture nt FEED Ee on 


Sr. /R TT + mfr TT tnlz" x 
T, an Equation whoſe two Sides (when reduced) 
2 being — the ſame, argues the Equation from 
Wwhence it was deduced to be a true Equation. And the 
2 ſame may be eaſily ſhown of the other two Equations. 


2E. D. 
| be given z the reſt may be found. 


| Let e / ＋ gz + bay Sc. V. 


Seck. I. of FLUXIONS. 17 


KA At EE 
VE TTT eVV. ZEL V-AIVTV. 
Then reſtoring the Values of A, B, C, V, Y, and 
dividing by 2 VX, and then expunging V, Y ; 


Tru. el 


Cor, Hence if any 2 of the Fluents A, B, C, P, Q 


PROP. VII. 


ker +ram g Sc. . 
15 Number of Terms in V, 1 = Number of Terms 
in 


And the Fluent of NV I! — A. 
| Fluent of 2. EVI B. 
Fluent of #+="zV"Y! = C. 
Fluent of 2t+3n2V"Y! = = D. Se. continu'd 
totÞSr—x Nuantities. | 
Alſo Fluent of aM —= P. 
Fluent of 2t+"zV n+rY! = Q. 


I Fluent of Lz V- LTT = = R. &c. con- 
tinud to r Quantities. 


Then I ay, 


BW» x50 TWEYEAET ES? 1 
*. — . fk 


+ 


nt The DocTRriIng | 
+pÞ+1+297 + 20.07 +2+1+39" L e 


+p+1+ unn 2A. f >C +p+1+ Mu ZN , A. "OD 


 +p+1+2mnangk ] +p+12mnk qu+3n.& 
+p+1+3m1n+30 . be 


+ & ( continu'd WP OSS Terms) = 

2+ abi Yer, ; 
. Bc ＋ D &. to Terms 1 
III. Q= 2B Te + 2D -|- bE Se. $ 
IV.R = eC+ FD +gE + bF &c. 5 $ 
V. S =eD-þ- K Tek ＋ bG c. 4 


Sc. continued to + Equations. 
This is demonſtrated like the foregoing. f 
Con. Hence if re 2 of the Fluents P, Q R, 
A, B, C, Cc are given, the reſt will be found. 'Y 


PROP. vil. 
Tei V Se + fe. Y=t+7z. X rr. 
And the Fluent of #2V"Y!X"' = A. 
Fluent of z V LIN = B, 
Fluent of 2 VIIX — C. 
Fluent of a VX D. 
Alſo Fluent of 2t2V"+1YIX' = P. 

Fluent of 6+"2V=+1YIX' = Q. 
Fluent of 2t+*"2n+:YIX" — R 
Then it will be 
++ E 4 : 

B 


J. Aa. eks A +2+1+9n + +2 , els >] 
THIN. ett) 
+/+ 1+mn+qn+29 Als} 
+p+1+mn+rn+-21.flt þC Affe ye = 
TDI Tru T2. ell 
x HD = N iT Net.., 1 
II. P=eAbfB F 
III. Q = 2B 3 
. S 72 


Ssect. I. f FLUXIONS. 

The Truth of this is ſhe wn as the reſt. | 
Cos. Hence if (any) three of the Fluents A, B, C, 
p D, P, Q, R be given, all the reſt will be found, 

* S8c nor tu u. 


In the five laſt Propoſitions it muſt be obſerved that 
any of the Fluents A, B, C; P, Q, R, Cc. vaniſhes 
cout of the Equation when its Coefficient is o: And 
therefore in ſuch a Caſe that Fluent cannot be found 


dy any of theſe Propoſitions. 


If any one ſhould aſk, how theſe Propoſitions are 
found out? The Anſwer is, by the common Analyſis. 


For taking any Equation in theſe Propoſitions, or aſ- 


ſuming any Equation among the Fluents A, B, C, P, 
Q. R, at pleaſure, and affecting them with unknown 
Coefficients; then putting that Equation into Fluxions, 
(ſſubſtituting the Values of A, B, P, Sc.) and then 
comparing the homologous Terms, theſe Coefficients 
will eaſily be determin'd, if the Thing is poſſible. And 
tllus you may find out other Propoſitions of this Kind: 


| PROP. IX: 
To transform a given Fluxion into another more 


ſimple one, 


RuLE. 


1. For any compound Quantity in the given Fluxion 
put a new Letter or variable Quantity, by help of 
* which expunge the other variable Quantity and its 
7 Fluxion out of the given fluxionary Quantity; fo will 
you have a new Fluxion inſtead of the former. If this 
be not ſimple enough, aſſume another variable Quan- 
tity inſtead of any compound Quantity contain'd in 
this laſt, and expunge the former aſſum'd Quantity 
and its Fluxion, Proceed thus till the transform'd 
Fluxion be as ſimple as poſſible. 

2. Sometimes a compound Fluxion may be «!ifſelved 
into leveral other ſimpler ones, thus; aſſume wo coo 
Ws - w N 


—— 


"5. 


» 
_ N 1 : * — - . — — 8 — 
5 2 - = 8 . v4 - = p 
PR - —— — 3 4 * — _© 7 
2... AAA —2 : 
. A C = = ag > — x 8 > - 
5 * . - * yu , " 2 
t o S „ 
q * — 1 & 5 - * 
Lo — —— — : * * a * 
* 8 — 2 


— — 


U K ˙ nr Tt EE 


* S 


8 
* 
* 
4 
of 
1 
* 
= 
'Þ 
$B 
3 
d | 


; 


r 
ww 


= EE” 
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more ſuch fluxionary Quantities, as you conceive will, 
when July reducd, make up the given Fluxion, and 
let them be affected with indetermin'd Coefficients ; 
then reducing them to the Form of the given Fluxion, 


theſe Coefficients will be eafi ily determin'd by 2 
ing the homologous Terms. 


Ex. 1. 


Let = xg 7+ be zig be ps. Af. 


— 


ſume p=e + fe then "= and 2 ax Do * 


5 


v 1 2 


and 2 1 = — TA G and g + bz” — ww, 


MY bs 


given Fluxion 7 E 2 * Fr. — — 


K 5 + DD V0, 2 | 
F Hy. 2. 
There is given f 1 M 
— ; aſſume v 
EF”. E +2: 
VU —k _— Pon RM” 


STK. then 2 = 1 7 ny and * — 


3 put y = 3 722, and then 
— 1 3 — . 
e ＋ 524 1 

1 e re 


as will be * © ———_ the two Terms to a 


common Denominator. Theretore, putting & 
{= —gk, and 5 = {+2 — — 2k, the given Flux- 


DA v _ 2 


5 7 g ago ub IA + 7 
x. 


| Ws „ png Pp = fe - — eb. Therefore the 4 


. Then 2» = . e 


7 a 
g - 
a> b 
= : 
13 Sect. - 
5 
-% 
C 2 £ 
* 


1 


8 2 


Ex. 


= OE 2 F be given. 


N 


3. 


of FLUXIONS. 


nlp" 


iN . 


| | & = = — — . —— 


. let f — pu — 53 then * R 


12 


* 
AT 


_ « | — Cc 
U 


— , and e 


xf—y 725 


je 
2 2 


Other wiſe. 


Since 1 22 


— and then dividing, by 1 — g) 


|= x f =p qp—r—io + 


whence E 


= Y- is,(by firſt 


8:1 — 


nb 


| 2xf—p0-"" —_ [therefore expunging v and it 


; {FS 2 and y = 


7» 
* 
* bo 
82 * 
18 
5 
0 
oy 


Ex. 4 


f=3 + 


— 


Suppoſe e TFE F, put e fo 
Þ+ 82" , =-, then * 


9 


8 


and 


21 


be ee 
— 


— 


- _ 2 -” 8 — 2 — — EI _ - — 
— 9 — — — og ＋ 
Wr Px > —— . ö 5 1 . 9 , 
<>.” . 2 ww — 23 Ln 
_ . PS. 4 rY 
6 . , Sos & 3 . "© 
4 oF 4 
wy A 


_ Er 1 
—— "7 = 


* - - —_ Jp" — — — 2 „ 
- — * 4 
. _ Po „* - 
— — — 1 y — — - 


” 
2 2 — 


; mologousTerms, Ag Cg go, AD-|-BC= 
: Be+Dg = ; whence is had C= — A, 


DB W = 7: and thence bk . 
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and 212 — +Vp4gvl- 2 
2 uVp + 2 
therefore F = — —.— V .— 5 — this 
. 
be not thought gt 2 ſuppoſe again x = 
\/ then v — ., and t = X02 
7 + 4, * = 2 
_— X— Lf \—r 
and - 32 X 2.xx : therefore F= r 
. Here a N gx. 
| 1 
3 


To transform the Fluxion © Ef + gut? aſſume 


S | A —2 C2rr—1z __ b | 
Se ge + of2" + g gz _ B+22” + 7 D+22" © ( y TC- 
ducing to a common * 

+AD 7. — +Ag x11 
+ BC” 'z + Co” omg 


| BD 7555 " + g22*" 


3 then comparigthe ho- 


=o 


” 7 
B — Ot =——_ C = . D = . p And dine, 
212 5 „ - ä 45 — | 


Y +228 7 ew? 7 le 


Ex. 6. 
— 


Let - DTR be given, where à is half an odd 


Number, and 4% greater than F. 


Aſſume 


— e., 


Ja. l. „ FLUXIONS. 23 


Af SIS Ar 
arne T r= +a © C— De T 


=. 82.—.—. . 
= 3A Con—tn—1z + AD2M—z . 
+1 {—BC + BD — RRE 2 
— ps + 2Cg 2 


4 _—— x” 
© comparing the homologous Terms, we have AC — 
— I ä Rr. AD TBD g. CC=g&, 
=— 50 — DD = fs. From whence we have CV, 


DVV E, A = B. Whence 
D125 88 4 8 | Z 2 
TTF 25 * J — Da Ter 20 
m be 

x Ve + Dar rage which Terms may 


transform'd into others ſtill more ſimple, after the 
Manner of the fourth Example, 


. BR. 9. 
Let Lane, be pro ſed, where a 
SE EIT = Pe 
F 1s half an Had Number, and 40g greater than f. Al- 
: Ar- ＋ B — 


F e 


b : , L * 
b TS 8 Fee * { 3 1 2 > ASE 5 * - 0 88 OO - 7a RI ye" 488 2 hart =; 2 Re 25 * "Y "ng * — 5 . 
F SE as nie SEBALES eee ES ur OS SEE Me SL EIT 


ſume for it or 


22 A + Bz" D 


TEN 7 r N 1 
n L - 
3 5 (by Reduction) + De + Df + De de 
ad Þ FT hee ob fer gun 
ie ing the homologous Terms, Ak ＋ De = o, Al + 
4 Be — Df =1, B! + Dg So, whence (putting . = = 


re, for Brevity* s fake ( dividing by 2-——z) / 
1 


4 
i 
4 
N 
| 
7 
+ 
„ 
I 
in 
* 1 
1 
\ s 
N 4 
a 5 
$ | 
b + 
THz 
+ 1 i, 
; 
| 
: 
4 
4 
4 
RES 
N 
TX 4 
$4 
th pi 
wa. 
| 
. 31 
; mw 
* 
wh” 
. , 
1 
': = 
, 2 
15 <EY 
* 
ho 
- { 
3 
1 
# 
4 
b 1 
: 1 
Li 
: 
iy; 
146 F 
: 7 
Lo * 
[Y 
1174 
' 
4 
* Lo 
* i 
1 
3 
of 
1 
_ - 
"0 
CS 
? 
; 4 
1.38 
£2 
BY 3. 
* ( 
a 
$f 
4 
* 
= 
we 
4 
| 
'F 
4 
'S 
S | 
+ : 
j 
1 
! 
$ 
- 
* 
1 
Fram 
1 
7 
. 
C 
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2 
42 — —— ——— a -_ . — . - — * 
- ” — > 21 8 a FE . Þ 2 4 - ©. »- at —_— 7 * 
7 — * AY n 2 — , 4 P = = 2 2 — 8 * & » - 
= \ G is * * ” : l * * 1 — 
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FE. e fan gut t. e N- 
— = 7x 2; and the firſt Part may be transform?'d 
again into more ſimple by the ſixth Example. 
PROP. X. 
An Equation being given containing the Fluxions of 
Quantities; to find the Fluents, either in ſimple Terms, 
or in à Series thereof proceeding ad infinitum. 


I T3979 

When the Fluxions are not of the ſame Order in all 
the Terms, ſupply the Defe& by the Powers of ſome 
given Fluxion ſuppoſed to be Unity: Fractional and 
compound Quantities muſt be reduc'd by Multiplication, 
Diviſion, Cc. Radical Quantities (except fuch where 
the fluxionary Part is in a given Ratio to the Fluxion 
of the Root) muſt be reduced to fimple Terms by In- 
volution; and the Roots of adfected Equations muſt be 
extrafted. This Preparation being made, 


J. 


1. If the Equation then can be fo order'd, that 
every Term has only one variable Quantity and its 
Fluxion : multiply ſeparately each Term by its variable 
Quantity, and then divide it by the Fluxion and its new 
Inden. 3 

2. If any Term be ſuch a radical Quantity that the 
fluxionary Part may be divided by the Fluxion of the 
Root (or Part under the Vinculum) and that by ſuch 
Diviſion the Quotient may be a given Quantity. Mul- 
_ tiply that Term by the faid Root, and then divide by 
the Fluxion of the Root and the new Index, for the 
Fluent of that radical Quantity, - 17 


5 3. 


Sed. I. „ FLUXIONS. 25 
3. 1f any Term be divided by the fr Power of = 


2 the variable Quantity; then the Fluxion of that Term 
12 muſt be found by itſelf thus; multiply the given Co- 
— efficient and the Number 2.302585 into the Logarithm 


of that variable Quantity, for the F,aent of that Term. 
„ Or thus by Series, ſubſtitute for this variable Quantity 
d Þ the Sum or Difference of ſome given Quantity and an- 
other variable Quantity, and its Fluxion for the EJuxi- 
on; then this new Term being actually divided, =. 
Fluent will be found as in the frit Article. 
] 4. If in one Side of an Equation there be wo 7 erms 
of 7} containing tuo variable Quantities, each multiply'd 
„ into the Fluxion of the other; then by Art. 1. find the 
Z Fluent of either Term ſuppoſing only one Quantity 
variable, and this will be the Fluent of - both” theſe 
Terms. And if there be three Terms containing three 
variable Quantities, where the Fluxion of each is mul- 
e Þ tiply'd into the Product of the other two; then find 
4 23 the Fluent of any one of theſe Terms (by Art. 1.) con- 


MIz 2 
— — - «© 


3» * 4 * * * : L 7 ? #S - 2 * CS. * - > \ * ” 4 * 4 — 2 8 
AER” eel et ett, 
—_— 24 ace — —56—j — - 1 . Pn - „ — — 
. 4 1 
— — 
— —— * | 


o 
— _— b — — 
— — — — 
1 my ———_— > — — 

— — — — ”— 

— — * — _ — 
— 4 

, a—_— _ — 


; 0 

as | 

$3 

as 

1 
;f 
.*T; 


ſidering the other Quantities as given; and this will 


1 
— be the Fluent of all three. 
n 5. Laſtly, All the Terms being collected on the cor- 
= reſponding Sides of the Equation, will give an Equa- | 
e tion containing che Relation of the variable n 
Bzxanyik 

Let y de — x, then the Fluent y= dx — x. 
4 LS : 

| | J 
le Let 72 = 955, che Fluent i is x = = >. 

Ex. 3. 

e . ns 5 8 a 
h 1 Lat 3 = Va 923998 a. X — AAN 
— multiply by the = aa — xx, and there is aa — 
71 ÞY x — x divide this by — ax 28282 
e 


. 4 K*. or Va —xx =). 
FI E Ex, 


" : "wm * 
>; r , . 
* &4 PEACE ack, 1 3 427 > 9 a 1 1 7 


Q I. + n | \ 
3 — 3 BP Sw ,» as ” 
_- Flr. So 
Sas 1 . * 
= 


. 1 a 5 4 
== A 4 D . at. + © „ 9 > 
. — 
= 
—— —— — — | 

£ a — - : _ 
1 — - o - - 
gwen $8 > ae a — — . >>. þ wc. * — 
N SIE 2 * =" 2 1 ro 

-=- < 6 . 


2 
— 
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—— — 
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= 
a _—- . 
* — ——— - — 
O— 7 
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Ex. 4. 


Suppoſe 5 = ©, Som +: 30258 a x Log. x. 


Or thus, let b ＋ 2 = x, and 4 = K. then will y = 
a „ at's arz 


55 1 + Ec. and the 
as ara 


„ Fr . 


E x. 5. 
Let à = 2ayxx , 3ax*y* y, where there are the 


| Quantities y* and ax*, and one multiply'd into the 


other's Fluxion; the Fluent of 20)" xx (ſuppoſing y 
invariable) is * „therefore z = ay*x*. 


Ex. 6. 


- a A. 2 


En 7. 


_ Suppoſe y = — ax as +; xx 1 2 + xx, then y = 
E | 24x + xx A 


— — 8 


3 * 2a ＋ 2xx TW 
os Ex. 8. 


Let v. = 2 that is 5 = * — ** 25, and 


3 

J 
| 3 
the Fluent v = xy" = 5 


Ex. 9. 
Lav=y as + g . 39% zz 3 then v = 


* 
. - \ 


a A 


ect. I. | f FLUXIONS. 27 


1 ply the firſt Side = „ 2 Wo the laſt by - ; and there 
3 * * . 


| ; { Fluent will be y = =_ + „aa — > *+ 3x7 : 


Ex. IO. 
x $. . ; 
| Suppoſe 5 2 3 — 72 -x x+x x, multi- 


then Latif +; tmdric 
| by the Index of the _ in each Tenn, and the 


. — * 
a * —y * = ; 
p —_ -=4 . 
— A _ — - — — — — — 
N * —— — — 2 —— — 
— — — — * — - - _ —— - . 
— IRE —— 0 * N >= - wy - 
- ——_ = - — 
\ - — — . wy = 1 
— 
= 


, © na 
—— 
— 
— — 
—— * 


2 
I 


= — Tile 
_ — — * 
= 0 * — Bb > 
8 ——— — 
n 
- =_ bh G „„ * 4. 


— mm 
——_— - - 
* * 


* & 


Ex. 11. 


3 2bbcy * 
Let the given Equation be x = Voy oy ＋— e ＋ 


- 


a 


+ ANTE: the Fluent is * = e 
r c 


Ex. 12. 


Let 5=# als 2, the Fluent will be y 
= 2x5 — 3x* |. 2.302585 Log. x. Or thus put a — 5 


N , 90 * — > > ol 22 


. ; "2 Bs 
RT whence 5 = x N 


e 
ke. and then y=2x * 0 


4 24a 
— 3 
13. 
Let the Equation be y = = &—+ = 23 involve 


that radical Quantity, and then 7 = azz + 
E 2 * 
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fue ＋ 1 K = AY N- Sc. whence 


— 3 . ir- 
the Fluent is y = fr. + 22 + u x 


1 25 W + &c. 
Ex. 14. ä 
Suppoſe = =: [En ＋ z3-þ» 1z into mo 
+wf 


. * is 7 — 32 —18 x =" ——- wn ane 12 * E fer ” 


here are the two Quantities 29 and e e + fo each mul- 
tiply'd into the other's Flux ion; therefore y — = 2) x 1 


— n 15. 


1 y = = "bent + el —12 + eee into q 


TY FW. 
2 T 8 that is 7 6212 x e 
4 2 + Mgr Fm x e E r= 


Here are two Quantities 29 and 2+ [2" + g2% Foc 
multiply'd into the Fluxion of the other, therefore 


T gu” , the Fluent. 
E x. 16. 


Suppoſe ”= begai—Z + 6-7 * un 83 + 
+ 60 + ry - be _ 


rente, x Tec bee ir into 2 N þ 


that is 2 = = baf—'z * * + . 
Te x r Tx -N xg+ Tb. 


Now here are the 3 Quantities 25, T and I: 


and the F luxioa of cach i is muktiply'd' into the Product 
4 


of the reſt; therefore the Fluent is Fm =o * 


x Z Ex. 


Sect. I. f FLUXTONS, 
Ex. 17. 
Let the Equation be given 72 —xy + * by ex- 
4 tracting the Root, = ix EW + + 'xx = (by Invo- 
z *, TN — 2 &c. * 
ee. 
= Ex. 18. 


: 1 0 DO the Root of this Equation, * = ax — 

YM 4 1316s 
— 7M 5124 

vi 1 5 . 12 12 

1 * i928 f. 

1 1 

— SGosppoſe this Equation #— C — 22 — 7 + 

" FF 2*+&—0. Put x= 1, by which multiply ing the 

card deficient Terms, and then you have 2 — C 

1 — 2 ＋ 2πτ] - x3 = 2 0 And extract- 


ing the Root, which will be threefold, then 2 


x*x xix x 


—_ + * — 7 * Jace Se. Or z cx Xx + Ix 
| I _ | r. 5 


— | T Z2CC Sc. Orhitlyz=— 4j. — de 


2c Acc 


WS. 


12 x a I Se. Whence 2 Fluent will either be Z =cx by 
— * 


> ; \ TE gat 1260 acer Ve. Or nd and += — + 
duct 25) , 3 


lution) ** + 2 + x* x — A 22x Kc. or y A 


Suppoſe 53 + axx*y + i a 20. 


Sc. then the Fluent vin be y 


ye, l 
* LN 


ws 


4 


VEST 0 
— 2 
mn 9 
a * * > 
_— . —— 4 
e 
= —— —— — 


* n 
— by 


>. 
2e 
Sax © 
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Ex. 20. 


E. | . ." 7 Sax - x 
| L + quo + 2 .= 4a + 


| — 3 , 3 | 
* 4 tranſpoſe 4r Y — 4* Y, and then ; 


multiply Dy 3, and you have aty* — * 2 4 44 v7 


+ aax*y* — gax*yy* + 4% K 5 = divide by 
aa + xx, and there ariſes aay* 5 + 49 * = 
*** XX 


E extract the Root and ay — 2 = 8 22 
whence the Fluent is ay — yy = + Vaa T xs. 
. 


Let 27+ 2y = ax, then i its Fluent is * - Ax. 
Ex. 22. 
| Suppoſe ar. — M = by + bes, or ah — 
 byx* — baxy = bx”, ſuppoſing x invariable, Then its 
_ Fluent will be ayx ' —bexy = = bxx*. 


Em 23, 


Let ihe Equation be an * aazy — abzx = bez* 


— abcr; then the F Juent is — + aayz — abez = = 


beææ — abc. ; ſuppoſing 2 variable, 
II. 


If the Quantities cannot be ſo ſeparated, but one 
or both of the Fluxions contain'd in the Equation will 
be affected with both the variable Quantities then re- 
duce the Equation fo that one of the Fluxions alone 
may poſſeſs one Side of the Equation, and the other 
 Fluxion affected with both the variable Quantities be 
on the other Side, in ſimple Terms. Then, 


1. Range 


* — — — * 
— 2 — 
- I 4 — — 


e 3 
* * 8 
FIR 
—— 
—— — — — 
—— — — — — - 
* ”— — 4 — 


— - — 
— 


YE 
\ \ * N 
Ci TY 
: 4 a 
* 4 
py Po. IA 
— = _ — — — — — — — 
— — _ N ws — — — — 
— — Az K . . F 8 - — - ** 
> = EST 
— RR. - — — ä — — — — — — . 82 — a * 2 e — 
— — * . — 8 - * — VI * — —_ 
* — — . * - oy 
— . 
— . > . b all 
2 = = — 
= - oy A = = 
ay 5 — 
* = * * a — — — 2 


— — 
- — — 
* 
—— —-— 
: — 
— 1 
X 2 


Pee. I. / FLUXIONS. 


Side of the Equation fo, that all the fluxional Quan- 


+, faſcending or deſcending Series; and all the Terms 
F 7 affected with the other flowing Quantity ſtand 
7 perpendicularly on the left Hand according to their 
Indices. 5 | 1 

2. Begin at the left Hand, and find the Fluent of 
==; f the firſt Term of the horizontal Row, for the firſt 


— Term of the Fluent ; then ſubſtitute this inſtead of the 


other variable Quantity in all the Terms of the per- 


pendicular Row, writing their new Values over againſt 


ö them under their proper Indices in the hor:Zontal Row; 
then proceed to find the ſecond, third, Sc. Term of 


the Fluent ; by ſumming up all the fluxionary Quan- 


AI ties of che fame Index into one Term, and then find- 
— ing its Fluent; all which Terms of the Fluent are to 


» be gradually ſubſtituted for the Powers of the other 


Quantity as you go along. - F 
3. And this Operation may be perform'd various 


Ways, by aſſuming any given Quantity for the firſt. 


Term, or perhaps for ſome other Term of the Fluent, 
and oftentimes it will be neceſſary to do ſo. If any of 
the Terms be divided by the , Power of its lowing 
Quantity, it will ſometimes be neceſſary to ſubſtitute for 


this Quantity, the Sum or Difference of a given Quan- 


tity and another variable Quantity; and then reduce 
the Terms to the preſcribed Form. And this is the 
Newtonian Rule for finding the Fluent. Es 


will 7 
re- F | E x. 24. 
one ö ; | I 1 ; 5 i a 37 1 7 
her Let ay þ+ xy + ax + xx 5 + 2 T 1 
be 12 1 | | 

| OX * — K 5 | 
. find y. Divide by a + x and re- 
8 


duce 


1. Range all the Quantities that are on the ſecond 


tities affected only with its own Fluent, may ſtand 
¶ borixontally at the Top, proceeding regularly ac- 
cording to the Indices either increafing or decreaſ- 
ing, according as the Fluent is to be had man 


3 


1 > 


* 


* 
_ N A "__ - 7 
Arr. r we "a en . =, = > n 1 223 w . - 6h... 
, bs. , - * ; 22 6: A 1 — * „ 0D © — — UN " V ——— a 
—— 0 n + — — — . — - —— — — > 4 — — * * 
— — — — — — — _— — — — 0 2 io . * > L_ hn 1 bt - — * 8 E. 2 — —— — = - — 22 — 
— — - — * % wa ED - — . 1 "A bon — — . — — — _ - - — l - — 
— — AIM — —— I _ 
- — . * >> . , — _ — 1 
FS ad Ls x - + = up + A » — 
1 


e 
1 — ——— — 


. wr 
a, oy 


V4 —_ 4 — 6: Hee — = 
— — — G_—_ —— —— ⏑⏑ ——— —_ — 


— 


's y | 
6 x 
4 
on 
3) 
3X 
1 
f , 

0 1 
= 
1358 
* | * 

' 1 

4 | 1 
* 
1 

. 


n hs * "—_— 
— 
>. - 2 1 0 — 
—_ 


4 


* — - —— o—_ 25 
3s - © *» 


_—_— 
we 7 


53 


2 > 
— 7 re ee 
* . 3 


KK. 
9724 


2 „„ 6 45 on cw 
4 


-&# - vv - 
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duce the Equazon den 5=6 + Eg + Em 


. & I 2 By 
* 2 4 Had then 
the Wark w will be as follows. 
* . 4 LORE | . 
x * 
xx x*x xx 
— FF =—— — 
a 244 24* 
„* x*x 
aa 7773 Sc. 
* * | 
e. | 
; | 
x*x | | 
+ Ic. , 
xx 3x*x x*x | 43 
TT Tan " 
"07 00 Nl 
EF. 55 — — | 


13 4 I write S vorizontall and 
=_ 2 xx ”x g | 
13 _ + — Se. 4% — Ar perpendicularly ; ; then 


FBR I, and get its Fluent 


x and put it into the Value of y. Then I ſubſtitute x 


for y in each Term of the n cake placing 


their  reſpeRive Values —, TI =, + =, and + 


123 


— = againſt each, under the proper. Powers of x. 


Then 


e x 


_ — „ —— EI tame. i LS q 8 4 
* 


Sect. 1 of FLUXIONS. 
Then I bring down the Term in the ſecond Place 


+=, and write is Fluent 54 incheValueof ; then 


1 write erg in he Terms + E —E , &ec. a 


** xx 
the Reſult 24 . ige in them 2s be- 


fore. Then I wi the Sum of the Terms i in the thisd 


* * *** 


” 206 a8? 


== 
ſubſtitute iv 3 Y as oy 
as I pleaſe. 


And . — as far 
Ex. 25. 


1 xx + ye + V , to find y. | 
Here & the firl Term being found 28 fie 


v, you get — 2xx, and its Fluent — xx for the ſe. 
cond Term, which * 


get + #x, and its Fluent — for the third Term; 
„ 


3 


HRT 


+ * -- T e 
2 LE 4 — wx þ Lox Ofc. 


J=x— 2 þ fx — Jr tr Sc. 
5e n — 11 ＋ Ni —$x* Tec. 


Otherwiſe thus. 


Here I take a for the firſt Term of y, and writing 
it nſtead of q, * 
being 


33 


* 
1 
2 
WF 
_ 
os: 
1 
n 
"=. 
l 
: 
1 
. 
55 
1 
7 
" 1 
"RD 
Lo. 
82 \ 
4 * 
7 
© 
= 
44 
*% 
p * 
* 

} . 
* 
* 
1 
* 
* £ 
vw 
ty. * 
faq i 
* 

4 


4 
3 
* 
by 
4 * 
% 1 
= 2 ' 
© 
T 
3 * 4 
7 
A 4 
; a! 
- Rn 
2 
» 
. Hi 
- ! 9 
11 
* 
A 1 
+ 
wht - 1 
EY IT Z 
4, | 4 
3 
. 4 
[7 4 = 
ä 
1 . 
a >8 "Mo 
F 9 4 
} l 8 1 
5 „1 "_- 
be £1 \ 
: * 1 
1 We 
" + 
1 1 1 * 
39 . A. 
4:: 8 - 
ih 1 1 
1 43; 4 * 
1 Mz n 
RF BAKE 
1 A 1 
* % 
1 \ | 
* * A 
„ 161 
} =T N 
1. L k 
h | 1 
TEA \ 
* * 1 * 
11 V 17 
; 13 > 
23-8 p 
': 3.4 Wy 
. 3 1 
1 * 
a i 
* A* * 
* "" 
4 ©. } % 2 
N by a . ! 
% 4 4 d \ 
4 » | 
i 4 
N n 
f . 2388 
©” 
4 l 4 4 
- o 
} — 
L k 77 = 
ws. 34 fo T » 
bf 4 { : 
I ' b 
+. pi 
4 NA 
— 14 2K 7 
” fi \ 
<8 'S 54 
5 1 * , 4 
, 4 4 ®, 
1 
e | 
* 1 
7 
„ 1 
1 / 
* i 
3 ms 
2 il | 
7:4 gn. 
T * 
1 
> '1 
oy ! [ 
14 A} 
5 j 
14 -3-=- 
0.5 1 7 ( 
4 
| (| 
- 95 
2 1 
28 4 J 
14s 
»* N 
* "0 
"14.5 ” 
) 
_—_—_ 
f \ 1 
. 4 
10 q 
* 
1 
* 
= 
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being again written for y, I get the third Term ax* 
—x*, and ſo on; fe the Work, : 


_ [Fa—an+ os oh — 
+ | = et 17 N.. 


+3 
Mo F. 
| Her tows ttwi Sc. 


L448: +28 . + 5 
9 + 1* Þ2 ** ＋ 1 oe ii 


7 —— FT 4 _ x. ere. 4 


FN 
8 


= 


cs 26. 


Suppoſe this Equation 52 34 Par * 1 
Fax + Ys ur &c. + 6px — G + 8 — 
gar + 109x*%x — 10x*x &c, To find the Value of y 
as far as 7 Dimenſions of x. 

I place the Terms in Order according to the follow- 
.ing Table, and then I work as before ; and moreover 
I ſubjoin the Square and Cube of the Value of y gra- 
_ produc'd, to be ſubſtituted by Degrees i into their 

r Places towards the right Hand, in the Values 
—_ „——ͤ— on the leſt, as follows. | 


9 . x Se. 


Ro muſt be placed to proceed from the greater In- 


T= 19 A 617 2 r Se. 
+ r * —9 9. 261 Tf * * Sc. 
+ 83x 275 — Xx 16 ** Se 
+109x*x| e EY —_ Se. 


um 


+ 5 
. 


| +$2x%x+ r 2 2˙ Sc 
—Y xx r — 6, Se. 


1224. | . — 2 &c 
b — — — 2 y 3.3 a5 —36 5 7x5 (fc. 
pr OW — * 22K — 29758 &c. 
— — Ge. 


* 


Ex. 27. 
5 4x 
— + 33+ 2 —= n 
Series. Here te Tres bs ths decked 


Lety === 


deſcending 


dices 10 the leffer : And the Work will be as below. 


* HE „ 4x 
*: PR * 


n &e. 
y= + 4x * — 2 +=" Sc. 


F2 Haw 


gect. I. of FLUXIONS. ns 


* 
* 
„ 
"= 
4 \ 
" 
"JJ 
1 
"= 
* 
. ; 
* 
* . 
. 
* 
4 
"TIM 
* 
+. 4 
WS. 
#4 
* 
»* i 
: 4 9 
nf 
LEES >. 
"» x 
* 
E * 
"4s 
BE 
. 
- 
. 
5 
Lf 
"= 
1 
ad 
oo * 
" 1 
— 1 
: * 
$44 
= 


at 
1 
| 


YT 
19 
1 4 
YA 
* 
10 


— —— 3,6 - , 
r * 
— — * * 2 
-_ 
2 . . — 


* aw 
a 1 8 
f 3 . 3 | I, 2 - + - \ N bY oth 
f 3 — ; _ * f 
= — - : 7 "_ — "4 N q £ 2 * — 
. —— — 4; — o * — * j — 
—— n Page ___ _ — 6 — = — 
th Doom SO n N 7 = 
: 1 — 


— 
Lan ial. 
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Here obſerve, that any given Quantity might have 


been inſerted between the Terms 4x and — 2; and ſo 


y might be extracted an infinite Variety of ways. But 


if that fluxionary Term had not vaniſh'd, then we 


had been obliged to ſubſtitute a E 2 or a — 2 for x 
in the given Equation before it could be reſolved. | 


Ex. 28. 
Suppoſe the given Equation xy = Xx — x —Jx*x 3 


by Reduction y = 5 — 3x — =, then the Work will 
be very eaſily performed as in the following Table. 


| x x | 
1 x | 
* | x 7 
140 
1 
TOE. - 
III. 


When the given Equation contains Grſt Fluxions 


alone, or if it contains firft, ſecond, or third, &c, = 1 


 Fluxions, as in the following Example, where 2axy* 


8 22 25 — 257 2 © to find x expreſſed T 
ET 2 3 it will be reſolved by the 


and aſſume an inde- 


(rank 
8 ethod. 
I. Make che — Oo 
he Slee] ired; as x 


= Ay TNT -T + Dy +', &c. woos 


a oe. c 


a” 


— lu. os. ts Kan As 8 


Sect. I. of FLUXIONS. 


1 the Indices u, 1 r, + 5 continually increaſe if y 
be very ſmall, or decreaſe if it be great. 
2. To find the firſt Index ; ſubſtitute into the 


3 ſecond Fluxion, &c. inſtead of x, x, and x, &c. (if 
they be there) and then you'll have a new Equation, 
as 24 n 1xaAyp" 2A — 2A — 


| | 0, ſuppoſing ”= I. Make two (or more) of the 


Terms equal to nothing that have the leaſt Indices equal 


do one another, for an aſcending Series; or thoſe that 
have the greateſt Indices equal, for a deſcending Series : 


then by equating their Indices or elſe their Coefficients, 
x will be found. Or if there happen to be only one 
Term with ſuch leaft or greateſt Index, make its Co- 
efficient = o, which will deſtroy that Term, and per- 
haps give the Value of z : Thus, in this Example for 
an aſcending Series, you'll have 24 — un — 7 x 
aA = o, or n - =2, whence # =2. 

3. For the other Indices; ſubſtitate the Value of z 
into the foregoing Equation, and you'll have 24 


E 2a ＋ 2A — 8A = o. Then take the 


leaſt Index in an aſcending Series, or the greateſt in a 


deſcending one from each of the reſt; and find all the 


poſſible Numbers that reſult by adding all theſe Re- 
mainders to themſelves and to one another as oft as 
poſſible, and then you have 7, 5, 1, &c. here 4 — 2 
= 2 only one Remainder ; then 2, 4, 6, Sc. = 7, 5, 
t, &c. And therefore the Series is Ay* + By* + Cy* + 
Dy Sc. = x. J 

4. For determining the Coefficients A, B, C, Sc. 
— into the given Equation the Values of x, x, x, 

c, expreſſed by the foregoing Series A) + By* +- 
FF Cy, Sc. and put the Sum of the Coefficients of every 
"3 ſeveral Power of y equal to nothing, and thence A, B, 
[C, Sc. will be gradually found. Thus x = 2A 
4BY + Cy, &c. x = 2A ＋ 12By* ＋ 3oCy?, Sc. 
where y =, theſe being ſubſtituted, the Work will 
de perform'd as below. . 5. If 


a 
- " 2 — — r 2 _ + 4 1 . — — _ 

Ps 1 2 . by 2 - - — : "a — * 2 2 << wn 1 - iu . 

: dk Ev. \"_ 2 32 - N . * "3 . — * 

— , * 2 7 — 2 — * 2 . * 7 R * * 5 . j- 
- — — 2 * . . " -£ - : — 2 = 
cred — ne 2 * . - - 8 — 2 —_ SÞ: , 

_ —_— .-— 2 
3 — * . +©- Py 2 
— 


er CR.” 9 7 = 
— — 2 * = — — IJ. — 
W * « <4 — pe 


- "Cs a Do a 0 . - 
2 — 2 WV * — £ — ac — - 
— 5 s - > — > 28988 nw — 2 a 4 4 - — 
K , ** wy * * 1 — — Ws. LE — mr SET WT 
: r 2 <a eg en K . — w_ — on 
- N 1 _ ” 8 — - * Se, nw 1 8 1 * >=” 
=. % - o s ® - . 6 # i 4+ : 5 wk. = * 
wa \ —— 4 „ 8 = 
: \ \ | 
\ 


IGOR.” . 4 5 * * 2 = : — 2 2 — a * — 8 ; : 5 
CE apo !—̃ and 4s <<. 2 
r i res. ——— : — 
— 13 8 _ "<0 - — L 
2 — — — -<- * 

2 — & w— vw a>. - + — — — — — 


* 
, 3 —— III 
S oo ig r S 
* — TIE * 3 : - E 
* * — — et won a 
— —— — 
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5. If the firſt Equation for the Coefficients be an 
adfected Equation containing ſeveral different Powers 
of A, then that Equation will afford ſeveral Roots or 
Values of A ; 3 and as many different Roots ſo many 


different Series may be obtain'd, And if A has ſeveral 
equal Values or Roots in this Equation, then you muſt 


divide the leaſt Remainder above by that Number (of 
equal Roots of A, one of which you aſſume for 


its Value ;) then proceed as in Art. 3. taking this 


Quotient for another Remainder. 


6. If a Series be required to be expreſs'd in Terms 
of that Quantity whole 2d, 3d Fluxion, Sc. is in the 


Equation ; it muſt firſt be got in Terms of the other 


Quaatity that has no ſecond, third, &c, F luxion ; 3 
and then the Series reverted. 


ScnoL. As there are fluxionary Equations that ad- 


mit of ſeveral Solutions, and may have the Root ex- 


preſs'd various ways; ſo there are Equations that can- 


not be reſolved at all as being impoſſible ; and others 


that are very difficult to be reſolved, and may require 
the utmoſt Skill of the Analiſt, and ſometimes a 
different Proceſs from theſe Rules. 


Ex. 29. 


Let 2a — aY* x + 2x%5* — 25 o; to find 
x expreſſed by y and given Quantities. 
The Form of the Series found by the foregoing 


Rule is x = Ay* + By* + Cy? + Dy" Sc. This and 


it's Fluxions being ſubſtituted 1 into the given Equation 
will be as follows. 


I- 20Ay% + 2B) EL 2aCy*-4 2aDy* Cc. 
— * —244By'—boaCy—112aDy* Sc. 


| BB 

+2x*y* | + 2A*Y%* +4 AB TA * Ec. 
1 8 32BB 

— —8A N—32ABF__ AC * Sc. 


Then 


* ** 1 —_ 


Sect. I. of FLUXIONS. 


Then equating their reſpective Coefficients; 2a 
— 24A = o, therefore A may be taken at Pleaſure. 


Again — 224B — 6A* = o, thence B — = 
A 
After the fame Manner C=E—, and D = =191644* 
31 A | 1754543 
3 42A 
| 117 3 | 
1 Ge. 
17545079 Ge 


_ Otherwiſe thus for a deſcendi ng Series. 


Make the Terms 2A 7.2 2n* A = o, or 
Im = o, whence „i; this ſubſtituted for » 


will produce 24A + 2A*y* 2A =0. Take 


the greateſt Index 2 from the reſt, which is 1, and 
there remains — 1; therefore 7, 3, t, &c. are —1, 


—2, — 3, Sc. and the Series is Ay+B+Cy* + 


Dy &c. and the Operation will be as follows. 


+ 2axy*| * 2aB + 2aCy' 4 
—ay x : — 2a Cy Se. 


2BB + 4BC 


+S2x*y*H-2A*v* LA Ae FOR GS Se. 


—2y* 2A P ACT SADVy &c 


or 1, ** Tab + myth Sc. o 


He ling the Coeſſicients; 2 A. — 2A* =o, 
and A nay bes * _ at Pleaſure; likewiſe 


B==, c= oe e. e 
ries is known, r So} tft. 


0 2 
Ex. 30. 


— = o, to find y in an aſcend- 
ing Series. 
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ſtituting the firſt Term and its Fluxions for y and its 


Indices, then 1 — 3 2 2 — 1, and = — 2, and 


—y — +128? A + 


The DocTRINE 
Aſſume y = Ax" + BY, + C= Ge. and ſub- 


Fluxions, we have u. 1. Z. aA - , I x 
aN + nA?" = ©. Since the Index n—3 


is the leaſt Index, make its Coefficient n.n—1.u—2 
— ©, and take one of the Roots x 2. Whence 


the Indices will be —x, 1, 3» ſubtra& the leaſt, — x 


from the reſt, and there remains 2, 4 ; therefore r,s, 
t = 2, 4, 6 Sc. whence y = Ax* + Be + Cx &c. 


and the reſt of the Work is as follows. 


+ 9 [+ 24a Br + 12083 Cx* + S000 Ec. 


— 4 — 324 ABx* — il Sc. 


i + 2A% TIA G&c. Þ 


Hence 244*B = 4a A., and A may be taken at 


Otherwiſe fo? a deſcending Series. 
Let zn —1 and a — 3 be ſuppoſed to be the greateſt 


theſe Indices will be — 5, — 7; and taking — 5 
from — 7 the Remainder is — 23 therefore 7, 5, . 
= — 2, — 4» w= 0 Se. Wherefore y = A + 


B Cx—* &c, the reſt of the Work will be thus, 


229 24. Ax 120 B. —3364* Cx? Ge. 
AB &c. 
AC 


M 3 2A — AB. — 


3 4BB 1 Se. 

Therefore A= —124* ;B==368, C= Age Ec. 
And y= —1 T6 „ | 

”" 31. 
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| E x. 31. 

Let the Equation be x = 29) — 0% + 2xhyy — 

L 4x*+ ny*y + 99. as find x in y aſcending. 

| Let x N + By *” + Cf 8c 3 and ſubſtituting 

Ay" and its Fluxion for 5 Ls *„ there ariſes 

= Ahr Ay "+ 19+ 

23 = 0. Suppoſe n—1 and 1 to 8 = eaſt Indices, 

and you will have - *+iy—o, and —1 1 or 

1 2, and all the Indices wil be 1, 2, 4, 213. 

Take 1 from the Reſt and the Remainders are, 

1, 13, 2, 33 whence 7, 5, t, &c. are 1, 14, 


2, 25, 3. Sc. and x = Aff + By + Cy**+ Dj Se. 


hence, 


N 
7 
3 
: 


5 | : | 


: * 
+ * „ 
+ 2y* | OT + 27 
therefore A — +, likewiſe B= — 1, C 2, D=o, 
t Sc. andthe Series is x 1% — 3 + 21 c. 
1 Ex. 32. 

Let 23 — (25 — 2K — z + 2x3 ＋ C = o, to 
find z in a Series of x aſcending. Put z A + 
Bra + C Sc. and by Subſtitution accord- 
ing to the Rule, we have u3 A3&39—3 — nf A3z29%—2 — 
mA Cc +28 +& =0; and ſup- 
poling the leaſt Indices z—1 and o to be equal, we 
1 have == 1. And all theſe Indices will become o, 2, 3: 
" and ſubſtracting the leaſt o, the Remainders will be 
2, 33 whench 7, 5s, t, &c. = 2, 3, 4, Sc. and the 


Series is 2 Ax + Br: + Cx* + Dx* Sc. and the Ope- 
ration as follows, 


* 


— += 
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| 


If you take A — + e; then fince the Equation A 
cA — OA + 3 = o, contains two Roots ; 
therefore divide 2 (the leaſt Remainder) by 2 (the 
Number of equal Roots) and the Quotient is 1. Then 
by Help of the Remainders 1, 2, 3, &c. you will get 
the Series 2 = Ax + Bx* + Cx?, Sc. with this pro- 
ceed as with the former, and you will get other Series 
for the Value of z, wherein B may be taken at Plea- 
ſure. 


0 an os 2 DO 
. 2 


r W unn 
a —_ 
* * —— * — + I's 
P 4-20 0. 
# „ 3 
wr 4 ” c * 


4 . an. 2 1 2 ;+15A*D "i 
; +2 PIR +9 A Bx 12A Cx TAE! Se. 
H c. —A —6cABS- 8 ACA TR ap* Sc. 
1 —2νο] — 2A“ * — 6B * &c. 
3 — 3B — 4c C, — 5D * &c. 
K | + 2x3 | + 253 
£4 M „ 
3 Here A e 33 and A = TOY 6 
| 3 or —c: If AS c then B * be * therefore 
1 py —_— * © 
* PCC 
. Sc. And a - ,. — g Sc. 


Ex. 33. 


Suppoſe ey + Er 3+ d bs = ifs, to find y, 
Aſſume y — APR + Cz*+* Sc. then puting 
Az” and its Fluxion for y and y; and you have 

en A ＋ frA2Z To dA 2 =0; take 

the Ind * 1— 1s, then z=p+1, and the _—_— 
become p, pn, and the common Difference = 
and r, 5, tn, zm, zu, &c. Whence 1 
+ BY . Cz7+-=+» Ge. therefore, 


+ 5 


4 


Seck. I. ef FLUXIONS. —- 


+ ey TIA Tpi. B25 4 CH e. 
+ fx") fa ATT B . Ge 
a + 44 dBz*F** Sc. 


| at, 

= Fe © FETs a 

44 PETE. fr = and 3 = 

pn B. Se. and putting n . 
3 IF mf 

— 2 * 1 Zu. e 


Ex. 34. 


Let æ a * to find x by a Series of = 
Suppoſe x Se „this in Fluxions gives x = 
„rx. er OFRD = eB” x 
2 E, that is ay + g= y + m 2 —aZt— 

ff Þ"2=0, Let = Ar + BE + Cot: 
Sc. then by Subſtitution an ＋ 1A -. 
ung e az” — r f — o. And put- 
ing the Indices z—1=7, then M. and theſe 


Indices are x, n, and the common Difference m, 
whence 5 = A N + Bz + * - R 
Se. 


And * Ff A b if Tam. C = 
+ BZ"; + =+1.8A TR G. 3 


+ n + BA + x Sc, 
2 - 2 % — | 


- — 22 3 
* 
o 


- = pe 
Po 2 * * x 2 — ol . — 
5 . _— _— *. x 5 . 3 
— * 3 
—— —— — —I‚:ñ —_— 
- on 
= a * <7 1 p - — — * 
i= Li 
\ * 


- —— - — - - 4 
= " pony 
- - . x > 
5 ——— —u—„—y— — — 
2 = 


. „ * — 
- - , « 
— <= id 1 > - - «> . * 
= 3 —_ — * 
2 3 — a Sy. 4 _ HR — - £4 4 
- ” . — — * ** 7 
7 * — 3 = w_— 
p == _ yr v 2 ” o 4 1 2 — + 2 — - - 2 . 
Ti * 3 * 5 — , 
* 6 - 4 © — 2 —— 
— — — 2 . = * 0 
* * — = — 8 w — > =. MS .> — 2 — . * * 8 > 


p 4 _ 4 
* a — 2 * "a + 
_—_— » 4 = 5 
on — 

1 2 0 

q - * 
= 
p p by — 2 * L 


-£4 bo — 
* 
— 
. * FA — 4 
2 . or — wb bd YL 
7 = 2 
- 24 < _ 5 
44 = = 7 4 
9 * 2 


G 2 Hence 


3 
_ — - 


* ED 


— 2 — - 2 
= IL — 4 Wii bu * 4 
% „ 
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RT 
Hence A -T =, 1805 rr 4 
— Ge whence 


1 ＋ 1. 24 1＋ . 2 1 zm. af 
2 
putting ==, * + I, 9 = 14 P, Q, R. 
each preceding Term with its Sign, then 2 
—_- SS 0. Io Ga. 


Ex. 25. 


Let x= Iz" Tc. Fs Te 

XZ , to find x by z. Suppoſe x=y x a+Pz"+y 25®+g23" — 
this put into Fluxions, and then the whole divided 
by a+82+3z* &c. you have 2 — Ee 
e &c +u+1.yxn82—" 2142 c. 
Let y = A TN + C2 ◻＋ e. then Az“ 


and its Fluxion being ſubſtituted for y and y, for the 
firſt Term of each compound Quantity in the forego- 


ing Equation, and there will be — mH 4 


u+1 I „AZ“ = c. = 0; and making the Indices | | 
x and M—T equal, then m=7z+1, and the other In- | 
dex is 7+1-þ#, and the common Difference 7, whence 


= AZ TRM T TA CN Sc. And putting 
14 1 2 p, then * = DAR + . B TPTA 
C2 e. put 1 then 


7 
: 
1 


Sect. I. of FLUXIONS. 


c. - —ft gr. 


+ ay TDA. aB+pÞ+27.aC Sc. 
4 620 14 . 8B Sc. 


+ yo mY + yA Sc. 
+ ib 5 Tung A + mnÞBB Se. 
+ 2. ⁵ n + 2mya Oc. 
3 e 
lence A= , 
Hence pu 
ET ö — JA 3 7 . Ee, E 
SL Ea le. 6. 
| | PTA. * | a 


And x = AZ + Bz T4 CZ * . B= &c. 


X 2＋82 * " +025" A 


IV. 
The Fluent of an irrational Fiuxion may ſometimes 


alſo be found by aſſuming an indetermin'd Series as in 
the Jaſt Rule. | 


Ex. 36 
Suppoſe 2 = vx x, where v = FE and J == 


Var — xx. I take Av*x? for the firſt Term, and 


aſſume as many Terms of the inferiour Powers of v 


and x, or their Products, as I think will be ſufficient ; 


for which no general Rule can be given. But you 
need take no more than the firſt Power of y, becauſe 


all the Powers above will be expreſsd by the Powers 
of x, which are ſuppoſed to be already in the Equa- 
tion, 


The DocTRINE 1 
tion. Thus I aſſume z = Av*x' +Bv*+Cz*FDxFE 
x vy Fx + Gx* + He = Flu. v*x*x. Put this 


Equation into Fluxions making x=1, and writing 


1 
every where 3 for v; then reduce it from Fractions, 


writing 24v — xx for yy where it occurs. Then col- 


Ie ſeverally all the homologous Terms (or thoſe of 


the ſame Powers of all or any of the Quantities x, v, 
9), thus 


+ 3Av xy + 24Ax*v + gaCx'v＋ 3aDxrv + 235 


+ 3Fx'y + aDxy + ay f 3 
＋ 4C +23 +H 

The reſpective Coefficients then being equated, 
there will . found A = J. C= 34. D = ag, 
F., — 44) 1 R — 34 3 x F A dn, (GG — — RS 


| xi * 
H — — .. And thence 2 — 3 — 3 UE 


% oþ Jaa o+ a xy — pln) % — l. 


Note, If a/ of the Quantities B, C, D Sc. come 
out equal to nothing, ſtill the Series will be true, pra- 
vided they don't deftroy the Quantity A. But if A 
vaniſh by reaſon of ſome of the other Quantities being 
nothing; or if they involve ſome impoſſible Equations, 


then the Series is not true;; and you mult try gain by 


alluming more Terms of the Powers or Products of 
*. V, y. Bur in many Caſes it cannot be done in finite 
Terms. 
; V. b 

In a fluxionaay Equation where the variable Quantity 
10 — great, and you would expreſs the Fluent by an 
aſcending Series: Or in any very much compounded 
fluxionary Quantity whoſe Fluent is required; take a 


given Quantity extremely near equal to the variable 


(Quantity ; then inſtead of that variable Quantity „ab- 
 Bituts 


7 — N. Sa... "4. RT 
2 F. 2 — BE. To On * . , 4 4 * gs — - 
* 3 * a * , — * e * = x P24 q 1 N » . r 9 SS SE xz dab” 2: 2 6 » NES - of ws POET * 8 * 2 3 * s 
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FA 
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Eg 
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N 

[4 

4.4 

* 

7 
4 


Sect. I. of FLUXIONS. 


ſtitute into the Equation the Sum of this given Quan- 
tity and a new variable Quantity, and likewiſe the 


Fluxion for the Fluxion ; then find the Fluent in ſim- 


ple Terms, and this will be a Part of the whole Fluent 
required ; and the Operation repeated as often as ne- 


| cellary will give the whole Fluent. 


Ex. 37. 


Let 2a Wa + xx; ſuppoſe r very near equal to 


x, and putr + U x, and aa + rr — 5s, then x = . 


and z=vx\aa +rr+ 21 þ vv VIE 


; 5 22 ＋ο 27v 2“ D 
=vx: 5+ * at 853 95 _— 
_ 223 . 

Sc: N: 5+=+ — 277 Z. + 


FI 27 
Ec: = 50 + = —— e. — pants Whence 
vv : aru* ; 3 
a += w 7 > — Sc. Now in this, 
ſubſtitute v for v, and ſubſtract the Refuk from the 
abu! 


laſt Equation, and then 2 = 25v + 7 75 Ge. And 


this is the Part of the Fluent melde to the Dif- 


ference of the Quantities 7 + v and -v, or to av, 


that is, to theſe two different Values of x. Hence if 


there be aſſumed ſucceſſively the Numbers or Quanti- 
ties þ, c, d, e, f, &c, for r, and v be taken extremely 
imall, and it be always b—v=c+v, and c —v 
=&4+v, and d —- Sg ec. till f (the lqaſt 
Value of 7) be o; then the Sum of all the Parts cor- 


reſponding to each (collected by the foregoing — | 


will be the whole Fluent z required, 
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Ex. 38. 


. 


ee * V 2 89 


2a - 


1 


245 are 
. ee 2 ” x 7 
then 2 = tv 
* 24-7. 
z aby . 266. 246 


(putting 1 5b + 4 — 5 .. 


2 —_ 
aa 
97 zar rr, and u 224 — 27, 1 . 


l 


Then dividing the N — » the peas 
tag — St 


ing e = 7 7 
| and puting e = 2 „7 e _ 


we have S = 45 V E. Sc. = wx: ** 
2 »＋ 1 _ — 


- "FF * Se: Whence 2 2 < 


4 + — 2 qv? Sc. In which ſubſtituting 


v forv, and ſubſtracting the Reſult from the Equa- 
tion, we have 2 = © e, + Sc. for 


123 


that Part of the F es belonging to 2, or to the 
Difference of the Quantities 7 + v and 7r—v. 


Where it is difficult to get many Terms of the Series 


as in this laſt Problem, v muſt be taken ſo much the 


ſmaller, and the Operations ofiner repeated before we 
can obtain the whole Fluent : And the working with 
Numbers inſtead of known Letters, may ſometimes 
be preferable, when the Quantities are very complex, 


7 | ö 


CCE oor oo. * 


ſome particular Rules which in ſome Caſes will find 
the Fluent in finite Terms. As 


give the aſſumed Quantity and from thence the other 


SR, I. - ef FLUXIONS. 
Beſides the general Rules before delivered, there are 


VI. 


When one of the variable Quantities is wanti 
the Equation : Then aſſume for its Fluxion the 
duct of the other Flux ion and a het variable Quantity, 
which ſubſtitute for the other; and you will get an 
Equation which put into Fl ixions, will give the Value 
of the exterminated Fluxion; and then the Fluent will 


Quantity will be had. 
Ez. 39. 
Let yy'x = ax* + 24 + aj*, where x is wanting. 
A ſſume _ = x, and  expunging x, aazy = 28 + | 


\ 2 
- 
— goes 0 = — — = 4 — 2 — $4 p _ ol 7 —— 
X ——_ N a 4 n 2 
* 1 — — — — = — - * n 
— * 5 , 
- — a ; * 7 * * PR Pa. Fa 32 4 TT IS * 2 — — A 
= — — —=- CE —— — * 5 - : 2 — . - y_—_— — Hon _— — — n 
6 £ o 
l - \ = = hae _ _ = _ * — ” — — —— — 
— — N =_ \ : _ 3 fi | 
o yl = — TY © FRETS — Re _ l 


f 
„„ he: _— OE £ | 
24 | af, whence y = : ＋ 22 ＋ > In Fluxions 1 
* . 27 18 
— fs : aaz 8 32'Z 13 
213 22 there! ore — or x = * 1 
2 N \ 
Ts - a2 
—— 7 — F. W ence the Fluent is & = = + 
2 
7 a x 2, ak 5 03 Z therefore) * * 
2 will be known (by the ln 2 4 LS 22 + 
an 


and conſequently x by the laſt Equation, 


H VII. Some- 


"a. 


2 3 8 — = * 4 - _ — . 
r * * = 
2 P * * 4 ** oy 7 by 
* 2 . OR, << A - | — Se 4 4 3 — ; a bd 1 
: * — a : apy Aw «i 40 4 oo _ ——— Pk. © TIN Y z © 
1 IRE” _ eg =” Week — * —— | os M- 
"= " * - p n ST - bs — — o 4 7 hs — — 2 2 x 
> a” 7 5 * 4 2 5 * 1 2 , — — 
2 * * q K * * E * 3 4 $A 5 
* * : * Tots 9 - "LR —_— WW -,- 8 — 2 g * = 2 3 
l * e * ö a. -4v | 1 r - F 1 : — * 
K x — 2 . T ab = C = Do. - = * dy cr * . — 4 —— _ * _ > 4 = 
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VII. 
Sometimes the Huent may be had, by firſt putting 


the Equation into Fluxions, making ſome of the 
Fluxions invariable. 


Ex, * 


Let ax . 2 vx + Js 2 2 5 make 7 — and 
* 2 


| dis Equation into Fluxions, then L 5 


*— K. A4 Ty. x . 
43+ — . and 5 = 


Xx 


is Vr = = V, or x . 


vm. 


Sometimes the Fluent may be found by aſſuming 
other variable Quantities to make up the Fluent, and 
finding their Values by help of the groen Equations 


and their Fluxions. 


Ex. 41. 


Soppoſe * — Xx = ay, To find x. 


Divide by Joel and x = x. Als v, and 


J—x 


| ſuppoſe the Fluent x = ax2.302585 Log. Yb. 


then will x = = —& + #7 


De 


(lee Prob, 2. Scct. II 05 


and by multiplying, 3x — xx + Tx = ay — ax + av, | 


from 


* r and the Fluent 


vE Wy 


— oY 


FRA > 
ADR — ws 
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from this ſubſtract the given Equation ” — xx = ay, 


and there remains vx = — ax I av, whence if v=o, 
then will v = — 4. therefore x = 2. 3025858 X * 


3 


Ex. 42. 

Suppoſe az = 2x — xx. Aſſume 2z=a+x + v, 
then z = x + v, the Values of z and z ſubſtituted in 
the given Equation give ax[-av=ax-|-xx+vx—xx, 

Fo. 


that is av = vx, Or x = 5, whence x 2.302585x | 
Log. v, therefore z = a +- v -þ a x 2.30258 5x 


_—_ Orz= 6 5 # + — of the Logarithm 


2.302 —_— 


Ex. 43. 
Suppoſe 2 = X"x"x, where X is the | Hyperbolic 


Logarithm of x. r 451 this 
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m1 mn 
put into Fluxions there ariſes z = X" * + 
AIX X . "nm" — 
* . x, therefore 5 =" S 
Ret 
(wriing = — for X) Again aſſume s — - DE 
+ ?, this in Fluxions gives : = £4 
| 1 m4+1 


_—_— * 
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he. > n 
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1. a—1 —2 "x 


nn IRS + w, &, Whence 
= m-1* | | £ 

d * | X — Ce RT | ] 

2 = Ow * 3 | 
m1. m- 8 q 

__ MA—1LA—2.X Is "uh 4. &c. x | 
mr . 


And thus I have explair? d, as charks as I could, 
the moſt general Methods of ſolving this difficull Pro- 
hem. The Reader perhaps may think me too prolix 
on this Head: But it muſt be conſidet'd that this is 

a Problem of the greateſt Extent and Uſe in the whole 
Practice of Fluxions; nay it contains almoſt the whole 
Science; and we cannot be too particular in treating 
on that which 13 the Foundation of the greateſt Part 
of the Practice. But after all we ſhall find it exceed- 

ing difficult in many Caſcs to find the Fluents of Quan- 
tities, by any Methods hitherto known, And it is 
much to be wiſh'd that we had fome eaſier Methods 
of finding Fluents, eſpecially of compound fluxionary 
Quantities, without the tedious Labour of reducing 
them to infinite Series, which in many Caſes converge 
io ſlow, and are ſo much compounded as to be in a 
manner uſeleſs. The nn Problem is defign'd 
to „ this — in 53 Caſes. 


n Xl. 
n find the Fluent of a given Fluxion by the Table. 


1. The following Table comprehends all Sorts of 
| Fluxions and their correſpondent Fluents ; not only 


ſuch as can be exactly had in finite Terms, and thoſe 
depending on the Quadraturs of the Conic Seftions, 
I that can only be had by infinite Series. 


2. Theſe 


Sect. I. of FLUXIONS. 


2. Theſe Forms are all number'd in the firſt Column ; 
the ſecond Column contains the Fluxions, and the third 
gives the Fluent thereof. The 2 iſt and all the fol- 


lowing Forms relate to the Tranſinulation of Fluxions; 


here the Fluxions in the ſecond and third Columns 

are equal, the ſecond being transform'd into the third, 
and the 3 Fluxion in the third Column always belongs 

to th of the foregoing Forms, 

3. Here 2, v, y expreſs variable Quantities, and all 

the reft are given ones, which may repreſent any Quan- 

tities whatſoever affirmative or negative. But in the 


6th, Sch, and 1oth Forms, the Nature of them re- 


quires negative Quantities, and therefore they are writ- 
ten negative. 

4. In the fecond Column are ſet down all the ne- 
aſſes Conditions relating to the Signs, Indices, &c. 
in each Form : likewiſe in what Caſes the Form will 
fail, and when the Series will terminate. But the 
Fluents in Form 11, 12, 23, and 14 are deſign'd al- 
_ to terminate, and are derived from the 


ing ten Forms, which ten Forms may therefore be 


called original Forms. 

5. Ia theſe original Forms, though the firſt of the 
1 * there given may in moſt Caſes be ſufficient. 
yet there are ſeveral Varieties both of numerical anc. 
_ geometrical Fluents ; fo that the moſt ſimple and ele- 
ant may always be choſen to ſuit any particular Caſe 


t is ſufficient to premiſe this concerning the Natuse 


of theſe Forms. 
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| A TABLE | 
Of FLUXIONS and FLUENTS. 


TL = 2.30258509299404 5684 Sc. 
N = 1917453292519943295 Sc. 


Forms | Fluxions. 1 Hluents. a 
1 1 | WE 


This Form fails u 


| when VVV | 
2 =" =0 0 = Lx Log: z. 
— | Area 


tween the Aſſymptotes, whoſe in- 
bY ſcrib'd Parallelogram is any Space] F 
| * RR, and Abſciſa 3 in the Al- 

— _| ymprore) Rz or 2. | 1 


17 | 2 2 4 . S 


| This Form fails AIs 


when — | 


| F 9 55 1 2 x Log, of * 
| | 0= 4 of an Hyperbola be- 
| | 


| tween the Aſſymptotes, whole in- 
| ſcribed * is RR, Ab- 


cim = 5 ＋ - a 
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. Fluxions. N Fluents. 18 
Z|_z x Por” 0 = ee in in Gaz Aoch of 
jeo+B” ” tos ks x. e 
* a Circle whoſe Radius is 1, and na- 
| tural Tangent 2 e 
Here @ and 8 © = . of a Circle whoſe Radius 
are affirmative. | = RV 
| F is any Line R, and Tangent RV = 
4 Seftors 
= hoſe Ra- 
N72 of the Circle w 
5 | nene 
6 ä room 4 
| * 
| Here a is affir-| 
mative, and 8 
negative, 
__Area . 
tween he nn. whoſe in- 
ſcribed Parallelogram is RR, and 
Abſciſſas Tas (terminating this Area) | 
N and J 2". 
| 4 Seflors | 
1408= RR ofa right angled Hyper- | 
| |  bola, whoſe ſemitranſverſe is R, and 
| [| Baz" 
Tangent at the Vertex RY _ 
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| Fluents. 


— 2 X into 1 1 N + BNxP 


_ WY _ CL x Log. Vi in x _ + DN x . | 
+ EL x Log.  1=20x+xx + FNxR Oc. | 


. f — 
— af OR Dy = 
a, b, c, &c = = Sines 2 of 1K, 3K, 5K See to 1800. 
s, t, u, &c — Colines F Radius 2 1. | 


P, Q. R Fc. = Degrees of Arches whoſe Sines are 
1 bx | cx 5 85 


7 — - Fx xxx? | 2 N * 72 + xx N 


CASES. | 
3 F 
1. If . then A=(—25=)-1.B=24.C=1.D=0=E=F Sc. 

9 1 
2. If — I» A=(2:=)1.B=2a.C=—r1.D,E,F&e.=0. | 


Nn l %. 


R If =. A=—2s.B=24 C=-21. D=2b. | | 
4 Er am 24. B 24. C= | Dab. 1 F&c=o. 


1 —— — — — 


I 3 | | 
5. If = =7. A= - 25. B= 24. C= — 2. D = 25. 


ri. 4A =. "FW . CS. DS 28. 
RES E = — 1. F &c =o. 


- ""”” 


. C=0o D = 2b. 
E = 2. F=2c. &c =0. 
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1 


11 
a — 83 


Here a is affirmative, and 
—8 negative. | 


. is an aſſirmalive proper 
 Fraflion. 
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| Huentr. 


— X into AL x Log. 1 —x. + BL * 
„ Log JL + NxP + 
DIL Log. /1— 2/x+ xx x +ENxQ 


2 
5 2 = 
. 


7 S832 


K = An Arch of 


3 a, b, c, &c = 3 

„ „% #, Un = — Radius = 1. 

P, Q% R, & c. 1 of Arches whoſe Sines 
* | | cx 


. — tm nmmm_memmamumrmnn V rr NT nnnmmommeng 
hated demo Vi "SETS 


+ FL. x Log. /1—1 Fr + GNuK Gt | 


of 2K, 4K, 6K, &c to 180%, 


arc} 


Sc. 


C A 8 E 8. 
. then A= —1. B=— 2s. C 24. 


2 A =—1 B=— 25. C — — 24, 


: D, E c 2 O. 


r. AS 1. B= (— 252) o. C 


e 
E, F &c = 0. 


= 24, D=1.| 


ED 
Sour 
. 


„ 


3 A= Al. B=—2s. CS 24. D=—?27. E= 25. 255 


2 AS — 1. B=—2t. C=3b. D=—2s, E=—24. | 


A 
— 
>| 


E = 23. F=1. G, Se. = ©. 


. . RE B = — 25, C=24.D=— 21 
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| ©= 73 * Log. of /Bz 3 


1 5 
han” * Log. of aer T s 


| -2L —ͤ——ů—ů—ů—ð 
| — 


— - —— ——— 
— — — — — — — 


Log. of a+ 5. — 29 = 


[9= of =—þ 
EE 4 Seftors 
Rs of the right angled Hyperbola, whoſe Semi- 


tranſverſe is R, and Ordinate R/ == _ 


ur ofthe right Hyperbola, wholeSemi- 


= 4RRYB 
5 . 2R —ä— 
1 is R, and Ordinate — V. * 


9 — 5 x Sector of the 2 n whoſe Semi- 


| rranſverſeis R, and Ordinate — 0 N E 


when @ ſtands for a — Quantic. 


i 4 Seftors 
RN 


R 
verſe is R, and Ordinate * Ly 's + 2 when «| 
y —& 


ſtands for a negative Quantity. 


of the right Hyperbola, whole Seritranſ- 


| 
: 
N 


| > x 
| | - BW ES 

- 2 * SG). Da 

hk [8 | | | 2 

O ; 

AQ. Q | > 2 | 
- | O 
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— x Degrees in the Arch of a Cir 
whoſe Radius is 2, and natural Sine VE 

N 
1 
is , and Sine Ve 


5 
Il 


* Degrees in the Arch whoſe 


6 = af « 0 hel Rat is R, and Sine 
VS. 

e Ns whoe Radios is R, and Se 
2R,, Mc. 


| — e or verſed Sine 4 Br 


109 = KR x Sector of a Circle, whoſe F 
EN is any Line R, and Sine R Mes- 


4 
. = "RRyp © of the Circle whoſe Radius is R, ad} 


sine J D. 
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11 


* 


TT", 


Here > is any affirmative 
whole Number. 


N. B. This Form fail 
ꝛoben —.— + w is any | 


negative 4 Number 


from — 1 to — A in- 


cluſive. 


12 


— 


— — 


N 


DL, 


a+ fa 8 


Here & is any a at 
whole Nu nber. 


= Je This Form fails 
when "= is any af- 
firmative whole Num- 
ber from 1 10 a inclu- 


ſively. 
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| | __ Fluents. 
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| e. 25. 350. Ge till &— Ay 
8. . in ln. Sc... la. 
. 
8 d—2n e 3% 
—35 a __ te+y—Ay.% 
— — IR — —_ 
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ei wn. 


1 A, B, C Sc, each preceding Term with its Sign. | 


. $+y. +29. A3. KM.. . . till 4+» Q 
| = &| + 1.t+21.t+3n. &. . . till s+az F; 


t = -- 
J S TH. 


222 3+ 29. S2 
1 YT RY. 
| + A. 2. 4 — 
— 242.2 2 mn er, 
= Fluent of «+ fo” 2 2 : 
__— — - 
y = #6 ＋ 2 . 


A, B, C Ec, each preceding Term wich its Sign. 
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Forms. 


Fluxions. 


14 


; N 


—p+r _ 
＋ 


«+ þ& 2 2 


Here x 15 any affirmative whole Number. 


N. B. This Form fails w when = 25 1 


is any negative whole Number from 
—1 to r incluſwely. 


'« + BY 22 


Here v is any affi rmative whole Number. 


N. B. This Form will fail when u+1 
is any aſſirmative whole Number, 
from 1 to r incluſive. 


f FLUXIONS. 
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| In. +21 : $+3n. Sc. . . till d+ry 
MN — = pr. u T-. n 
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Arn. , 
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I 3. - — 23 2 2 1 8 
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n e Dr 
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1 „ 
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9 ＋ I＋ un 

A, B, C Ec, each preceding Term with its Sign. 


. 


d+T1—2y.y * 


A, B, C. He, each Wan. Term with its Sign. = 
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Forms. 


Hluri ons. 


Tyi vis Series will terminate when 


N. B. This Form fails ben 
an y oppo whole Number whatſoever. 


a + 2 ** 


i | 


is any negative whole Number. - 


—— 


is 


"BS. 


＋ | 


— — 
_ „ 


= 3 Ba 2" 


This * will terminate * PT Ins 4 


is any * whole 


mber, 


"7 | 


— A 


42 ＋ (2? 22 X into 


e+ fs + gz +bhb2” &c. 


Here u and x muſt each be greater than _ 
Alſo 2 and a T 9 


muſt be one of | 


them = © at the beginning of the Fluent, 
the other So at the end of it. 


A R T+l . 
This Series will terminate when 2 2 is 


any negative Number whatever. 


— 


| 
1 


— 


12 * 
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| + Bu 12" +027 De 2s. 


N. B. This Form woill fail when — 


is any negative whole Number what- 1 


5 l PO | | 
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Given Fluxions 


e+ fo 22 


Ai any whole number whatever. 


0 1 * 


4 


ex g + hy 


A 


23 F. * bo oz 


| Here A is any whole Number greater than o. 


is half of any whole Number what- 


ef 22 


r is any feſlive whole Number what- 
ever (except when both A and r are o). 


ei br” 


1 Here A is any whole Nu mben ga. 8 * 


” ** 
Cl 25 . a 
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of FLUXIONS. 


Transform'd into others. 


— 0s * 
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3 222 — 
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| 25 | 


gy 


Forms. Flame W 
* 2 — — — mi 
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A TN. 7+ be 
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Here 1 r is 's any — wh Number | 
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— A. 


—— 


| TO. 
1 1 ＋ N | 
N.B. n "ay 3 ts greater than V. | 


— -- 


| 


x is any * whole Number greater than o. | 
m is the half of any whole Number. 


[N.B. This Form fails 


= gol g 
28 | ——— 
e + f2 + g 
Here e and g are affirmative. 


A is the half of : — [ 
Number greater | — 


when en fi 15 greate than . 


| 43 
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Hlurion, 


Shi; 
7 N X e+fs Tj 


N. B. This Form ails when 4ep is reater | 
= te ** 2 


2 
7 + 4 x g 


Here x is any affirmative whole Number 5 
greater than o. j 


— 


TE e gen 


| Here e and g are affirmative. 
La is the half of axy effrmative wil 


Number greater 


N. B. This Form fails when F is greater 


— 4 — — - 
- — 
— — = 4 1 
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r = MFK. 
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v = - + gz, 
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32 | 


| Here is balf of any poſitive whole Mn. 


"mM + ke + * 


Here A is any affirmative whole Number 1 
greater than o. | 


N. B. This Rem fel. when Al is | 
greater than kk, 
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34 | 22 x ef 
Heb and | ve afemativ 
WP 13 whole Number greater | 


N. B. This Form fails when kk is greater | 
than A, . — : 


1 — | 


1 Here b and | are affirmative, 


2 !. 
n. 


a is any poſutive whole Number ih ih. I 


N. B. 8 ail when u 
greater iban All, or when a is negative. | 
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Transform d. 
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The Uſe of the foregoing Table of 


Pluxions. 


THE N it is required to find the Fluent of a 
given Fluxion, by this Table ; it muſt firſt be 


found out to what Form it belongs. To this End ſuſti- 
tute n or | (as the Caſe requires) for the numeral Index. 


and then it may be compared with the ſeveral Forms 


in the Table. Or the given Fluxion may (and often 


mult) be reduced to another Expreſſion, by dividing 


it by the higheſt Power in the Radical, (that is by 


taking the higheſt Power of the variable Quantity 
out of the Radical) and affecting the other Quantities 


with it ; by which Means the Fluxion will acquire a 


new Form and Expreſſion, for the Sign of the Index 
will be changed, (and this I call reducing the Index). 
Then ſubſtitute 3 or d for the numeral Index, and 
ſee what Form in the Table it will agree to. 

2, If the Fluxion, then, is a Binomial, you muſt 
firſt try if the Fluent of either Expreſſion can be had 


in finite Terms by Form 3d or 15th, (which may al- 
ways be known by the Notes in the ſecond Column); 


if it cannot, then try whether it can be had in nite 
Terms by any other of the Forms for Binomials, 
which will be caſy by comparing the Indices. If it 


fall under the 11th, 12th, 13th, or 14th Form, there 


will be required two (or 28 three) Operations, 
whereof the fir# is always for the Fluent of the origi- 
nal Fluxion, and is to be found by ſome of the firſt 
ten Forms, But if it cannot be found in finite Terms 
by theſe Forms, then the laſt Recourſe is to the 15th, 


16th, 17th, or 18th Form, as beſt ſuits the Caſe. 


3. Having found to what Form (or Forms) the 


Fluxion belongs, you have no more to do but only 


to wrile the reſpective Values of the general Quantities 
in the Fluent belonging to that Form, and _ 


Sect. I. 'of FLUXIONS. 

the Reſult by ſuch given Quantities as the given 

Fluxion was multiplied into, and you have the Fluent. 
4. And in compound Binomials, or Trinomials, 

ſuch as belong to the 21ſt and following Forms, lince 

theſe are transformed into ſingle binomial Fluxions, 

ſtanding in the third Column ; therefore you muſt 


proceed with theſe according to the foregoing Direc- 


tions for Binomials ; and the Fluents of theſe (ſingle) 


Binomials being found, will be the Fluents of the 


Trinomial or compound Binomial Fluxions in the 
ſecond Column, reſpectively. 


5. But there are ſeveral Sorts of compound Fluxions 


which cannot be reſolved without ſome further Reduc- 
tion. Now there are theſe two other Ways of redu- 

cing a given Fluxion to a different Form or Expreſ- 
ſion. The firſt is actually to multiply by any Power 


of the Quantity under the Vinculum (in any Binomial = 
or Trinomial Surd) and then leſſen the Index of that 


Surd by the ſame Power if it is in the Numerator, 

or increaſe it in the Denominator : This alters the 
Power of the ſurd Quantity. The other way is ac- 
tually to divide by the Quantity under the Vinculum, 
and then leſſen the Index of that Surd by 1 if it be 


in the Denominator, or increaſe it by 1 if it is in the 
Numerator: This alters the Dimenſion of the ſimple 


variable Quantity, And in both you will have the 
more Terms according as you multiply by a greater 
Power, or continue your Diviſion the further. But 
the laſt Term only will be of a like Form with the 


given Fluxion, differing only in the Index of the 
Surd, or of the variable Quantity. 


comp 
Surd in the Numerator you may leſſen its Dimenſion 


at Pleaſure, (or take it quite out of the Numerator) 
if you multiply by ſome Power of the Quantity un- 


der the Vinculum, and leſſen 1 its Index by the ſame 
Power. 


M 2 7. Alf 


6. Therefore in any Fluxion, but 8 in 
Zinomials and Trinomials, if there be a 
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7. Alſo in any given Fluxion, if the Index of the 
ſimple variable Quantity be too high, (as 26, 39, 76, 
Sc) or when it is too low or Negative, (as —1, — 

— 20, &c) it may be altered at Pleaſure, by dividing 


by ſome rational compound Quantity in the Denomi- 


nator if there is any, or elſe by the Quantity under 
the Vinculum, and ſubſtraZting 1 from its Index, if 
it is in the Dencminator, or adding 1 in the Numerator; 


and continuing the Diviſion to a proper Number of 


Places. 

By theſe Operations the given Fluxion is reduced to 
ſeveral Terms, all which (except the laſt) muſt be 
ſtill farther reduced if there be Occalion by repeating 
the fame Method, till at laſt all the reſulting Terms 
will fall under ſome or other of the Forms in the Ta- 
ble; Examples whereof will follow afterwards. By 
thefe Sorts of Reduction a given Fluxion 1s prepared 
tor a Solution, when it does not fail directly at firſt 


under any of the Forms. 


3. In Form 16th, when the Deneminator of any 


Term happens to be o, that particular Term muſt be 


found thus; take the known Part of the Numerator, 


(that is leaving out the capital Letter and the Powers 
of ⁊) and mulliply it into 2. 3025851 Log. z, and 


you have that Term. And the faid known Part of 


the Numerator will be the Value of the capital Letter 


in the next following Term. 
9. Though theſe Forms contain Variety of loga- 


| chile Fluents, yet each of them may be changed 
ſeveral Ways into different Quantities. Thus, when 


a Logarithm is in the Fluent, you may multiply 


(the Number whoſe Log. is there) and then divide it 
by ſome compound Quantity, which you ſee will make 
it fimpler: Or you may ſquare it and take half the 
Logarithm: Or you may extract the ſquare Root 
and take double the Logarithm: Or you may mul- 


tiply or divide it by any given Quantity: Or make 
the Numerater and Denominator change Places, and 


then 


Sect. I. / FLUXION WS. 
then change the Sign of the Logarithm, Sc. And 


thus you may always find the ſimpleſt Expreſſion for 


the Logarithmic Quantity. 
10. And if you have an untractable Fluxion that 


will anſwer to none of the Forms, it may ſometimes 


be transformed into others, by Prop. IX, which may 
then be reſolved by the Table. 


The following * 


very plain. 


Example i 
To find the Fluent of 


** 44 


dex, the Fluxion will be reduced to. — „ which 
Ad- A 


is a Fluxion belonging to the 8 Form. There- 
2. 505 x Log, of 
2.3025 


= - x Log. aa = 2. 3025851 K* 
Log. = , the Fluent required, 


Ex. 2. 


Lei * Fluxion 


* & = — ad, B=1, Z ==, 


| = 0 gen. 

Here y=2 ; whence the Fluxion will be reduced to 
„ 
= 
ET: 
abb. S=1. Z=x, and 9= 2. 302 68 Log: I 


x 
— f — therefore the Fluent of 
R 


| — = 2.302585 r x Log: : 
Fir - BS 


will make the Proceſs | 


Here y=2, by which expunging the numeral In- 


, a Fluxion of the gh Forms whence 


——— 


— —— 


— - , — A , - 
—__QÞ>>—” mA. ———— 
- - 1 Wo 


— — 


— — 
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& 3. 
To find the Fluent of - Id . 


c- , 


Here =, and the Fluxion becomes 7 =x* „ 


bz, which belongs to Form the 3d and 11th. 


Or rather thus, by y taking x3 out of the Radical, the 
Fluxion becomes — a+cx = X bx 5 which 


belongs t to Form 15th. Here a = — a, c, zx, 


1 8 14 
y = — 47 | — 7 2 F — IT » E=57 © $=}. 


Then ſince —L— + = 2 a negative whole Num- 
ber, therefore the Fluent will be ha 1 in finite Terms, 


and is = bx: — 15 eee 


144 284g , 


* 


__ Joabxi+75bc x can; , the Fluent required. 


28aa 


- 
- 


Ex. 4. 


To find the Fluent of = = 


2 72 c 
This belongs to Form the 12th, having by Form 
the 3d the Fluent of 


„r cc 


3 in which Caſe, 2 221 i 


1=2, ad —1=1—2= -7—1, and the given Fluxion 


O_ But fince I. = 1, therefore 


the Fluent cannot be had by Form . . Wherefore 


} 
I reduce it to —- E'S , which is a Fluxion of the 
i- 


| zoth Form, where 1=—2, 4 21, 82 — c,; and 
the Fluent = — >* 4017453 Degrees of the Arch 
whoſe Sine is . 


Ex. 5. 


Sect. J. f FLUXIONS, 
Ex. 5. 


OX, — Lf — 
Let the Fluent of — \ 2axÞxx, or ax*—"x Marr 


be required. 


T his belongs to the th and 1 3th Forms. To Bet 


72 
che Fluent of Dr - by Form gth ; here a=24, 


l, z, y—1 : Whence the Fluent = 2.3025 Log: 
a+x + v2ax+xx: = The given Fluxion 
therefore would become ax x cx TIT Where 


r 2 - , =, r=1, a = 2a, Þ=1, y=1, 


* x, 2. z24 , So: And the Fluent of 


K Max is = ad + * * I, by Form rm 12th. : 


And the Fluent of ax *x 2043 = == 


ae LT. 
Ex. 6, a 
To find the Nuent of . 
44a — 77 9 
This will be had by Form 6th and 11th. To find 
the Fluent of by Form 6h. Here 


PF 4s 
2. 302 5 Log. a— A = 2 — X * 


aa 


whence nn — is 
. : 
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_ bbz 2 | 
— = bby — —z: and conſequently the Fluent «ti 
of — 02'S is = 535 þ3 3 = 5 2 
ag — 2 * — — as * 2.3023 x KN 
L VI = bb - 
4 TE 
Ex. 7. 


To find the Fluent == EZ E. 


This by Form 2 * is transformed into þ x a+ 3 55 * 

W 

—— Where A=1, 4 = a—X=v, g4bet = 1 

44 — 3x, p =a: By Form the gth the Fluent af 
Y 4 


I = 2 


J 93 x 2.30259 x Log: 3v+V/a+3v:=0. 
And by Form 13th, the Fluent of —by=39 Va+3v 


bun — 9 a—x x 435 
2.302 38ba 
Ex. 8. : 
7 | find the Fluent 2 —— 5 "or 
EY * 5 * 


This by Divides | is reduced to —; 2 Vera 


a WVaaom _ "EL 
m_—_—_— * ..- "The Fluent of = 8 
* 2 Ter * 1 


(by Form gth and 13th) is = * 8 —— 


x Log. 


gect. I. of FLUXIONS. 
a + aa - 


x Log, ——=, And by Form the 23d, 


*I — wo 
z nuuansform'd to 24 bu 


bb ＋ *r / 


— T For gb = A a e + fo? = 
. 


4 pb T ba, *. m=t, r=—1, 


me | a 
a=1. Now by Form the 6th, the Fluent of — 7 


1 
2 2 __ 


— 


F' 
"Tl \ ; 
mY : 
M5 \ f 5 
. 5 [ 
„ 
iy, 1 1 | \ 
* IE l 
1 1 
+; * þ 
: 1 2 * 
a : * 
* 7 
y — 1 
* 1 
k N 1 [ i 
1 4 o . f 
o 
2 ' | 
41 : g 
* N 
* 1 
1 — 
: i 6 ! 
j N 4 
, © ' N ; 
Y 1 
1 1 L 
ut ö 4 
: - th - 
þ 4 1 0 4 
p 3 3 | 
241 40 =_”) 
$0181 F == 
. = 
1 ! 
1 * * 
T +1 Y 
7% | ==» 
8 : ö i 
1 1 I, | 
91. £ Y 
8 1 6 
1 # 7. 
a? : = is 
.*M 
4 = 
= | 
- : la : 
14% 13 
'F 3 . - 
5 "7B 
£ x* p 1 
__ 
1 "18 
: E "ij 
— by. 
: : 1 
. 3 $ * * 
* 7 * 
24 
uF _ . 
"2 : . 
IG {6 4 
: ® F 
3 1 * 
r _—_ 
8 
rte 4 . 
1.45 N . ' 
* l 1 T 
; . my 
a . 8 
| : RE 
. > . 
/ 7 5 
— 1 1 : 5 
: 1 
* PF . 1 
7 J : * 13 
4% 4 $2 * 
"we 1:2, 
' 4 * 
* 
. 428 ; 
_ * 
174 
N & 1 : 
. 1 
1 * 12 
7 8 
4 ** 
2 N 
5 13.4 9 $1, 
1 k I 
7 4 
- 5 as 
2 * 
= : 2 « ; kf 2 
$ "Ws N 
* t *. TN 
1 4 * 
14 4 
* * 
* 1 ö mY 
, a= : 
b 4 4 4B 
. i 1 1. 
ir 1 3 
{ p *, 
; 1 : : 7 
* | | | b 
, wo 1 * 
+ _— . TR 
: 4; „ 
1 : = + vo 
4 ' I F 7 
s 4 * 
"4 : 1 # l 7 
33 5 
' ' h 7 
N 0 | i * 
4 N * ö 1 
1 ' þ 
ö * 1 4 
+ #1 4. vj oF + 
, Ie 7 1 
4 * 
Ex 4 1 15 
1 * a 1 
ES 3 N. n 
& , : # o 
$ » v 
W. * x 
. I 4 * 
wy : 
3 
6 4 c 
1 : 7 
* by 4 5 
4 Y 11 [ 
1 % 19 
= þ 
3: 1 
. % 
* 1 P 
3 4 
£ | * 
o } ly ' 
* | : 
* 
1 
« 
| 
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B tr. oe r : 
x X 


2 , therefore the given Fluxion i is 
recucend by M uliplication to Vbaax4+2bbaxz+bbut 
x Tax x Va 
bbx 2 dbb N 


e eta ie © 


DN & 
—— -3 each Term whereof belongs to 
the 23d Form. Let e. —a+x=0v, g Lx * 
. — uk, p—ab—aa, then 5 
3 JabFax/aFx 
x 


= JSeq. whale Frm by Form the ill be 
N — 3 
AY 


Ja 2.302 58 Log: df 5 X2. 30258x 


— — 2bb 
Log: aa Ta Val Ta = = 1. 302585 * —— 77 x Log: 


of J + Ax: =, the Fluent of the firſt 

Term. 

Again for the 2d and 3d Terms: make e+fe = 
Ia = u, g+bz*= ababx", j= —1, p=a— db, 

Al in the ſecond Term, and a=2 in the third Term, 


— eament us — Toe 
doo bby — 
Fi ow b — oo 


tots 1 
a Þy For gibt Fan f Lo 


1 Ibo: = = 2. 302 0258 x 


I — v — * 


Sect. I. 2 


— EN the Fluent of 8 sn 


A 80 
+ EM FF, multiply the Sum of theſe Fluents by 


— bb, and you will have — 355% TU 


vb 
ba—3bb b 


= I = Va, to which add 


bb 
the firſt Term * and you will 9 


5a 
1 f the Fluent re- 


quired. 


Ex. 10. 


To find the Fluent of ef 166825, 
The given Fluxion will be reduced to : 


— + 
— 1602 _ 4 b A _— 
rd ee eee 
* 3 6 


"i abjer—azioe zi 5 
each of theſe Terms to the 27th Form. 
For the firſt Term, v=—44* A, p=16bb 


and it 


— — 
. 


2. 30258 Logar: v N vv: = 7 x 2. 30258 v 


W + =. +166*2*: 


2 
N 2 Again 


will be 


„ 2 
| whoſe Fluent by Form the ch will be — — x 
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Again for the other two Terms, here v — 2.43 
+ 161z, p = 4˙b.— . „, r, 2 
in the ſecond Term, and =2 in the ird: And theſe 


two Terms by Form the 27th will be transforny'd into 


ay nd LS | 3 
16⁰⁰ dd == 160by/pgov 327% 1 
whoſe Sum is ——— 
es 16bb/og+00 8 
* . 
whoſe Fluent (by Form the gth) = ws © 
| 32 — giz 2 
x Log. of : e. ſy 3 —— | 


— 2. 902 585 55 x Log: hate" 


fan. dir Tibv: Whence the Fluent of 2 


74⁴¹⁰— TTG. s = 2 — For Fre 


49 ab 


— 7 *2. n02585Logy— — fe- * 


Ja- 16 % : — > 2. 39 1. 16655 


— a + 4 — 232+ 106523 : | 
I ſhall add a frw more Examples, chiefly to 
illuſtrate the MET Hod of REDUCT1ON, 


. 
4 —. : Divide by 1 1 
Let I © be propoſed : SO by” and i 
dz 1 
will be reduced to -=. This to Form 
F 


= where 3 —1, A=5, Daz, VZ. K=36, 


f= * — whasal ways obſerve that 


Sect. I. of FLUXIONS. 


the Coſines of Arches above oh are negative Num- 
bers: then will be found P, Q, R, in Degrres; and 


the Logarithms of AIST FISTS, 


4/1—2ux+xx, for which Logarithms put 8, T, V; 


4 : 
Then (b Caſe the 6th the Fluent i is „ into 
ai a e 
309017 x 2LS+,951056 x 2NP + ** x2LT 

Daimz Q—L AV, 
= 12. 


Given A aa, this by Form 2ſt (puring 


v=aa—#)) is transformed into v— . * 22 . 
S — 
1 — — to Form 7th and 14th. 


—aabv} 
Ex. 13. 
* N 


* this is reduced to 


a 
ar x4@Þ xx _ — TM „both which 
abb —bzs86 -f 8 
Terms belong to Form 24. 
Ex. 14. 


* and i is recuced to- — 
. 
War 


firſt T 
+73 rr : The two erms belong 
to Form * and the laſt to Form 25th. 


Ex. 15. 


7 
2 
0 
—— — 
— 2 44 


— 


— — — Ä 
— — —— — — - 
= = 


* I%% — * 8 

— * b * > 4 — —_— 1 — - = *% "ay — _ — 

3 _ — . * 4 NR _ — ＋ 4 - — 497 — — — — — * 
- — — — — "Oo — — - = — — — _ 
2 * 
— © — —— — — ———— — _ = V 
4 . — 22 — — — I > jf 
o — - - - . - 

#- 4 — 
. 


oF iP} 
4 
"= 
U 


4 U 
| 
4 
* — 
133 0 
ol 
o 
1 1 1 
o 


1 
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Ex, 15. 
be at divide by 


. 


Let 2 
«+ 5 —.— 


a laſt Term ** *. 
reducing pd Index) the 


” pL __.- PEE. 
5 
bd—ad x aad—abd x x 
. 
laſt belongs to Form 32, and — 
Fluxions of the 27th Form. 
| Ex. 17. 


+: a= 
Gives - — EE ; this (by reducing 


— 
the Index) —— 7 - which be- 


longs to Form 33d. 


Sec. I. of FLUXIONS, 


95 
Ex. 18. 


Lit EEE be propoſed; becauſe 46. is 


greater than a*, it cannot be reſolved by the 33d 


Form „therefore I divide by a&*—aazz42z*t, which l 
recares d wo E"Z\/04—ZZ 4. 22/44 —z2 = 
| | ay — = 
— the two laſt Terms belong = 
a* x - r | | [4 
to Form the 34th 3 and the firſt is further reduced to L 
— | ZZ ._ 
— which belong to wn 
ans we OS 1 
Forms 0 and 3d. 1 
5 Ex. 19. 9 
R&R 1 
Let PI be CN xxkä5ö7⸗ this i 3 * 
giv . 4 f 
ax*x 11 


—— aa-ax ax xxx aa-en 
ne frm Tom Ing Fm e390 and the 
— 
CeO e 8 | 
1 oft _ 

the binomial Forms, and the reſt to Form 35 ; where 

obſerve that the Part firſt found (belonging to Form 


35) * and then the 
ax eee 


9 1 


— ks 
„ extract one Root 

TEE 

b of the Denominator (ſuppoſed to be put = 0), then 

will hz” So, by this divide the ſaid Denominator, 


8 

+. E —_—— 

- 3 + 
4 — 2 


4 : 
— * 2— 1 . 


9 


os ws — 
| \ 8 * - — 
— 
—— — — : 
' — x 8 . 


- 
- - 
. -— wt 
— 


+K 
j 
V1 
. 
* 
* 
1% 
q 
J. 
5 
7 
n 
: 
i 
N 
C 
- 


bd al 
4: 
ind c 
v | 5 
LU * 
« of i 
5; . 
| o 
24 = bl 
0 * 
1 
= . 
13 
* 
4 + * 
4 
« q , * 
* N 
-” . } of 
: U 
2 ö | 
$39.3 } 
% * 
[ 1 . 7 
0 
* 10 
C 
- 
\ 4 4 
* . Ne 
1 + 1 
A* . 
3 * 
1 
e * 
N 
8 41 * 
. 
[3 — 
L \ 2 3 
1 5 5 f 
a 
oh J q 
5 Ii 4 =. 
. 0 4 
ts % iy al 
3 4 
= 0 
(IRE. 
b 4 1 
T . th * 4 n 
17 4 ; 
. i ; A 
= \ d = 
[ N 
e 1 
91 
| =_ 
. 4 
b | + iS 
- A 
4 \ ' A 
15: 4 
ny C \ 
4 C 
d 11 TL 
» . 1 
| 
ML ) i 
7 N 
3 , Wu, 
# Pie, * 
\! 3 
* £ 
=— 
oe 1% 
* 41 
— 3 
o \ . £ 
G = 
\ _—_— 
- % 
_ 
'Y N y = 
* , 1 7 
4 4 
n 
— 
4 
- 1 
L k 
i, o 
1 n 5 
1 1 
TY ' f 
Ly \ 2 
oy . 44 
p 
% 
1 
+4 
Fo 
4 
— 
H 
E 
5 
1 
—_ 
= * 
1 I 
he.” 
* 
. 
N 
4 Fr 
- 
4 
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and let the Quotient be 2+/2”-+22* 3 then the given 


2 12 
F Juxion ! is reduced to this „which 


| 2 * e+f: Ser 
belongs to the _—_ zoth, or 3 1ſt Form. 


Ex. 21. 
2 — 1 ; | 


CIT GT da 
two Roots a, h of the Denominator; then you have 


There is given — 


a—2"—=0o, and h—2”=0o, divide the Denominator by 
4— x b—z”, and let the Quotient be Ne 


Then the given Flux ion becomes —— 2.4 


2 14 | | gt —ls 


8 2 x ebf2" 422% - $X4=2" xe gz 
(putting 4—+b=s,) both which Terms belong to the 
29th, zoth, or 3iſt Form. 


Ex. 22. 
| gf Io 
Given ——— 
Promar x 12. 7 


5 bee, 


and 2” muſt be Integers ; put p. a, and 


the Fluxion is reſolved into theſe two Terms, Xx 
[ms + 


YE 


”—__ 


m_ Ft 
ITE - E px tz. ap 
thn dividing by he Denominazrs 22 + kr. and 


2 + bw, if there be Occaſion ; and the refulting 
Terms will be 


long to the 32d Form, 2 to 
tome others of the foregoing Forms, . 


SCHOLIUM. 


extract 


g. g. FO g ZR 2 


—— 1 A — 


Sect. I. of FLUXIONS, 


Scholl u. 


Although the Conſtruction of many of the foregoing 
Forms depends on ſeveral Things that have not yet 


been deliver'd; yet it may be proper in this Place 


to give a ſhort Account thereof, that the Reader ma 
not be intirely ignorant of them, which he will the 
better underſtand after he has read ſuch Parts of the 
following Book as they are founded on. 


1. It is plain by Prop. III. that the Fluxions in 


Form 1, 3, 19 and 20 belong to the Fluents there 


aſſigned. 
2, Form 16th js calculared | in Example 13 Prop. 
X. and Form the 18th in Example 35. Likewiſe the 


Fluent in Form the 15th is found by Prop. X. 


Aſſuming Ar + BZ 2 + Ca erf Sc x 


a- 5 2 Fluent of E 2s | 
3. By Prob. II. Sect. II. the F . of any Quan- 
tity divided by that Quantity is the Fluxion of the Hy- 
perbolic Logarithmſ of that Quantity; and that the 
Number 2. 302585 reduces the common to the hyper- 
bolic Logarithms. Now if the Fluents in Form 2, 4, 
6 and ꝗth be put into Fluxions according to the afore- 


ſaid Rule, it will appear that they will reſpectively 
produce the Fluxions in theſe Forms. 


4. In Example 3d, Prob. X. Sect. II. it is ſhewn, 
* the — Space between the A 


is = Fluent of —— 275 &, in which if you write RR 
for ab, Rz (or * for a+x, and Ræ (or 2) for *, you 


FT will have RR „ whoſe Fluent is the hyperbolic Space 
in Form the * Likewiſe if you write RR for ab, 


B 372 for a Tx, and 2 15 for x, you will have 


uRRZz — 12 


ere in Form the ach. And laſtly, write 
0 R RR 


97 


n 5 
0 2 Ea . 25.5 — ED ——— - 
— | —— 3 — — * —— IIS... — 
8 . — «= - 
: | — 2 Js 1 — * 4 — — - 
©» | * — — an <4 | 8 N A 9 L WE 6. — 
0 — — — < — 2 — = 2 
a m—— . 
— — n Sr 0 : - I . = 
— — a r 2 r. = — 4 — 5 . 
(29 3 2 0 88 + 4 


8 y 1 8 yo n 2 2 
; & — 
2 —— — —ꝛ — —— — — 


— " +, * 6-4 . 


— 4 — 
a . EFT IE 
» a > * A * * 5 - a 
a 0 = 22 . „* 2 * — 
ww . oy a \ — 3 3 PR - 
3 + nw = 


——— - 


bn 
* 
"1. 
9 
— 7 
A 
; ' 
FRE 
* 
1 ' 


as in the 6th Form. 
6. And by the ſame Example, the hyperbolic 


L Sector 1 is = Fluent of 3 (writing R for 
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RR for ab, and /a+y/Pz" for a+x, and /F * 
2 for &; and likewiſe write /a - e for 
a+x, and - x A 1 for x, and the Difference 


of theſe Fluxions will be 


5. By Ex. 9. Prob. X. Sect. II. the hyperbolic 
Seftor is equal to the Fluent of = x F.. i 


7 1 
which writing R for @ and b, = for t = 


„RR, 
— — 
4 * 4-8 


— 8 * p< 'S fort; you'll have” 


2/ab+) 


2 and b r now if you write / K 


for 3, and 4 ERV 2 15 for 5, you will have 


«RR? x 25%—"S = 
Va, 


e =Y, © „pe =» 


when @ is a negative Quantity, or OE = = 
when ar is negative, and expunge y and 5, you will get 


the Fluxion of the gth Form any of theſe Ways. 
7. Since the Length of any Archof a Circle (whofe 


Radius is R) is = 2 452 „Degrees in that Arch; 
or Length of the Arch 2, 017453 Ry Degrees in that 
Arch: And by Example the 5th, Prob, VIII. Sect. U. 


The Arch =F luent of W- if you wriieRy = — 


fs 


+ ar Rey £ 
Form the 6th. 4 


> ke manner if you pot 


F4 


Sect. I. of FLUXIONS. 
for t, and = Vai for t, you will have 
2 an —l, 3 
bows — „ whoſe Fluent therefore is = that 
2 X,? = | 
2 Sectors 


6 1 


from all which the Conſtruction of Form the 5th will 
eaſily appear. 
8. In like Manner by the ſame Problem, the Arch 


| | | Ry 
= uent of — —_—_ , 
= NEED 
wh or Ne = A and the Fluxion for 
3 t—I; | — | 
F, you will jun 4.4 , — — * 


from which all Fa other Varieties in Form the 10th 
are eaſily deduced. 
9. Form the 11th is gradually calculated by Cor. 2. 
1 IV. where it is demonſtrated that the Fluent of 
e l e 


af 2 n 3 


Eu p I 
in which writing x for p, o for A, y for T=, 
vou will have the Fluent of = 2 * *, again, 
writing 145 for p, Fluent of = 2 2 (nao - 


found) for A; you'll have the Fluent of ; 
again, writing =+2y for p, and the Fluent ol 


, | abbey Z (laſt found) for A, you get the Flucat 


of = 42 | and ſo on. 
In like 3 the 12th Form is ** _ 


Cor. 3. Prop. IV. where the Fluent of T 2 2 


— _ | 

— FED - - . And by a like Proceſs 
PIN 
6 0 2 the 


in which writing for by 
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DK Xe xe+1xe+2nxe+3y, Fe. to Places 
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the 13th and 14th Forms are gradually calculated from 
Cor. 4 and 3, Prop. IV. Theſe 4 Forms might have 
been differently expreſs'd from what they are in 


the Table. For Example, Form the 11th may 
be expreſſed thus; Ikte=n+1,4==+1+1" 


+ un, then the Fluent of 4 + * 12 2 


. IEC X © 
g d x d+yx d+2y x d+3y. Sc. to a Places 


— a 8 3. fem B2" | d+2y. 82 


c En _ S 2. e+ 31.% 


continued 10 a+1 Places; where A, B, C, Cc, are 


the firſt, ſecond, third, &c Terms with _ Signs, 


0 2 Fluent of 2 2 S, y e 


10. The 17th Form is derived from the 1 ith; for 


when z and y are o, all the Terms vaniſh except the 
firſt, in which taking o, 1, 2, 3, Cc, Terms (for 
each of the Terms in the 8 e+f2"+o2" c) 


and multiplying each by its re ſpective Coefficient, and 
the Sum of all by o, you will at laſt obtain this Form. 


11. The Fluxions in the 2 1ſt and following Forms 
are transform'd by Prop. IX. and their Truth will ap- 
pear by the bare Subſtitution of the Quantities therein 


contain'd. 


12. There ſtill remain the 7th and 8th Forms, 
whoſe Calculus is ſomething more difficult: Theſe I 
_ Inveſtigate after the following manner. Let T, U, 


W., Sc, ſtand for for the Quantities / 1—25x+xx, 
Vi. Vi—2uxbxx, Ec; then the Fluxion 
of LxbLog. T (or the hyperbolic Log. T) will be 


, and the like for U, W, Se; as is 


- 
1I—25x+xx 
plain from what is delivered 1 in Art, 3. Again, the 
Fluxion of NP (as will appear by Art. 8) is —- 2 


and ſo for the reſt NQ, NR, Sc. Laſtly, we muſt 


take for your (tor I ſhall not ſtay to demonſtrate it 


here) 


C—_ ——=— -D— &c 


|: 
) 


Sect. I. of FLUXIONS. 
here) that the Product of all the Squares of T, U, W, 
Sc, if a is an even Number, or the laſt drawn into the 


Squares of all the reſt, if a is an odd Number, is al- 


ways equal to 1+x*. Theſe Things premiſed, let us 
inveſtigate 7 one Caſe; as for Example, to find the 


Fluent of zz here 2 here b, 


c, u, &c, So, and/= —1, and . IA 


Dix: and all Arches above 180 are excluded; 
hence I aſſume „ + BNP + 
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CL x Log. 1x = Fluent of -A 775 . This in Fluxi- 
ons gives 1 
Ba-As+Ax. 5 3 PR 
"hag > . — Ba—As=1. | 
1131 
then 1 —25X5-x z ＋ * 2 reduce them 0 8 
common — then 
+1 +As + Av 
+& —ac+c 8 
1 — 2 TI © 1+ 
＋1 —25 5 


Here the Denominators being equal, we have 1—23 


=0, or 25=1 3 and equating the Coefficients of the 


homologous Terms in the Numerator, I C= I. ATI 
-25C or A LC o, e From whence will 


de found A=—2, C= I=3, BS = (becauſe 


aa = 3.) 24. 3 the Fluent is — 4 L* 


Log. 1-2 + 2aNP + 3L x Log. II. 
This done, bur ==; and (by Prop. IX.) 


1+ 
— | whoſe Fluent therefore you have above. 


— the Fluxion —— 5 into this other 2 


2 1 


a8 


— = > ESD. 
= * — ry p 5 Pn » 
. — — p SAS. — 


3 ” ha * 2 be 2 4 7 by 
- - — — — a £ 2 * — > _ * * £ , — * TED SE 
p n a a 4 « "x - . 6 1 — a - - — — — ow D — « — — = * — 
—— - = wh . « BY -_ * _— . 277 * 21 * . — * XY o =>, © — 
— * 8 — # v 
i. — 9 to — — a 2 0 1 — — — — — * 4 J 
* — 7 jou 
S—/ . X 6 — — » — . _— —— 7 a * 3 — _ = = \ 

he » - \ : - - - — — l = 

"Y 4 y - = - 4 Ly 7 by . I > = - =_ = by — — - — = 
— = . A - — 
E wie uh. ht - 0 a Ss —- 7 x. »> 4 Z a. . * 4 _ — = - 8 7 - = n 
1 
me » Sz _ — — - - 7 —_ q — z P N — we - _ 
: 2 a"... 5 J * 2 «©; = - Y — >? » 2 — 
— 
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would have got the Fluent of 


De Doc rRI Xxx 5 
In equating the Coefficients, if you had made 
A+I—C=1, and the other Equations =o, you 
Xx 


| | 1-+x3 : | 
Aſter the ſame manner may the 8th Form be in- 
veſtigated, remembring what was ſaid of Sines and 


Logarithms, and obſerving that (if you pur T, U, 


W, Sc. for 1—x, I- xx, IT) the 


firſt T into the Squares of all the reſt, if a is an 
odd Number; or the firſt and laſt into the Squares 


of the reſt, if a is,an even Number, is always equal 


to 1—x*: The Demonſtration of which belongs not 


Sines are 


to this Place. 


| Here note that in. theſe two Forms, you. may if you | 
pleaſe-put:P, Q: &c for the Degrees of Arches whoſe 
a . WS 


4 3 
| | 1 * Aer Se, their 
Fluxions being the ſame as the other. But then if the 
| ax 


Arch whoſe Sine is — be leſs than a Qua- 


4 I—25x-þxx 
— . | FA | 4 2411 x 
drant, the Arch whoſe Sine 3 = will be 


greater than a Quadrant, 


PR OP. XII. 


To correct the Fluent of a given fluxiouary Equation or 


ion or Proportion; it is only obtain'd in general. But 


Proportion. 


| When the Fluent is obtained, by either of the fore- 
going Propoſitions, from any given fluxionary Equa- 


fince the Deſign in any particular Problem is to find 


the contemporary. Fluents; ſuch —_ or 


oportion 


Sect. I. of FLUXTONS. 


Proportion therefore is for the moſt part imperfet̃t till 


it be corrected by the following 


Ru z. 


. Infledd of each ſeveral ed Quantity (or 
Member) in the Fluent, /ubſtitute ſuch a determinate 


Value thereof, as each of them is known to have in 


any one certain and particular Point or Place : Then 
ſubſtionte each Side of the reſulting Equation from the 
cor reſponding Side of the Fluent; and the remaining 


Rule obtains when the Fluent i is expreſſed by a gene- 
ral Proportion. 

2. Or any particular Part of the Fluent may be 
otherwiſe had thus without the foregoing Correction: 
 Sabſtitnte the Values of the variable Quantities for any 
particular Time, Place or Point; do the ſame for 
another given Time or Place; and the Difference of 


the reſulting Equations, you the correſponding Part 


of the Fluent. 
- Sometimes it may be fafcient to add ſome 
given Quantity on one Side of the Equation, which 


Equation will be the correct Fluent. And the ſame 
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ad C after wards be determin'd according to the Nature 5 


Circumſtances of the Queſtion. 


DEMONSTRATION, ct 
let X = Z be the Fluent obtained in general, from 


a given fluxionary Equation, X = Z. Now ſince X 


may not be equal to Z (by Cor. 2. Prop. II.), take d 


a given Quantity, and let X = Z+d be an Equation | 


for the — — Now at a certain 
Time when X t Z Se; then you will have 
the particular Equation c dat that Time; this 
Equation taken from the former will leave this 


Equation for the contemporary Fluents, X—b=Z4d 


— -u, that is X—b = Z—c. QE. P. 
Scnorlux. 


Theſe Things ; are to be thus underſtood when the 
variable Ge | in the Fluent continually increaſes 
; (or 


— 


a p ” - 5 — E — — — — — 
t. 1 oy vg. _ o ad — — * 
= * 2 %. 6 ED; — 
- —— 1 1 =P TAS... ane; 4 ; Wat? = I} CSR - 
- . a ies 2 1 POLIO — * _ 
a — 8 ” ” F 1 1 —_ A - * 
— «m — —— Wt EE r 7 y | 


* « ® - * 
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Now when y=0, let x=; and the Equation becomes 
abræ o, this ſubſtracted from the other Equation, leaves 


W 


The DocTRINE 
(or decreaſes). But in Caſe it increaſes and decreaſes 


by Turns, or paſſes through one or more Maximum: 


or Minimums , then the ſeveral Parts of the Fluent, 
between any given Point and each Maximum or Mi- 
nimum muſt be ſeparately found by diſtinct Operations, 


and each correfted by this Propoſition, and then the 
ſeveral Parts collected into one Sum. 


Example 1. 


Let — and the Fluent is ax=yy, now when 


So, let xo, and then ax—o=y*=0o, or ax . 
which therefore needs no Corredtion 


Ex. 2. 
cis let ax=259, and finding the Fluene ar yy. 


TI the contemporary Fluent required. 
Ex. z. 


Let bx— xx = = 9, the Fluent is by — © = * 
but at a certain Point of Time x b, 5 * 


then the Equation becomes bb — £bb or 45 — = 


| 9 2 ? 
therefore the correct Fluent is by — Ax — 2b = 
— Arr. That is by Reduttion ry — bb T. 2be — 


a = I 


Suppoſe ahyj = 4 =, the Fluent is byy 


cx £83 


nee a the Quantity == A. 


— 


Therefore the corre Fluent i buy fr A. 


ob 


La r= —— 8 the 
| 9 x- x* . 
Fluent 


— YT 


Wo” F FLUXIONS, 105 
Fluent is 3.— 5 but when y = a, x=0, 


Ex. 6. 
H= ; By Form the gth its Fluent 


is by = 2. 3025 Log. TH but when y a, 
* o, then the Equation is ba= 2. 3025 Log. a. 
Therefore the corrected Fluent is by — ba 2. 3025x 

n 3025 Log. a, that ä 


, . 


— — 


wo, SOM 0 
I r — — 2 _ 
—x >" * — RS 
" - -- — a * 


_ - . — — 4 4 fe * 3 _ 
4 th — * _ 4 N — * — : : = 8 __ 1 
Ba : = 3 ; er 
* - 7 = CONE CY 2 SAD ww 2 - * > 
of 7 + « 8 r ** W o —_ — * — pe . 5 * * 22 = 
- : o — . — — = — — —— . — — — _ ——— — — * ” 
-_ — —— — — _ a _=_ 
mo — — wa ͤ 2 — 2 2 — _ — gy; = = = 
F Lo EY —$-—4- —ů — — —— — — — 
— — — — 2 p - _ by — — — 


© * f 
— 22 * n l „ · * eh 8 
— - — . „„ 
. = % 


PROP. XII. 


To inveſtigate a Problem by the Method of Fluxions, 


Ru Es. 


1. Let all the Quantities be denoted by proper 
Symbols, as is explained in the Notation of Fluxions, 
and let ſome one of the variable Quantities (with which 
the others may always be compared) be ſuppoſed to 
increaſe uniformly : And this may be called the Prin- 
cipal variable Quantity. Then the given Equations, 
or ſuch Equations as are deduced from the Condi- 
tions of the Problem, muſt be turn'd into Fluxions, 
ſecond * — Se. by Prop. III. in order to get 
as many ] of theſe — as you haye 


o 


2 „„ 
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2. But becauſe ſometimes ſome-Doubt may ariſe 


about the Signs of the Fluxions: Obſerve that any 
fluxionary Equations, deduced from the Equations of 


Curves, or from any given Equations in the Problem, 
will contain the Fluxions with their proper Signs. Bur 


ia any Proportions made between Fluxions or Mo- 


ments, as in ſimilar fluxionary Triangles and the like; 
then the Fluxions or Moments of Quantities that de- 
creaſe mult be actually made negative; and thoſe that 


increaſe muſt be written affirmative : Or, which is the 


ſame thing, (ſince one Part of any Whole increaſes 
whilſt the other Part of it decreaſes, therefore) inſtead 


of the negative Fluxion, you may take the p roper 
Fluxion of the increaſing Part of that Quantity. 


3. Since Velocity is always meaſured by the Spaces 


uniformly deſcrib'd thereby; ſo may the Fluxions be 


meaſured by the Moments uniformly generated by the 
Fluxions. Therefore the Moments (uniformly gene- 
rated or, which amounts to the ſame thing, conſider'd 
as ariſing or vaniſbing) may be put for the Fluxions, 
and the Reſult will always be the very fame in all 
Operations. And ſince in many Cafes the reaſoning 


and calculating with the Moments will be more eaſy 


and evident than with the. Fluxions, the Equations 
gained thereby muſt at laft be changed into fluxionary 
Equations, by ſubſtituting the Fluxions inſtead of the 


Moments, which muſt always be ſuppoſed to be taken 


in the firſt Inſtant of their Generation: Or, at leaſt 
when the Operation is over, theſe Moments muſt be 
ſuppoſed to be diminiſb d ad infinitum that their firſt 
Ratio may be always obtain'd. 

4. In the Reſolution of. any Problem, the Nature 
and Conditions of it are to be cloſely examin'd and 


ſtrictly purſued according to all the known Methods 


of Algebraic Reaſoning, by attentively conſidering the 


Relations of the Quantities, and their mutual Propor- 


tions and Dependance on one another; and forming 
your Proceſs according to theſe their Properties, by 


duly comparing together the Quantities, their No- 


ments 


Sect. I. of FLUXIONS. 


ments or Increments, their Fluxions or ſecond Fluxions 
Sc, as the Caſe requires; till you get a competent 
Number of Equations, or general Proportions, And 
then you mult proceed to expunge ſuch Quantities as 
are ſuperfluous, till at laſt you get a fluxionary Equa- 

tion or Proportion with the Quantities required. Then 
if there be Occaſion, ; 1 

5. Find the Fluent of the ſaid Equation, or general 

Proportion, by Prop. X. or XI. and correct it by 
Prop. XII. And then you have a compleat Equation, 
or general Proportion, containing the Quantities ſought. 

6. But to obtain an Equation of the 'indetermined 
Quantities, by having the correct general Proportion 
before found, or by having only the fluxionary Pro- 
portion; you muſt aſſign to each indetermined Quan- 
tity in the ſaid Proportion (or in the Fluxion thereof ) 
ſuch a determined Value as it is known to have in any 
particular Caſe ; and from thence you muſt draw an 

| Analogy from the Fluxion alone (of the general Pro- 
portion) or from the correct Fluent alone, (or ſome- 
times from both together) from whence there will be 
had an Equation between the Quantities required; or 

at leaft between their Fluxions, whoſe Fluent muſt 
then be found and corrected. And note, theſe deter- 
mined Values (of the Quantities) may be either ex- 
prefled in Numbers or Symbols, as any one ſhall 
think proper. 5 | 
Sometimes it may be ſufficient to aſſume a given 
Quantity, by which multiplying one Side of the Pro- 
portion, it will be turned into an Equation ; and this 
given Quantity may afterwards be determined accord- 
ing to the Nature of the Queſtion. 

| Theſe are the general Rules, but after all, many _—_ 
muſt be left to the Sagacity and Invention of the Artiſt. 

Coror. Hence every Problem belongs to Fluxions, 

in which the Increments, or the Proportions of the In- 
crements or Moments of the ſeveral variable Quan- 
tities contained therein, can in all Caſes be computed 
and expreſſed by Equations. 3 

is P 2 Examp!- 


107 


. 
— — 


. * 4 * 2 $i 
— ” a - — * 
3 ——— — * * * 2 ” LIRA K 
* — a ec 
r — 22 
— Rp Fo = Sig. *: af «= <a ye 


— 2 


—_— . 


. rr 


a. "DO 0 — _ ng — 
— _ ——— * — „ 


108 


The DocrRINE 


Example I. 


To find the Velocity wherewith the Ordinate BM of a 


Circle increaſes in every Point, whilf it moves uni- 
formly along the Diameter AD. 


Let MD ar. AB=x, BM=y. _d by the Na- 


ture of the Circle 27x—xx=yy ; this Equation put 


into Fluxions gives 27X—2xX=2yp, or j. a 


general Equation for the Increaſe of y in all Points. 


Therefore in A where y is o, and x is o, 3 


becomes S =. therefore 5 is infinite. If CB=BIM, 
or 7—x—y, then x=y, and x and y increaſe equally. 


But in C where 7—x=0, then y=0, therefore y —_ 
not increaſe at all. 


In h where Ch—bm, then y= 
therefore y decreaſes as faſt as x increaſes. 1 


—rX 


— 


D where y—=o, and x=2r, y= 8 and 
there the Ordinate decreaſes infinitely : 


And in all the 


intermediate Points it has all the intermediate Degrees 


To find the Space a deſcending Body will are in 


of Increaſe or Decreaſe. 


Ex = 


any Time by the uniform Force of Gravity. 
Loet z= Space, x= Time, v= Velocity, 


in that Time. By the Principles of Mechanics 2Q vx 
d xt, and therefore ⁊ & vxAM xx ; that is the Fluxion 


where as the Velocity into the 


of the Space is every 
Fluxion - x, Spy that is, (becauſe the Velocity is 


as the Time) as the Time into the Fluxion of the 
Time. 


Now if only the Ratio and Space be required, it 


will be ſufficient to wke the Finn : and hon att 


2? 
or 


(YH am no 


Sect. I. of FLUXIONS. 
or 2 A x*, that is, the Space is always as the Square 
of the Time. 

But it the abſolute Quantity of the Space is ſought, 
we mult reduce the genera] Proportion or its Fluxion 
to an Analogy from ſome particular known Caſe. 
Thus it is known by Experiment, that in the Time : 


or 1 Second, a Body would acquire ſuch a Velocity as 
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to move through 5s or 327 Feet uniformly in that 7 


E Time, or to have deſcended through Es or 167, Feet 


in that T0. Whence 


en: = = Fluxion of the Space Rane” 
wherefore from the general Analogy (ZAxXx) we have=: 


N 


:: 2: xx, and 2= _ 
= which needs no Correction (becauſe when x, 


* .) 


Or thus from the Fluxion and Fluent, :; #* :: 


'F - 
K* 1 xx 
3 * 27 


Or laſtly thus, ſince 5 =z, when [=x, herefore 


from the general Analog ogy (ZAxx) it will be 26: : 


2 & 3; whence 2 _ and thus the ads 
5 is obtained any of theſe Ways. 
= * 3. 
F a Body i is projefted upwards with a given | Valocity 
a, 10 find bow far it will * in any Time x. 

Let z= Space, v= it's Velocity; then by Me- 
chanics Z A vx. Now ſince the firſt Velocity is 
given, therefore the Space 5 which would * 
diſcribed in a given Time t will be given; wherefore 


TE Moment of the Space 4 at the firſt 
5 Inſtant, 


, and finding the Fluent, — 
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F I G. Inftant, that is when a=v. therefore from the gene- 


ral . CLOFE a:: S: v: 8; ox 3 


whence 2= —- =. but the Velocity the Body loſes | is as 


the Time, therefore f: 4: : x: == = Velocity loſt, 


ax a. 
whence U = &— => therefore 2 = T7—F and 


S* * 


the Fluent z= - — —; Which needs no Correction. 


7 211 


Hence if x be greater than 2, the Body will have 
deſcended again below the Point i it was — from. 


Ex. 4. 
To find the Time <oherein a given Cylinder if Water will 
empty itjelf by a Hole at the Bottom. 8 


Let AC=b, CE=x, AE —=b—x, : = Time of 
running out with the firſt Velocity, z = Time ſought. 


Now the Moment of the Quantity running out & ⁊ x 


Velocity: but the Velocity is as „Z, and the Mo- 
ment of the Quantity is as a of AE, 3 : 


whence —X A x, * ZQA . But h: t 


Moment of the Time at the firſt — 


_—_ 


Therefore (from the pl Propertion 2 a=), 
os tf , 


lt Js Jes whence & = and! * 


== 


2 therefore the Fluent corrected (by Prop. XII.) is 


242 
„ ond when # = Oz then the whole 
Time 2=2/, 


PI 


— 3 but in the Point 4, xo, and 


JSect. 1. of FLUXION 8. 111 


EA 5. 
To find the Time wherein a given Fruftum + a Cone 
will empty itſelf by a Hole in the Bottom. 


Let the Cone be compleated and put /G y the Al- F I G. 
titude. TG==b the Height of the Fruſtum, TS , z. 
Circle C Dad, VT=6b, t=Time of running out with the 
firſt or greateſt Velocity, z= Time ſought. Proceed- 
ing any as in the laſt — you will find / x N 
Mornent of the Quantity q —x x Circle E Fd 


Ar, from the general Analogy ; ; * 3 


—x 
. Tr. And the Fluent — 


: 2bbx* ＋ Ur; ; and when corrected, the 
whole Time z=t x 20b+-506-+56b 
PP 
And if the F ruſtum were inverted, the Time would 
| —_ 2 
be ound tobe x ZA 
Schol. 
. IK E F be the double Ordinate in any Curve CA; 
the Time of running out might have been found the 


ſame way, only by ſubſtituting the Value of CA or y 
had from the Nature of the Curve, into the Equation | 


— , and then finding che Fluent. 
Ex. 6. | 


Let ACE be (the Section of) a Wall Ren 4 Fluid 4. 
behind it, and joining to the perpendicular Side A C; 
To find the Curve ADE terminating the ether Side of 
the Wall, fo that its Streng th may be every where as 


E. * it ſuſtains. 
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F 16. Let AC=b, AB=x, BD=y. The Effect which 
any Number of Particles of the Fluid preſſing at B 
have to break the Wall at C, is as CBx Number of 


Particles x their Force, that is h—x x * x x, (becauſe 
the Number is as x, and the Preſſure or Force as * 
And the Sum of all the Forces acting on AB to 


C is as the Sum of all the A x *, that is as the 
| 155 3 

Fluent of br x*x, and therefore as = 7 

and when x=b, the whole Preſſure on AC to break it 


at C will be 35; therefore the Effects of the Preſſure 
at B and C will be as A and AC3, But the Strength 
of the Wall in Band C is ſuppoſed to be as theſe Forces, 
and by Mechanics 'tis known to be as B D* and CE* ; of! 
Therefore AB: AC:: BD: CE, that is ;; 
And the Curve ADE is a Semicubical Parabola whoſe 
Vertex is 4, and therefore convex towards AC. 


hv 6 


4. Supp oſe a Wind to Mow againſt the perpendicular Side 
Af the Wall ACE; to io find the Curve ADE bounding 
the other Side, ſo as the Strength of it be every where 

as the Force it ſuſtains. 


Let AB=x, BD=y, AC=b. The Force of any 
Particles at B to break the Wall at C is as CB x Num- 
ber of Particles & r x K, or AÞ—x xx; and 3 
therefore the whole Force of all the Particles on AB Le 
to break the Wall at C is d the Fluent of bx—xx 74 
b —= 5 therefore the Force to break it at C by 
all the Particles on AC is £þb or as hb, and this muſt be 
as the Strength of the Wall or as CE-; conſequently 
2 agands 0, therefore AD E is a right Line. 


dr: 


"in 6. 


Sect. I. of FLUXIONS. 


Ex. 8. 


Let ABC be a beauy Body, BC a Spring fixt to theF 1 G. 
Black D: Let AB be "loſe thruſt up to C, that the 5. 
Spring may be cloſe Bent, and fixt . to the Stock 
D ya Pin. To find with what Velocity the Body 
will be projected hy the Force of the Spring when the 
Pin is ſuddenly plucked. out. 


Let BC the Length of the Spring in it's natural 
Poſition, CN=x, v= Velocity of the Point B when 
it arrives at N, w=—= Weight of the Body AB, i= 
Time of deſcribing CN. By Mechanics or the Laws 


I13 


force x 7 


of Motion 6 a D ber the Nature of a 


Spring) . Likewiſe by the Laws of Motion : as 


„ or v - — 


and find- 
. 


4 that is the Square of the Velocity i is reciprocally 


" as Weight of the Body : Conſequently, if the Body 
projected horizontally the Square of the Diſtance it 
is is projected * will alſo be reciprocally as the Body. 


9 85 
Let BC be the Quadrant of a Circle, A the Center; 6. 
X parallel to BA. To find the Nature of the Curve 


DFQ that 2 biſſetts the Angle 4 by RF 
and the Arch FC. 


Deſcribe the Circle ze infioitely near FC, and 

draw np A, and 10 parallel to CA; then ſince the 

Angle oFn= n Fp, and Side Fx common, and the 
Angles o, p right, therefore on = np. 


838 SF=y, AB or Ap=v, A Db. 
and ſince on np, that is & U, therefore & = b, 
2 and 


: 
a ö 
: 0 
y 
12 
6 
» 4 . 
: . 
% 
{ 
„ 
SE 
1 , 
4 wy - 
= = 
5 4 | 
. ! 1 7 In 
= . | 
WW * 4 
i 1 
14 
;xY . = 
th | 
IF oy 
l 1 
3 * , 
Sf 108 
_ 
1 
i 28 ; 
41 
= 
d * 
—_— ; 
_ 
t 6 » 
3 8 N 7 
* 7 1 
4 2 ; 
+ 58 L q 
if l 
1. A 
C 1 ! 
© i Dy - [1 
: = 
oy _ YL ol N 
4 
if — ' 
by, 
z J \ 4 
PLE i 616165 
* It ; 4 
9 5 1 4 
1 
4 125 
. TELL 
: 4 k WW, 
— z . "7 
4 7 Fs, 
£43 " 1 1 T.. ” 
=_ * 
4 \ 
iv 15 we, off 
= 5 
20 IS 
4 TOS» 
1.3 
.72 - 1 4 
+ + LY = 
_. 
8 F \ 
s 3 * „ 
1 | 
3% 1 * 
F 4 3-T * 1 
1 1 
wy” &. i # - a, 
*% oF 4 & 
. 1 17 my 
* k j 2 
| 7 08 
wy 
A + 41" 
1.4 = 
1 US 
+ 35434 
q / 7 $4 | 
e 1 
. 4 RR 
* «* 
v i oY 
EM 3 
33 F I I 72 
M323 * 
181 4 x 7 
7 \ 8 N = 
* = 
4 5 9 
in 
44 A 
* 1 © { 94 * 
| F s 1 
T7 Go 1 
1 LR | by 
$3 21 
24 5 : 
1 1 by 
14 N 
Ti» 4 N 
e 
1 . | 
. 1; FR_=s 
.$ 
CELTS. 
48T 
n ) * 
91 
o 3 * 
4% ; 
i. , 
4 4 * i 
q 2 y 4 
18 o 
} 
n i, 
1% » 
* 4 o * 
Th 44 4 
+4 F: 
1.8% 38 
e 
15 
N. 
* 
z 8 
' 
' . _ 
+ 
1 
. - 
l * 
1 
# 
[0 


114 
F I G. and the Fluent , and corrected „ b, or 


b+x—=v. But by Prop. 47. 


Fluent (by Form the 10th) is 2 3 = Amb of 


The DocrRINE 


Eu. I. bÞs (Sus) 


+ xx, that is bb + 2b — yy ; whence the Curve 


DZ9 i is a Parabola, whoſe Latus rectum 1 Is 2b, and 
Focus the Point A. 


Ex. 10. 


75 find the Time of the Vibration of « Pendulum i in an 


extremely ſmall Arch of a Circle. 


| Let the Length of the Pendulum CB — r, Cord 


AB=c, BF = x, Arch BE=v, 3 Ff=x, 


then BD ===, BG==>, DG=—— x a, EG 


27 


= a e Alſo let Time of a Body's 
deſcending or aſcending through the Cord AB, z= 


Time of deſcending or aſcending through the Arch BE, 
2: = Time of deſcribing AB with the Velocity in B; 
cx 


a= 


The Times of deſcribing any Spaces uniformly are as 


the Spaces directly and the Velocities reciprocally; 
but ſince the Pendulum falls from A and is ſuppoſed 


to deſcribe the Arch AB in deſcending or BA in 
aſcending, therefore the Velocities in B and E are as 


„Di and DG, or as /I and V; therefore 27: 


Cc 1 5 a CT) 
23: —===:: 2: —= 5 Whence 2 
Je © | a C—x | 2 


1 tx * 2g: 
Weer. W == 7 Le | 


ls 
tx *x 


CXX — ccx as extremely ſmall) 2 * And the 


n 


this 


Ie S' S gr 8 
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this Circle whoſe Sine is M, and , 


and when x=c, then F I G. 


= = 5; x Quadrant BH == x 3 1416: And 2z 
or the Time of an entire Vibration is = 4 x 3.1416; 


Or, which is the ſame thing, 22 = 2 2 x Time 
of deſcending through twice the Length of the Pen- 


dulum. Or putting _— Feet. r — Feet in the 
Pendulum, then — NV in Seconds. 


the 11. 
To find the meridional Parts for any Latitude. 


Let Radius CA=r, the given Arch of Latitude 
AB =», Sine DB = y, meridional Parts of AB = z. 
By Conſtruction of Mercator's Chart, as Coſine of the 


Latitude (Vr: Radius (7) :: (b: S ::) 5:8 = 


” ee : 
Vr ery. 


whence £ =, J whence by Form the 6th, Z 2 = 


2.30258 „ ry 5 2 
—— — 2.30238 Log. 2 


But in the Triangle E BF, as EB (yrr—yy W: Rad. 


3 3 
(r) :: EF (r+)) : Tangent of the Angle B = 7 


* cee of half the Complement of the 


Lats” 4B, whence z=2.3025rxLog, Cotangent of 
half the Complementof the Latitude. And by Correcti- 
on x 2. 30258 r "Cur. of half the Co. Las — 
2.30258 * Log. Rad. And ſince the Meridional Parts 

in the Tables are expreſſed in Minutes, therefore 22 
2.30258rx180x60 


3 14159 


5 1 1 — — ⅛ꝛ—— . — ey — — — — _———__— — — — — 
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Cot. « Co. Lat. 


218 = 7915,7057x Log, —j = 795705 x 


Radius 


Log. Tan. 7 Co. Lat. 


Cor. 1. Hence the Meridional Parts for the Diffe- 
rence of Latitude of two Places is = 7915,77 x Diffe- 


rence of the Log. Tangents of half their Complements 


of Latitude. 
Cor. 2. Since as Radius: to meridional Difference of 


Latitude : : ſo Tangent of the Courſe : to the Diffe- 


Rad. =1 


rence of Longitude ; and — — = ,000126331, 
therefore 


79155705 | 


As ,000126331 : 
To Tangent of te Courſe : 


$othe Dil ofche Log, Trans of talf the Comp. | 
of the Lat. 


To the Difference of Longitude. 


Ex. 12. 


To find the Nature of the Curve which a & avy flexible 
Line will form itſelf into by its G — 


Let the Line be ſuſpended on the two fixt Points 


D, P, and diſpoſe itſelf into the Curve DAP; 4 


its Vertex, 4 Q its Axis, and BC an ordinate. 


1. The Part of the Curve ABD is kept in its Poſi- 
tion by a certain Force at A acting in Direction A Z 


parallel to the Horizon; for if the Line be cut through 
at A it will reduce itſelf to a perpendicular Poſition. 


And this Force acting at A is always the fame what- 
ever Length the Curve be of ; for if the Line be cut 


through at B, and then the Point B faſtned to the 
Plane, it is evident the Force at A is neither greater 
nor leſs ; for the Reſiſtance of the Point B does the 


ſame as the Tenſion of the Line in B did before; 
and the Force in A, or the Tenſion of the Line in 


A muſt remain the ſame. 


2, Let 


on "OR. MON 
9 1 rr 


Sect. I. of FLUXIONS. 

2. Let a = the given Part of the Line, whoſe 
Weight is equal to the Tenſion of the Line in A, and 
AC=x, BC=y, AB=z, draw the Tangent BS, and 
BR=BA, perpendicular to the Horizon, and RS pa- 
rallel to it. The Line BA is ſuſtained by three Forces, 


for its Gravity acts in Direction BR, it is drawn at 


A in Direction AZ by the Force a, and it is ſuſtained 
in B by the Tenſion of the Line in Direction 8 B; 
and theſe three Forces being as BR, RS, and BS, 
and BR=z by ConftruQion, therefore the Force a= 
RS; whence by ſimilar Triangles BR (z): RS 
(a) :: bo(x) : Bo(y):: & : 5, and ax=2zy, which is 
one Property of the Curve. 
3. Take Br—Bb the Increment of the Curve, 
draw rn parallel and By perpendicular to BS, then is 


nB Bo, and ru bo. Since BR is the perpendicular 


Force or Weight of the Line at B, Br or 2 is the In- 
crement thereof, and therefore & is the Increment of 


the Tenſion of the Line in B, and x is the Fluxion 


of the Tenſion, and therefore the Fluent x = Tenſion 
or Force acting in Direction zr ; But in A where 
* So, this Tenſion = a, therefore by Correction. 
The whole Tenſion drawing in Direction of the Curve 


is a Tx; and this is the Force BS, as was ſhewn be- 


fore: Therefore again by ſimilar Triangles a + x 
(BS) : 2 (BR): : 2: 2. 2: , whence a QD 2, 


and the Fluent 2ax + xx = 22, which is another Pro- 


-perty of the Curve. 
4. If the Point B be ſo taken that the Angle RBS 
or $BC be _ 6 Angle, then will FB or z'be 


2 20aghtexLog.? 
— whence the Carve may be caſily conftratied. 


— : 
118 


The DocrRINE 
Ex. 13. 


F I G. To find the Nature of the Curve B M in which a Body 


10. 


quired i in falling through AD, == Time of falling, 
f = Force in D or P, which ſuppoſe to be as BD". 


corrected is vv 


moving (after its fall through AB), it ſhall deſcend 
equal Spaces in equal Times. 


Let A B=a, BP=x, PM= y, now ſince the Ve- 
locities of Bodies are as the Spaces deſcribed in « 


equal 


Times, and the Squares of the Velocities are as the + 


Heights fallen from; therefore a: a LX : : ( 


of the Velocity in the Axis ; to Square the 


Velocity in the Curve at M:: Pp*: Mm: : : 
X* +5* ::) *: +, and by Diviſion « : K* : : 


nr. or x*x = 433 „ and finding the 


Fluent Th = 4*y, or ay* = £x3 : Therefore the Curve 


is a ſemicubical Parabola convex towards B P. 
Ex. 14. 


i If a Body be projected from any Point A parallel to the 


borizontal Plane BC, — be urged towards that 
Plane with a Force which is as any Power of its 


Height above the Plane; to find the Nature of the 


Curve it will deſcribe. 
Met A Br, AD=x, DP, v = Velocity ac- 


- 


Now from the Laws of en vAfr, but 705 
1 — = — 
md fe" thereforev , and d- 


or vb * and 1 che Fluent - —=a 


1 


==. but in 4, x =o, therefore the Fluent 


+1 


* . i 


Fi 


on of the Axis is as the Velocity of a deſcending gy 4 


„ But the Fluxi- | 
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and the Fluxion of the Ordinate is as the Fluxi- F I G 
on of the Time, or as a given Quantity GC; therefore 


I Rn Ig — — ON” 
— p 
-* — be 


"—_—— 2 
23 
— — 


+ ä 
and the Fluent will give the Nature of the Curve. 


Caſe 1. Let i, then j = = — z deſcribe 12. 
| rex 
the Quadrant AEF; then by the — of the Cir- 


de. Arch AE = Fluent of — —, thereforetake | 
| ; WT, 1 


or Dp = —x Arch AE, and P will be in the Curve 1 
Cale La no. then j = ==, and.y = aldi 


or 2bbx—yy therefore the Curve will be a Parabola, 
as is well known. 


Caſe 3. Suppoſe 1=—1. Here we muſt have Re- 13. jy 
courſe to the 1 Proceſs it ſelf, and there we ſhall j 


have vv A —— — ; deſcribe the Hyperbola HE to the 
mA us BC; then the Area ADEH= 


P__ — 
2 RN " 2 34 a n 
n —— 
: 3-E ans 8 hs -.. 
2 A, A 2 1 
1 * * 5 v4 FI mom . 


r 6 As 2. - _ 
= — — - o _— 


— 


— 


' l 5 — * o — 
n 


= oo - 2 


99 
r 


— 0 - hy 
= 


mt ꝓßęU— Who OOO Q ã ñ¶ —m 
— „ 


kr + for the Nature of the Curve AP. | | 


| | — ES. | g ö 
Let AE be a Cycloid, AG=v, DE=n, AGB | 
being the generating Circle; then « = v + /rx—xx, 


F—2x rx 
a ns = 
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F 1 G. a= But 5 = WT . NS at 


15. 


4 take DP=by/rxDE, and P vill be in the | 
G 0 


Cale 5. Let n=—33 then 5 = br x — x 


1 


To o know whether a given Curve Line be concave or 
convex towards its Axis, in any given Point thereof. 


Let AB be the Axis, BC any Ordinate, take DB 
SBF, and draw the Ordinates De, Fo 3 near 
BC; draw en and Cg parallel to AB, and produce 


to k. Now by the Nature of Curvature, if the 


Curve be concave towards the Axis, in the Point C, 
and the Ordinates increaſe, then the Point o of the 


Curve will fall between & and g, and therefore the In- 


crement g o is leſs than » C, whence ok or go — gk, 


that is g — 1 C, will de negative; but o E is the ſecond 
4 of the Ordinate, and that is as the ſecond 


Fluxion when Fk and De approach to, and coincide 


with BC; therefore if the Curve be concave towards 


the Axis the ſecond Fluxion of the Ordinate will be 


negative. And the contrary will happen if the Curve 
ia convex towards the Axis. Wherefore 


Let the Axis Arx, Ordinate BC=y, then com- 
pute the Value of 5 by the Nature of the Curve, 
and ſubſtitute . for all the Quantities i- if there 


be Occafion, then if its Value comes out negative it is 


"concave in that Point, if affirmative it is convex to- 


wards 24 


Mex — xx * 
whence p br ar and the curve is an Ellipfis | 
whoſe — is AB. 


Sect. I. of FLUXIONSõ. 
| Ex. 16. 
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Line being inflated into the Form of a Curve, and F 1 G: 


kept in that Form by a Force or Preſſure acting per- 
pendicularly upon every Point of the Curve; to findthe 
Proportion between the Tenſion of the Curve, and the 
Force acting perpendicularly upon it. 


Let AB, BC be two equal Particles of the Curve, 


and let the Force acting on the Particle B reduce it to 
the Poſition ABC; compleat the Parallelogram 


ABC E, and draw AD, CD, perpendicular to AB, 
CB; and then the four Points, A, B, C, D, will lie 


in a Circle. Let AB or BC = 2, AD or CD =7r : 


Now by Mechanics the Point B is acted upon by three 
Forces BA, BC, BE; BA or BC is the Tenſion of the 


Curve, and BE is the Force acting perpendicularly 
againſt the Curve, therefore theſe are to one another 
as BA to BE, or (by ſimilar Triangles) as + BD to 
. Let now the Point A, C, approach to Band co- 


incide with it, and 1 BD becomes *r, the Radius of 

- Curvature ; and 2 is the Particle of the Curve, 
whereon the Preſſure acts: And therefore the Force 

acting perpendicularly on any Particle of the Curve is 


to the Tenſion of the 883 as that Particle of the 
Curve is to the Radius of Curvature in that Point. 
Co. Therefore if the Particle of the Curve and 
its Tenſion be given, the Force acting againſt that 


Particle is reciprocally as the Radius of Curvature 3 
that ts, — as the Curvature. 


Ex. 17. 


E 4 F is a Curve Line ſupporting a Fluid ; to find the 
 _ Nature of the Curve. 

Let the Axis of the Figure C Ab, CD=x, DB=y, 
Br, let à be given; By reaſon of the fluidity of 
the Water, the Tenſion of the Curve is equal in all 
Points, and therefore by the foregoing Example, the 
Preflure at B is reciprocally as * Radius of Cur vature 
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in B. But by the Laws of Hydroſtatics the Preſſure at 


for the Equation of the Curve i 


A plication of the Rules to the Calculation of parti- 
cular Problems. We will now proceed to the Reſo- 


B is as the Height DB or y, and (by Prob. V. Sect Il.) 


the Radius of Curvature is =, therefore La, 


2 
and aſſuming the given . then . — 
aax 


x Phe and andomds th therefore the * 1 is 


aa — 4a = y—dbx3, or aax = aa + yy — bb x 


Y. which reduced my —— : 


Cor. Draw EX perpendicular, and IX — to 
ED, and alſo the Tangent EI; then if EK=p, EI 


4, 5= Area EAC, which is as its Weight, then 


(by Mechanics) p: q :: 5: . Tenſion of the Curve, 


: (whence by the foregoing Example) ſince YZ= Preſſure 


at B, it will be =: * * . * 
N=, and therefore —— . = 4s. 


And let theſe few Examples here ſuffice to ſhew the 


lution of more general Problems in Mathematics and | 
„ 


SECT. 


22 — 2 = — Pg 
— — wt wv — — — — 
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er. Ca adi Gd ad Maas . 
* - © *Y m . Ad _ 8 a 
—_— ——— 2 uM an . — - 
— = * ä 


SE CT. I. 


The Inveſti Jay and Solution of ſome 
of the moſt general and uſeful Pro- 
blems in the Mathematics. 


PROB. I. 


To determine the Maxima and Minima f 
Vantities. 


HEN a Quantity is required to be the 
greateſt or leaſt poſſible, under certain Con- 
ditions, it 1s called a Maximum or Minimum ; and 
at that Moment it neither increaſes nor decreaſes, and 
therefore its Fluxion is nothing. Now fince any 
Quantity is a Maximum or Minimum, when its 
Fluxion is nothing, upon the Suppoſition of only one 
variable Quantity therein, and the ſame is true when 
any other Quantity alone is ſuppoſed variable: Conſe- 
quently when there are ſeveral variable Quantities in 
the Maximum or Minimum, then each of theſe 
2 muſt be ſeparately equal to nothing. There- 
1. Put the conflant Quantily m for the Maximum or 
Minimum required; and get an 8 involving m, 


by 
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by belp of which and other given Equations, exterminate 
as many of the variable Quantities as you pleaſe, if 
there be ſeveral : Then put the remaining Equations into 
Fluxions, and for each Equation exterminate one Fluxion, 
till you have hut one Equation ;, in which ( brought all 
to one Side) make the Sum of all the Terms multiplying 
each particular Fluxion, ſeparately So, and you will 


get as many Equations, which, together with thiſ at firſt 


given, will determine all the unknown Quantities. 


2. But when the Fluxion of any ſingle Quantity is 


found So, then that Quantity itſelf is eitber a Maxi- 
mum or a Minimum, or a ftanding Quantity. Or if 
an impoſſible Equation come out, the Quantity will have 


no Maximum or Minimum but what is infinite. Often- 


times the Equation will have ſeveral Roots, all which 


muſt be ſeparately tried to ſee which of them will anſwer 


the Conditions of the Queſtion, and give the Maximum 


or Minimum required; and this is done by putting the 


ſingle variable Quantity in the Maximum or Minimum 


equal to ſeveral ſucceſſive Values expreſſed in Numbers. 
SexoL. Concerning curvilineal Spaces, it is in Effect 


the ſame Thing to ſeek the greateſt Area contained 
under a given Perimeter, as to ſeek a given Area un- 


der the leaſt Perimeter. The fame will hold in Ref -_ l 
of Solids and their Surfaces, 


Example 3 
Jo find az+yy a Minimum, ſo that x+y+2=b. 
Put xz+y*—m, and expunging 2, bx—xx—xy+ y 
=m, In Fluxions bx—2xx—yx—xy+29y=0. And 


taking the homologous Terms, bx—2xx—yx=0, and 
25) — „ro, whence 2x ＋ y=b, and X=2 3 and 


therefore y=4b, x=3b, z=3b. 


Or thus ; 


Since xx. = m, in Fluxions x2+2x+239=0, 
alio from the Equation x+y+z=b, we have & 5 


903 and expunging 2, we * + zx + 


2 So, 
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To find x the greateſt in this Equation x*-ax* +axy-y*=0. 
For x write m and the Equation i is nan Kamy 
—Y=0; In Fluxions amy 37g, whence 37 gm, 


2% So, a therefore 2X — xx —= ©, or zx; and F 1 G. NN 
* o, or x=2y, whence x, y, 2 are found the 'Y 
gie as before. =. 
Note, In this Example if x be given there will be Wh 
a Minimum, but the Maximum 1s infinite; And if . 
y be given there will be only a Maximum: 4 
Therefore in general there is no Maximum or 1 
Minimum but what is infinite. 1 
f 


by which and the former ä m and 5 are de- 1 0 
To find a Cylinder * a - given Sed b, with ibe leaf | 1 : 
bole Surface. bh J 
Let ”= =: Aki, e Diameter of the Baſe, c = p . 125 
3.1416, then —- = = Sum of the i 
Buks, « 1 ex? 1 
- gs : In Fluxions car — —. = O, which 
reduced gives x = 2 „and thence y = = . 
Ex. 4. 
In the Semicircle AB C, to find the retanle ADBa 19. 
Maximum. OM 


Let Let 4C=6, ben DB dE ow 
x/ax—xx = n, or a * = m*; In Fluxions gas 
A*, whence K 44. 


Ex. 5. 


„ 


© 
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Ex. 5. 


FIG. Given the Baſe AB and Perpendicular C D, in a Tri- 


20. 


21. 


222 
mm 


7 "7 


Note, if CP be greater than 
be greater than PR, which the Nature ofthe eto 


Poſſible. 
Biſſect AB in E, and let CD p, AE g. ED. 
and by T TOR (CB) 2p +494— 24) ＋ : 


p 
nig 8 
and (AC) Var. 6. LB) En 
FE q—» 
11 % = S. LC 
VI V 


Sn, and F. 2099p +4 027 +3 = | 
———=—: In Fluxions 47pyy — 44% + 43%9 = o, 


and Þ = 99 55 x J, and one of the Roots is y=o ; 


the other Quantity 5 =qq — pp is an impoſlible | 
Eauation when 1s bigger than 3; wherefore the 


Point D falls in E. 
Ex. 6. 


The Point P deing rines i in the Tranſverſe of the Ellipfs 
AR; to find PB the neareſt Diſtance to the Curve. 


Let AC=t, CD=6, AP=p, Peg. PS N 


CC 


then QB = ee, and PB. = = 


* 
74 ene 
— = CCPX — 2c 


PFS. 


2 1 cc 8 1 


n 


will not admit. 
Ex. 7. 


angle A CB, to find the Angle ACB, the greateſt | 


=S. LS! 5 | 


it = + 2xx=0; ER SR 


* 2 F * 4 10 
Fenn rs $ A 


== : 


2 


Sect. II. of FLUXIONS. 
7. 


To draw the Line E F to touch the Angle C of theF I G. 
Rectangle ABCD, ſo that the Part, contain d between 22. 
the Sides AB, AD produced, may be a Minimum, 


Let A Da, AB=b, EB=x,  El=d+ x, then 
ab 

AF= =, and pg b+x + Sex = My 
2 80 
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or bb + a K* + + 


+ aa This 
acct 2aabx 


in Fluxions is 2b + 200 —— O 


xx 
reduced is x* + I — adbx —aabb = o, divided by 
1} X*+#=0o, one of the Roots, and then xi — aab=0o, 


and x =\/aab, or from the other Equation OT” 
— Or thus: 
By ſimilar Triangles 1: 4: TH Eb then 


EP + V bb - + a . =m; In Fluxions 
| RE RY — — -—=0; reduced xi 3 
e nſyy 290 = W 


3 A 


7 0 find a Cone of the greateſt N under a given 
convex Surface and Baſe b. 


Le the Diameter of the Baſe = x, Side = v, 
23.141 22 and 
Solidiry = = 


CXX 
— 


12 


A= ==; And expunging v, 


26 
S n, or 3 aber. 144m. 


In Fluxions, 2 reduced — 3 


hence 


Wk — 7 . 2 > 
. - . —— ee 8 8 — a, 
Re » — . — ” 
. 7 oY — 
omg 
*% 
* G i — — 
1 = b 
_ * 4228 * 


a 2 
1 See” RE IE" - m— a; a — ; 
þ * 4 E — — — * 
— — r ado. og - of "» 11 Ic 
— — n. — — | . = : . as 
— 2 3 4 0 — 14 4 4 _ — — 
Fn "4 SY * S 
— — 4 — ——— 
- py \ . . — 7 2 — — 3 
7 * l py nfs > A 
1 — 4 p - -» — 
UT \ \ - » 7 
— — * 


+ I 


— ES 
WW 


— rn 
2 


r 
4 FR 4 8 * = « © AS - 
l qo - _ 4 ” tad - LOT Sa ed — — 
r 2221 CSR EI at” TT. : : : * 
n > 5 8 , 
2 2 3 4 1 — — — — 
ang p — » o- 
PEN : . LW r — 2 ** ; g — 
ts © — F = o 5 — - 
— . be — 1 v * - | 
A % IO a 4 2 — 
. * . 2 od x w 4 - » - — 
a 7 . — * E _ 
ys * . 3 *. ” - - DI 1 = \ 
\ = C l * LAKE \ * on 


— 
3232 1 
— * by 9 


— — a — 
7 * l = * 5 Py 
- — . 4 * 0 _ —_ - a 
-. — " 
= = - ps — — - 
* — 4 <=. — Fo oC : > _ — 6 — — 3 + N 1 * . Y m * re 
$7 7 4 = - q aa. * WR.” - — " 8 I : "ys - o_— _ — " * 4 4 
— » . - „ — « 0 ol * = 8 * 12 1 
. $2 | p KW k L — 25 FO * 1 N ER 1 4 2 * 
4 — 8 . nn * 8 N — 2 — 2 a — - +» oF 
- * 0 Re - 2 — a — 1 — " i — ? — 
- — — * — es 2 — > — 


— * F A 
* * 
_—_— 2 { - =, n — 
4 > - n W444 "ITS. -* 
- —— 1 1 * > a>. — 2 ” 
4 - — 5 
— * — => 4 * 2 Wers de 
= OE ea” "BEES 2 
— I. RR. 3 = - _— - — 
* N e * 


q — 90 
— — —— 
* 2 — == py A — o — 4 2 
2 whe — — — 
* = 2 2 2 
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hence ==, v W. and Height = «v2 and 
the Height, Baſe, and Side will be as 4/2, 1 * 17. 


And the ſame would be true if a Cone of a given So- 
_— under the leaſt Surface was required. 


Ex. g. 


To find y and x ſuch, that an, Lx may be @ Mi- 


nimum. 
This Equation i in Flux1ons is ata * 


+4x%x=0: And comparing the homologous Terms, 


gay*y — 2 j o, and 4 * — 2YxX=0 3 whence 
3ay =2x*y, and 2x*=yy, and therefore 30 . and 
thence y=o, or y=3@ 3 hence x*=0, or x 
Note, It y be given, the Quantity ay, 
has a Minimum, but the Maximum is infinite; and 


if be given it has a Minimum, but the Maximum is 


alſo infinite: Therefore if neither be given, it has a 
Minimum, but no Maximum. 


Ex. 10. 
To find qu a Maximum ſo that ace 


Here xy*u*2*=m, and expunging x, Fat e 


Dem, wp yy 7 4 In Fluxions -y-4-z 


9 = 25, and — 1y =b—2y, or y=3bz 
122 7255 528 1 b, Z= xb. 


Ex. 11. 


8 


Sect. II. of FLUXIONS. 
Ex. 11. 


To find a Trapezoid ABCD of a given Area b, whoſeF 1 G. 


two Sides and Baſe — Bea a be the leaft 
poſſible. 


Let Cr, BA=y, CD=u, | perpendicular BE 


6r CF=2, Then NL — m, and Z/Y)—ZZ + 
un -= 22x = 2b, or (dividing by 2) 22 
+ gunz + 1 = = Ds 7 Put theſe Equations into 


. 
* and e and - 


zi 
— Ht. 1 E Allo —= 1 
So, and thence 42* = zun. Therefore * 31, 
20 2 

and y=u, Laſtly 


D yz wins 2 
N + 
2 % = 2b, and y 
= 75 , and & 2 — nr 
— +/u—zz ; RO" 


AB = 2AE —2FD, and AB= NN = @: And FA 


Pages is infcribes bs — > whoſe Diameter is 


— 
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2 3 erpunging 


23. 
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24. 


of falling Bodies, d: b+x : : 5s: | = AG®. 


The DocTRINE 
Ex. 12. 


F J G. — the Velocity of a Projectile and its Height AR 


above the Horizon ; To 2 the Angle of Elevation 


LAG to throw it to the greateſt Diftance poſſible on 
the Horizontal Plane BC. 


Let = the Space deſcrib'd in a given Time, 
d=DE the Space deſcrib'd by a falling Body in the 


ſame Time; b=AB; Let AG be the Line of Pro- 
JEtion, AL parallel to BC, GL=x, then by the Laws 


bis+55x 


Therefore AL — 2 —xx = BC = n, or 


bas + 558 — dex = dum; in Fluxions, 55% — 24X=0, 


S 


whence x = —T. Therefore AG = 8 


AL = —v/at4 x 40 2142 7 whence 
the Angle FAC is biſſected by the Line of Elevation 


AG ; and HI: 5:: (AL: GL: :) Rad: Tan- 


gene of the Angle of Elevation L4G. 


PR O B. II. 
To find the Logarithms of Numbers, 


Logarithms are a certain Set of Numbers, ſo con- 
triv'd to anſwer to a Set of Numbers in their natural 


Order, that the Sum of the Logarithms of any two 


Numbers ſhall be 21 — of the Product of 


theſe Numbers. 
Hence therefore, ſince 1 * 1 = 1, the Log. of 1 
1 r, that is the Log, 1 = 0. 


1 
D 
v4 
H 
* 
5 
x 
5 
| 
© 
. 
oY 


; 
| 


Numbers. 


Sect. II. FFLUXIONsò. 


Alſo let AB=C, then Log. A+ Log. B = Log. C 
and thence Log. A or Log. 5 = Log. C—Log, B. 


Again, Log. . = Log, A+ Log. A=2 Log. 4; 


And Log. = Log. A + Log. A Log. 4—3Log.4; 
And for the ſame Reaſon Log. A n x Log, A. 


Laſtly, let AB=1, then Log. A+ Log. B= 


Log. 1=03; therefore if the Log. B (or the Log. of a 
Number greater than 1) be 4 the Log, of 4 


(a Number Leſs than 1) is negative. 


From what has been ſaid it follows, that if there be 
2 a Set of Numbers in geometrical Progreſſion proceed- 
ing from 1 both Ways ad infinitum; and another Set 


—————_ thereto, in arithmetic Progreſſion pro- 
ceeding both Ways fromo; then theſe latter will 
repreſent the Logarithms of the former, and both will 
be — in the A Form, 


nn - = . mn, m, &c. 
Logarithms,-3/, -2/, =, o, 1, 21, 31, 4l, Ee. 
Now let the Number of geometrical Proportionals 
be increag'd and their Differences decreaſed ad inſi- 
nitum, that the Series may contain all poſſible 
Numbers ; and let the arithmetic Proportionals be 
in like Manner increaſed ; and then the arithmetic 
Series will alſo contain the Logarithms of all 


"Therefore Jet wes Wander, and pl its Log. 


then the Increment of that Number will be of" 3 
chis Increment divided by the Number itſelf, gives 


off _,? 


Logarithm is 5I x | -l, that is J. Now fince 2—1 
and I are the ſame for any Number and its 
therefore the Increment of the Logarithm will always 
be in a given Ratio to the Increment of the Number 

S 2 divided 


—_—=1; likewiſe the Increment of the 
1 


Logarithm, 


— — 


„ e SD <a I 


—  —  —— —— — ye ery > 
4 © * _ * __ — « yy, 1 832 
„ 8 IM" 3 4 4 
-- * © 


1 32 


Fluxion of the 


The Noc#RiNEB 


divided by the Number, therefore if we put * = 
Number, and 2 — its Logarithm, and aſſume the gi- 


ven Quantity M, we ſhall have £ = Mx 3 and 
fince the Fluxions are as the evaneſcent Increments, 


therefore & = A , and the Fluent z =Mx Fluent 
1 7. nas 


7 o find the Logarithm of a Number, divide the Flugion 
and find 


uni 1, 
> <p 


of the Number 1 by the Number it ſe 110 
the Fluent, which mulliply by the conſtant 
and it will give the Logarithm * 


Schor. When M=r, the 
the Hy 


perbolic Logarithms; in which Cafe, the 


Ex. 1. 


To find the Log. of bx. Here te Flax of the 


Log, is ME = ME ; but the Fluent of N 


Log. x, therefore the 
x—1, then Log. ſs, .b, and Log, „ 2 o; 


therefore the Fluent corrected is Log. bx— Log. b = | 


Log. x ; that is Log. bx = Log. % 474 x. 
This finds the Logarithm of a Product * tlie 
garithms of the two Factors given. 


| 7 
Tond the Lee Ce. Here the Fluxion of 


* 1 
its Logarithm MN — 5 a] = Mx 5-3 and tak- 


ing the Fluent, Log. x" = Fluent of Mx = n x 


r =, Vgl, and Log. =o.) 


This 


Logarithm is equal to the Fluxion of 
the Number divided by the Number. 


. by = Log. x. "i. 


Log. x, which needs no Correction (becauſe when 


| 
b 
; 
; 
: 


Sect. II. of FLUXIONS. 
This gives a Rule for finding the Logarithm of any 


1 , When 
— Rox of « W.. ” 0 


Ex. 3. 


To fnd the Log. = The Funn of * 


85 _ x *r ax 
s = Mx ln b F- 


— the Log, e 
Lad _ ” 


all the odd [tween wet he chnagis.. 
n ——=Mx + 


+ tat i Ge. 


3 Theſe Series will find the Log. of Fraction, 

A having t KE J 
any large Number u ha the 

* * 2 * 


* N aw fx 
Pp == Mx r h 7 3 is 


Whence the Fluent or Lag f 35 = 


Log. of b. And it 
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2 0 — 1 8 i — 
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— — — d I - 8 2 —_ 


. > g ; 
* | 
_ : — 8 8 — " — wy — — FEI . * 4 1 
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- +++, &cz where 
daes a 
preceding Terms, with their Signs. 


2, 
Con. The Log. of L 


1 
Scholl. The Series in 1 this Example very ſpeedily 
finds the Log. of a Fraction when x is very ſmall, or 


u very great. 

The Series in this Cor. finds the Log. of a Product, 
| having the Log.) one of the Factors given. Like- 
wiſe it finds the Log. of a large Number ux, having 


the Log. of b, and making b=1—vx, and x=1 or 4. 


Ex. 5. 
| 7 find the Log. 2 baving the Logarithms Eng 
and n+ x _— 
f a — 
TheFluxion of the Log. of = r 
*** xx 


=Mx: 15 +I ++: &c; whence 


Sect. I. of FLUXIONS. 


1 
+ Mx: nr is ct, 
ec 


43 : 4G where e ===; A, B, C, 85 8 


Numerators of the precedi ng Terms. 
Scnor. This Series is very 


the adjoining Numbers 2—1 


and 3-1 given, and 
therefore X=1. N 


Ex. 6. 


| To ht the Lap, of n, having the Laparitms of th 


* Numbers %—1 an * goes. 


* e 


= UN —— Sc x M 3 


TY 4 Ate dot. 
"Mn ATT * T 5Y 1 
Se u M; and when) is infinite, Log, Vg Er =0, 


1 1 | 
GN a N | 


proper for finding the 
Log. of «lrg prin Number, kving the Log, of 


— 
— 2 — 
— 2. — 


hy A 
— 


—_— — — — 6 — 
— = os 


4 „ „ £ Alia 
— —— — — — . _— -— 4a 8 - 
* 0 — a * * 1 — . — — — 
3 * . — — — — — 2 — 
7 00 TTT 
„ 2 A 8 RATS % + "7 — 4 1 — er — — — a 

— by — < - me ” — — - & | — — — . < 

* - - - 4 — - Y * . 2 
A WW ,; 
G . — — — - - a 


— 
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Scnol. This Series is for the ſame Purpoſe, and 
23 Example the th. 


; Ex. 7. -- 

To find the Logarithm of a large Number n, having the 
2a Logarithms of - and n given. 
Put d =] 


Lag. 10g. = Log, ==. | 
| Then the Log, »— Log, F FI = los == 
"> = Ws 1 4 
Log. — X Log. - 1 3 A 
* my 
3 
e 
1 
** + 74 - + 
! 
— 2 LEES 


therefore iq *: 

* 1 => — wY = + e. | : 

yy This Series 8 far faber than either 

of the former Examples. 
Ex. 8. | 

To fud the Hyper Lori of 10. 


- EE, 


i897 


«+, 


10 Log. 3 + 3 Log. 
Log. 4 = 2M x: $4.2 x 5 Se: 3 


Seck. 1. of FLUXIONS, 


2224 Log. 10. By Ex. 4. 


Ae 
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10Log 4 = , = += E +++ &c : 


Ie e was. 1 oo 1024 * 255 Y 
Ae ; 


++ = &c (putting e = * 


| M=1, A= firſt Term of each Series, and B, C, D, 
Ec, the Numerators of each preceding Term. 


The particular Terms of each Series being found 
will be as follows: 


1) 1 22222222222222222222222222 
91449474195523548239598 
 677403512337211468441 
 5973575946536256335 
5735943981 5848826 
579388280968 170 
6052489164910 
64759143328 

705437291 

7792354 

87040 

981 

11 


en e e e * 


— 


1 2,231435513142097 5576629507 


,071146245059288537 5494071 
333457 13214995043214 

238 130983355618 19 
282525950815 

30896931 


l Dh 


2 8 3584 


3 Lag. 2885 = 5577749579879 12625 


H. — 10 2. 30258509299404568401 799116 22 
T "Conor. 
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Cool. Hence therefore the Number M, mention- 

ed before and made Uſe of in the foregoing Exam ples, 
will be known for the common Logarithms. For 
ſince the common Logarithm of 10 is 1, therefore 

Lo | | | I 
2.302585 He x M=1. Whence M = 2362555 U 
= 43429448 19032518276511289 Cc. 
After the fame Manner may Brig's or the common 
Logarithms be found, fince we know the Number M. 
For let the former _ or 10 Log. 4 = = P; the 


latter Series or Log — = 2 a the Lag, + = 


= 7 hence is had the Logarithms 
of and 8; * H And 
thus, 


en = Log. 3— = 


DD 35 a = 
e  þ __ = 4 _ Sc, by 


Log. 3 = Log. 2x2 = Log +4. + = 
1733 | x50 
+ OTE Sc; from 3 1 © 


1 _ £Þ , le 11=Log. 10x 


t 1 1787 1 5 ö A 1 0 


8221 71— — — ä — p — Sc. 


I 
Both theſe by Example the 3d. 1 ſo * others. 


Scholl. The Rules in Example the 3d and 4th are 
the only two Methods by which the Logarithm of a 
Number can be found without the Help of other given 


Logarithms. 


ee ee 


r 


p 1 K > 8 F a 
a : . 2 K K a + . AI 8 1 „ > 
* ; © AS, * . e Da 20S. 2 . * „„ s x 3 * r r 7 _ , 
by OO IRS 55 e r : 
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Logarithms. And therefore to find the Log. of a 
great Number thereby, we muſt take two or more 
ſuch fractional Numbers, that the Product of ſome 
Powers of theſe Numbers may make the Number whoſe 
Logarichm is ſought : And then there will be had two 
or more Series, which will give the required Logarithm ; 
in the ſame Manner as is ſhewn in Example 8 for the 

Log. of the Number 10. Le | 


PROB. II. 
To draw Tangents to Curves. 


1. In all geometrical Curves, where there is given 2 
the Relation of the Abſciſſa and Ordinate. Let APFI G. 
=Xx, PM=y, and draw mp parallel and infinitely 25. 

near to MP, and MR parallel to AP, and draw the 
Tangent MT, and let Pp or MR=x, Rm=—y. Then 
by the ſimilar Triangles TPM and MRm, y: x:: Y: 


* — PT the Subtangent, that is > = PT. 


Therefore, by Help of the Equation of the Curve, ex- 
terminate x or y out of the Quantity 7 » and you will 
get the Value of the Subtangent. | „ 

2. In mechanical or tranſcendent Curves refer d to an 
Aris, the Subtangent JE may be clear d of the Fluxions 


by the Equation of the 3 by the Help of thoſe of the 
known Curve it is related to. * 
3. And in any Curve QM refer d to a fixed Point A; 


draw AT perpendicular to AM, and let AM=y= 


AR, Rn=y, RM=x; and by ſimilar Triangles 
7 = AT the Subtangent, out of which the 


uxions may be . 8 
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FIG. There are ſeveral other Methods of drawing Tan- 


27. 


28, 


25. 


25. 


gents, but this is the moſt general and eaſy. 


Example 1. 
To Sou a Tangent to the Circle, Let A p = x, 
P M=y, Radius AC=r; then will 21x — xx = yy, 


whence 7X — 2x 225. and * = 2 There- 


p Ay .. amo... 
fore PT — y = x RI” 
Ex. 2. 


To draw a 7 angent. to the Ellipis. Let tranſverſe 
AB=24, Latus rectum =, 2 PM=y. Then 


by the Nature of the Curve I = vi —xx, and 


b 
in Fluxions . Sead, or j= 2 5 
hs 5 aa 2a -r 
conſequently PI dt = = 
Ex. 3. 


To aw Tangents to all forts of Parabolas, Let 
AP=x, PM=y, and x=, putting the Parameter 


Ts” p JxX 


D. Then x=my"” J, therefore PT = = my" 


— mx. And r, in the common Parabola, where 


5 ths 4. 
To draw a Tangent to an Hyperbola. Let Apr, 


PM=y, Tranſverſe 2a, latus rectum b. Then 


the Propercy of the Figure is, - — r; in 
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5 6 

Let MB be an Hyperbola between the Aſſymptotes; F 1 G. 

Put A Px, PM=y, _—— then xy+yx=0, 29. 

, or +=; whence PT=E = — x, and the 


negative Sign ſhews that T lies Gn the conrary Side of 
PM with A. _ 


| To draw 4 Tangent to the Ciſſoid AM. Let AP zo. 

r, PM=y, AB=a, BC the Aſſymptote. Then 
e e * ; whence 

8 = . 

r 2 N. TONY 
whence PT = Hs da r expunging 

= Mw 24x—2xx 


34 — 2K 


Ex. 7. . 
To draw a Tangent to the Conchoid. Let CA b, 31. 
AV= a, AP x, PM =. By the Nature of of the 
Curve, e, UT i = = XP, — er” UE 


* N 
— __—_— 
_ aa xx | 
/ 5 I Van — xx | r 
ere * - 5 


— nn Be nem a — xXx — laa — x3 


and being negative, it lies on the contrary Side of PM. 


. Otherwiſe tbus; . 
= Let AP=v, AM=y, PM=a, AH=b, MR=#; a. 
en Then by the Nature of the Curve v+4 =), n 
25 * 
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Ex. 8. 


FIG. Le AM be the Catenary, AP=s, PM=y, AM=2z, 


At 


33: 


by the Nature of the Curve zz=2ax+xx, whence 22 


Sat Het, and à t; but 1 * — = 
2 _ aÞx — 22 


aax* 


7 ind j ==; SAS" e 
Z y 
Ex. „ 
To draw a Tangent to the Cycloid. Let 3 


2 


P My, AC=2a, PB =, Ach AB=z. By the 
Nature of the Figure y—=z + u, and thence y=2+#, 


A—X 


but from the Circle & = * and = x 3 whence 


75 draw a 7 angent to the Duadratrix A. Let 
—=b, CB=r, Mx, PM=y, DN=2z, NI=s, 

Cu, Ni, RMA. Now by the Nature of the 
Curve bz=ry, therefore b r, and by the Property 


of the Circle rs tz; whence æ = ==, and 


==>. By fimilar Triangles ty = 3%, and thence 


ty T = u5 , that is (becauſe a=b—x or 


: 22 —4, and yr E or f =) 1 25 


A (85—3#2) . mhence #= 2 +3 


— . 


4 - 7 2 


Ex. 11. 


rr 


„ 


. 
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Ex. 11. 


fſuch that AP = Arch AS, and Ordinate PM = = 

42, to draw the Tangent TM. 

Let AP=x, PM=y, AQ=v, Tangent SR. 
Rt, AS=z. By the Nature of the Figure xz, 
and v=y, therefore æ g and V=y ; and by fimilar 


. tæ 
Triangles v = FR *© IF = — MW Oe RAY 
1 
=== ==} . 
Ex. 12. 


Let BM be an exponential Curve, AP =#, PM=y, | 


and 4 =y. Let A, I be the hyperbolic Logarithms 


of a, 53 then x4=7, ad T, whence 


* 


1 = —7 an invariable — Therefore 


BM! i 7 4 Logarithmic Curve, 
Ex. 13 


Let the Nature of an pat DIY Curve be expreſſed 


by this Equation x ; Let A, Y be the hyperbolic 


e 5.7; then xA , and XN, 
but X=7,, . (by Prob. IL) herefore 


75 draw a 7 a to Lrcbimades's Spiral. Let Radius 
AP=r, Arch A, AM=y, c a given Line, 


By the Nature of the Figure rz =cy, and thence 
2 and by fmilr Triangles a gez. 


r 779 


Ex. 15. 
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Let AS be any given Curve, and AM another Curve, F I G. 


35+ 


—— — — — ——— — — 


= De DogTRINE 
Ex. 15. 
F 1 G. 7 draw a Tangent to the reciprocal ſpiral. Let 
38. Radius B=, Arch BC=6, BP=z, AM=y, 


therefore zy+32=0 3 and by ſimilar Triangles * 
Da, or * = — ax, whence * or & = 


© 1 a 
uanti 
Q * ths. 16. 


Let AMD be @ ſpiral of fuch a kind, that putting 
AM er AC=y, Arch MC v, AD=a a given Line, 


Sectors 22 AEB, av S, whence expunging v, 
IS 


2 =ay, alſo M or x = = 


non IV. 


To find the Point of In 
given Curve. 


The Point of Inflexion or contrary Flexure is that 
Point which ſeparates the convex from the concave 
Part of the Curve. 

In the Curve AM any way related to the Axis AP, 


pn parallel and infinitely near PM, and Mr parallel 


or leaſt poſſible in the Point of contrary 8 


Rug. The Equation of the Curve is ab = Zy, and 


2. Therefore 4A T = = 83 b a given 


and av . Let Arch BEA, and by the ſimilar 


ZE in ®. And 


or contrary Hexure of @ 


let AP=x, Ordinate PM=y; draw the Ordinate 
to AP. Now the Ratio of M to rm is the greateſt 


ne en e eke en e e, n eee e e ee ee 5 . * 5 9 3 1 ASI 


3 „* 


£) 


KK - 


** 
if 
2 3 


05926 me II PR A ORE Ie FT OO 


PPP 
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Mr 


x 
that is —— or — is a Maximum 


or Mininum, 
E an 


whence (by Prob, L)i Its ; Fluxion Ea = = O, or y 


—H=0; hence if * o, then Yo, or if Y , 


then; X=0. 5 
In a Curve B M reſer'd to the fixed point P, take 
Mm infinitely ſmall, and draw Pn, and Mr per- 


pendicular to it, draw the Tangent MT and PT 


perpendicular to it; and let PM=y, Curve BMA, 
Mr =x, ur =. Then, by ſimilar Triangles, 
= = 2 E. . Bur in the Point of Inflexion the 


perpendicular PT i is a Maximum or — there - 


fore i its Fluxion or the Fluxion of Zo, that is 
A9 
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FIG. 


41. 


, or 5d L Ho. Out of 


vhich any of the Fluxions may be exterminated by help 


of the Equation . 5 and its Eluxion, making any 
of the Fluxions invariable, or the ſecond Fluxion = o. 


Hence therefore to find the Point of Inflexion, the 


rule is, 


1. In Curves referred to anAxis, let AP=x, PM=y, 
put the Equation of the Curve into Fluxions, and again 
and the reſulting Equation into Fluxions, _— both x 

_ given quantities. 


2. In Curves related to @ Pole or given Point P; let 
PM=y, BM R, and Mm, mr, Mr uill be as 


2575 2 Fut the Equation of the Curve into Fluxions, 
the reſulting Equation into Fuxions again, writing 


determine the other Fluxion which muſt be ſubſtituted into 


Fluxion. And then you will get the Value of . 
U 


# 


40. 


41. 


1 for ſome firſt Fluxion each Operation: Then you will | 


one of the following equations that contains that other = 
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42. 


43. 


FIG. 


Ix+x) =Xy/ aa—- ** — — 
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If x=1. then j==HE = — ; 
EA” 2—8 
Fj = 1 — Ä — — ” 
If 2 =1T. * — =. = — wy 
> . 
Example 1. 


Let the Equation of the Curve be ax* u + aay. 


This in Fluxions is 2K = 2yxx+x*y+aay which 


put again into Fluxions, 24X* = X T2 23xXYy= 
2 + 4xxy, and expunging 5, a = yx* + 2 N 


2a —20 . 


A that is by Reduction 48 + xx = 413 


whence x M. 


Ex. 2. 
Let BM be Ni cbomedes C s Concoid. did. AB=a, AC b; 


then its Nature is 3x =b+x Jaa. In Fluxions 
 bux+o*x | 3 
and expunging , 


* aa 
—x3 — aab 
XX Va- 
24*Þ—a*x) — 2 aabxx 
— CCC p 


* , and this again in Fluxions is 


* = ©, and reduced x*+ 3bxx= 


aax\—x* a xx 
Ex. 3. 

Let AFK be a Cycloid of ſuch a kind, that arch AD: 

DM : : ADB: Bk Let ns.” ADB=a, BRK, 


| PD=2, Mu; then a. » and 5 = 24 


r 
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Ex. 4. 


Let BM be the helicoid Parabola, Radius PB or FIG. 
PE r, arch BE=v, PM=y; then by the Nature 44. 


| ofthe Curve av r-, whence e r—y, 


# but by ſimilar Sectors 5 sn 2 z whence 


ar 
2 rax = — 23j x 1—) 5 = — — 
1 X=1) 3 and e X . * — 
* . 4 = + aarr. , and expunging 5. 
LY 
: 1 _ 
5; | nnn ER 7 , that is 


49 * — aarr x) r + aarr x 2y—r o; which 
% [© reduced gives 47 5 3 ̃— 


0 
s Ex. 5. 


Suppoſe BM to be a ſort of Spiral, PT or PR=s, 45. 
Arch RT=v, and let 4 expreſs its Nature; 


then 0 LD. but by ſimilar Triangles v = = 


—2 


whence 2vyy + ayx = 0, and & = _— putting y= 


and expunging v, ===, i 3 


oY Oe a* 
therefore y = 2 — Or ＋ = ga", 


U 2 PRO B. V. 


= 
1 
1 
« 
= 2 
A + 
4 
. 
1 
| 
| 
= 


148 


WM 1 G. Let Am 4 he a Curve referred to the Axis AE, and 
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PROB. V. 


To find the Radius of Curvature in Curves. 


ſuppoſe C to be the Center, and Cm the Radius of 
Curvature in any Point m, and deſcribe the equicurve 
Circle Dm coinciding with the Curve in mz. Draw 
DC, mr parallel, and AF perpendicular to AB, and 
rom mB to H, and draw n bb parallel and infinite- 

near mg; and call the Abſciſa AB, x; perpen- 


4 ordinate Bm, x Am, * ; =C #5; DF, 3 


AF or BH, c; mr, x; rn, 5 J and mn, 23 then 
CH=r —b—x, 

By the Nature of the Circle DH x 2DC—DH = 
Hm?*, that 1s 2rb+27x—bl—2bx—xx = cc+2cySyy 1 
which put into Fluxions rx—bx—xx = cySyy 3 which 
put into Fluxions again, e ++); 
therefore r—b—x x i—j x cy = K TY = 2*, But 


by ſimilar Triangles —5— 2 = * and cu 


2 
Tx IX 
= 7 =" whence the former Equation becomes 
2 . LE 5 | = 25 = 
8 3 —2* 3 which reduced gives r = = 


for the Radius of Curvature of the Circle Dm or of 


the Curve Am in the Point mn. 


Nou fince we are at Liberty to take any one of the 
Fluxions &, y, 2, as invariable 3 we can, by the Help 
of this Equation 2*=x*+5* and its Fluxion, exter- 


minate either of the other indetermin'd Fluxions out 


of the Value of r, and by that Means find ſeveral 
different Forms for the Radius of Curvature, to ſuit 
different Cafes, And the fame Way will 2 

Values 


7; 4 


= I 
- — 
4 — 


== 
ET IT ES 

„ 4 wy — WH '0s A — 
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— - 
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— 
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| Values of ml, CH, be determin'd. Thus we ſhall FIG. 
find when & is given, the Radius - = 5 


when 5 is given, the Radius = IJ = =; 


and if 2 bo given, the Radius — — 12 N 


Again in Spirals or Curves refer'd to a fxt Point B, 47. 
as AMn. Let C be the Center, and Ci the Radius 
of Curvature in any Point M; and deſcribe the Circle 
DMn coinciding with the Curve in the infinitely ſmall 
part An. Draw Bn infinitely near BM, and CD, 

A perpendicular to BM; and call BM, y; Curve 
AM, 2; Radius CM, ; DE, v; Ee, d; Mr, X; 

Mn, 2; mn, y. By the — 3 MEC and 


3 


4 22 wp” and thence . 
And by the ſimilar Triangles BEe, B, «i is BE: 


Bf: : Be: Mr, that „ee 


= = 1 : X, which multiply'd and re- 


— 
*. 40 * * 1 . _— : — — 2 . * . 
— _ - - _ p i ij ” ” . = 
b — p TY 20 7 K ' , . y 4. . : 2 —_— 
as "2% * a> - - E . 0 — - 
4 2 —_ P31 — — < — < K " — . — 
"=... Mt —— . — 7 | DX = "IN - — ws | 
* 4 ; 7 3 — on — * — , \ 
K 5 ; . * . . 4 2 5 -_ © = =— 
24 = Y | 22 — 2 RISES — < __ tr Hs Shy 
— — — . . - N 0 - a 
—— p a * 1 — * = 2 
4 2 7 4 - 2 2 4 -- — * — 4 * 4 + — -- - 24 —ͤä—Ihg——ͤ— . - — 
2 > pu ps - 2 7 * — \ * * 23 * 4 — : = 
— * e — _— — — 8 4 42 =_ 2 
4 - ol 
* - _ «7. _ 
* > 83 7. 7 | \ . 
- 4 \ 


od 
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* 9 | 

duced gives r — N - = for the Radius of 1 
Curvature of the Circle DM, or of the Curve AM 168 

in M. Hence allo ME = =. 2 : wy 

mn — = B | 

Fi . — | 17 f 

| n Tye th! 
| | Now fince we can make any one of the Fluxions 140 
*, 5, , invariable; we can expunge either of the N 
reſt and its Fluzioa by the Help of this Equation 11 


2*=x*+5* and its Fluxion, and thence obtain Variety 
of different Forms for each of the quantities CM. ME, 
EC, as before. 


Otherwiſe 


150 
FIG. 
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Othewwiſe thus, when we have the Perpendicular 
upon the Tangent drawn to any Point Mof the Curve, 
we can find the Radius of Curvature CM very eaſily 
thus; let BP, Bp be perpendicular to the Tangents 
MP, up, and let BP u, pq=4, the reſt as before. 
Then by the fimilar Triangles pMq, MCs ; and 
Mrn, MPB; ri =pMx Mn=yy, or ru =, 


whence r _ Hence therefore to find the Radius 
of Curvature the Rules are, 


1. In Curves whoſe Ordinates are perpendicular to 


the Abſciſſa, for the Curve, Abſciſſa, and Ordinate, put 
2, x, y: Put the Equation of the Curve (reduced as low 


and ſimple as poſſible) into Fluxions, writing 1 for any 


one of the fir# Fluxions contained in it; then put the 


reſulting Equation into Fluxions again, writing aua for 


the ſame firſt Fluxion. From the firft Equation the 


other Fluxion will be determin'd, and by the ſecond you 


will get the ſecond Fluxion ; which being had, ſubſtitute 


them into one of the following Forms that contain this 


firſt and ſecond Fluxion. 


But in the vertices of Curves, where they cut the 
Abſciſſa at right Angles, take _ for the Radius of 


Curvature ;, and in the big beſt Point, where they cut the 


Ordinate at Right Angles, m H is the Radius. 


hate 3 3 


” , Ka 4 
: 2 £ * 
nnen . Ax 
e * 
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1 4 | T . — F 1 G. 
> | Radius mC = 2. = — - h 
— : 
d = 
A 4 

| 
to | 
/14 


y | 2. In Curves related to a fixed Point, let the Curve 47. 

ve | AM=z, Ordinate BM=y, and Mr. Put the 

| Equation of the Curve into Fluxions, and make ſome of 

be | the firſt Fluxions invariable, for which write 1 and 

m | the Equation being turned into Fluxions again, write 1 

for the invariable Fluxion, as before: Thus you will de- 

termine the other Fluxion and ſecond Fluxion, whoſe 

Values being ſubſtituted into one of the Forms below 

which contains that firſt and ſecond Fluxion, you will 

have the Radius of Curvature. | 
But when you know the Perpendicular upon the 48. 

Tangent drawn to any Point of the Curve, * this per- 


GGW 
PPP 


Y, 


14. i 


— re * = = 


* 1 pendicular = u ; and find the Value of — From the E- | 
4 quation of the Curve; and this is the Radius of Curvature. 
„ pom, Meir MC CE 


13 


49. 
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. d „ 1 
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— * — — 4 — = 2 988 * | _ a = 
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Ex. 1. 


FIG. Let the Equation of the Curve be ar ay A, 


where AB = , Bm =, a= a given Line. Let X=1, 
then putting the Equation into Fluxions a—ay = 


2 ＋ 2, and again 9 3 Whence J= 


 G—2x and j = PT —2-2y _ —2 Xx A2 —2 — 
2 nt oh 4 ay 
f A becauſe ax-ay=x * 0 . Whence the Radius 
+23 _ RS 
: 
of Curvature = on 5 —— 1 = 
5 


2 = —— determinate Quantity : Therefore 


Am is the Arch of a Circle whoſe Radius i is ——. 


I 
N 


Li Am be an Ellipfis, a= Tranſverſe, h = the 
Parameter, and abx—bxx=ayy. In Fluxions ab— 


 2bx=2ayy (wherex=1), and this again in Fluxions -26 


| =247 +209} 3 hence y = — 5 „ and — = 
b+ ay ab—2bx 
+ _ Lp + — = (expunging = 


. „ 1+F* abb AA -N 
dus mC= . . IL = 


And if Am were an Hyperbola, it would be found in | 


the ſame Manner chat = + yp, and c 


iFF ay Falſe 
2bbai 9 2 


a 


ret 


23-3 . S 


ratio 
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Or thus in particular Numbers. 


Let a=3, b=1, and aſſume x=1, x=r, then 
b 


= Þ = * * — Xx = V, and by the foregoing ope- 


 ab—2bs 1 5 b--ay* 
r mn Ja ay 
4 | 
Whence mC = 1+" + 22 
T9 og Oy 
Otherwiſe thus : - 
Let Tranſverſe = 2r, Conjugate = 2c, B the Fo- FIG. 
cus, BM=y, BT SD the Perpendicular on the Tan- 
gent at M. By the conic S:&ions # = ——u_—_ L 
| a v/ 2ry — pv 
and: & == _ « Hh whence — 3 L, the 
2ry— yy* 1 " 
Radius of Curvature in M. 


ny= 
3 
" WS - 


= | | 
In the Parobola ax=yy, then ax=2y, and ox =2 62. 


21 
(putting y=1); whence Radius mC = 1+" . 


— 8 . 
1+ =! Pr ue, TD 
aa _ aaav} __ 4mD 
N , 


Otherwiſe thus: 
Let a = Latus rectum, B the Focus, BM). 58. 
BT=u, the Perpendicular on the Tangent at M. By 


— 5 
8 97. ww ay N 
„ —A[EHù „„ 


Radius of Curvature in M. 


the Nature of the Figure us = 24h, and = —< 
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Ex. 4. 


F I G. Let Dm be an Hyperbola between the Aſſymptotes. 


91 4 _ _ " 
P N +: _— mn , 7 
—_—_ 1 % . 4 * 3 — 5 W k 4 W v oe * os a. \ * _ 
- ad 4 3 A . _— "TY 9 * bu - . 
* 2 * 7 * 8 — * 
r * — iy p - be 1 3 2. 1 — 4. * * ju — 0 Sm 3 you 1 * —_ 
N PR» * r & Wr . —_— , 7 N DP - * — 
2 — 5 2 > — 1 - 1 r wy 2 —— 2 — 1 2 2. $2 6 Do -T 4 
——— . 2 —_— | 
x * 1 — — LM: 8 a — — 
* 6. . 0 we — —— —— — : 2 8 g * 


"IL 
DD — 


—— — 


3 o ? 
l * -— — „ — 
» - 5 4 - 
A £44.44 "0 +1 * 25 
v 2 * "= — 2 wp — - 
2 * 
e e e 2 --* 
0 9 = m - 


- — 
+ AE 


* 
* 


by 
* - of 
ods | 


2 
_—_ - 
r 


AB = x, Bm=y. Draw MR parallel to the other 
Aſſymptote; then ſince the Poſition of the Ordinate 
mR is given, there is given the Ratio of mR and RB 
to mB perpendicular to AB: Let RB=s5y, mR=ty, 
AR—x—5y. By the Nature of the Figure AR x Rm 
= aa = txy —t5yy, which turned into Fluxions 7x + 
tyx+2t5y=0, and —_ —_— hence 


2235 — K 25—2X 2—22. 
1 1 1 2 D 


Then — „ IS „the Radius of 


3 29—299 
Curvature in n. 


NETS right-angled Hyperbola, So, and the 
| Radius becomes L phe 2 ER Am; 


+ 


209 245 248 a 
Ex. 5. 8 
Let Am be the Ciſſoid, whoſe Equation i is xx — wo 
3 
n, then a—y= = in Floxions 1 = — = 


reduced -&#=2y*x—29x, in Fluxions - 


. 


3X G ⁰.— 2%; hence & = = 5 | and & 
6 Tn INT Br 27 Gniy® 1 
= I ME. 2 3 * Then 


the Radius = LI = DES EETEDY 
0 : >" 233 x: 3xy*þ+ GX * + gx" 


= (expunging V, 7 —.—.— e 


6aay 
— 444+ I9+)* +1 xx g 
3 noe = (expunging xx ) 
K D Therefore in the Vertex A. the 


Ox a—y 
Radius of Curvature is o. 


Or 


7 
* 
] . 
*F 
: 
. 
. 
1 
= 
* 
. 4 
£ i 
LY 
& 
z 
1 
5 
1 
3» 
E 0 
4 * 
"© 
by 4 
x 
„ 4 
3 
. ] 
= OY 
1 
8 
* 
» 


the 


Or 


| 1 
| 


It 


= 
- 
* I 
5 
» 


Sect. II. of FLUXIONS. 


Or thus definitely in Numbers. 
Let a=10, y=1, and aſſume y=2, then x—1; and x 


EL dm 5 And % —= Oxy+ 3xf=207 x x 


2 | 24 
3 IK Fl 
= 76x10 5 Wnence — _—_ = It 17» 


Ex. 6. 
Let æ y be an equation for all | Parabolas, then 
(if y=1) x =", Xz=1nn—nxy  . Therefore 


1430 _ FL 


x n. —1. 3 
Hence it will eaſil y appear that every Parabola, ex- 


cept the 3 has the Radius of Curvature in 
the Vertex either infinite or nothing at all. 


Cor. If ax=yy, bx=93, cx =, dx, Sc. be 


a Series of Parabolas, then the Angle W Contact 
(made with the Tangent and Curve) at the Vertex of 
any one is infinitely greater than the Angle of Contact 
of the next following one. The Angle of Contact of 


the firſt ax, is of the ſame kind with that of 


Circles, 
Now it appears that the Angles of Contact of one 


kind infinitely exceed thoſe of another kind, ſince the 
Radius of Curvature of one kind is infinitely greater 


than that of another ; and the Curvature or Angle of 


Contact is reciprocally as that Radius, Thus in the 
3 575 l. and 


Curve cx, the Radius = - 


in the Curve dx , the Radius —= - 
ty, becauſe y=o ; and the latter Radius is —_ 


= 1 
greater than the former, for —— 209 — 755 7 


and therefore the Angle of Contact of the firſt infi- 
nitely exceeds the Angle of Contact of the laſt. There- 
tore a Curve of one Kind, „ how great ſoever it may 

X 2 | be, 


5 = hg 
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3 5 | 
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iP? 
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FI G. be, cannot be interpoſed at the Point of Contact be- 


54 


62. 


nitely exceed each other. 


tween the Curve of another kind and its Tangent, | 
however ſmall that Curve may be: Or an Angle of 
Contact of one kind cannot neceſſarily contain an | 
Angle of Contact of another kind, as a whole con- 
tains a part. 


1 in this Series of Parabolic Curves ax = 
2 


„ bx), c , arr. Sc; the Angle of i 
. which any Cut ve makes with the Abſciſſa at 
the Vertex is infinitely greater than the next preced- 


ing. The Angle of Contact of the firſt ax = * is 
of the ſame kind with Circles. And though the An- 


gles of the ſucceeding Curves do infinitely exceed the 


preceding ones, yet they can never arrive at the mag- 


nitude of right lined Angles. Moreover between the 
Angles ot Contact of any two of theſe may other An- 
gles ; of Contact be found ad n, that will infi- 


Ex. 7 
Let Dm be the logarithmic Curve, whoſe Equation 1 
JX =ay, putting AB — 8 Bm — y, a = Subtangent. 


Then (if Z=1) var: „and y = . 2 ; there- 
fore IT . * 5 "= 


_ the Radius of c 
where the negative Sign ol y ſhews its Poſition, 


L Am be the Cutenary, yy "Ee Bn=y, Ama, 


I's Equation is zz—=2ax+xx, then (putting Z=1) it's 
Fluxion 1s Z g , and again 1=47+x5+ x3 3 


| * - 4 | Od | | 3 | 
hence & = , and i I—x* __ 6bx —2z 
* 44 & 4 
aa IX NVA —22 
. Therefore * — = 2 
24 * 2 a+x x aa 
abr — a+x S2 


. — 14 and x = — 255, and 3 R 


Seck. 1. FLUXIONS. 


Ex. 9. 


Let Am be the Cycloid, AB x, Bm=y, Ah FIG. 


a 


AR=a, then BD = ar xx, and V = 2 
by the Nature of the Circle (putting x 1). 
Property of the Cycloid, y 3 whence 
A—2X * , 


2 — * 


erg 


2.x* — e 
2% = 2 
Ex. 10. 


Let Dm be the Conchoid, RA—b, {=b, AD=c, AB=x, 


Bm=y it's Equation is Y Ve = = xy. 
boce bcc 
+ cc — bb 


w 
| In Flaxions, - 3 2D 


This 


ſquared and divided by yy, 


2bcc 
” 
6bbce 


* * * 
RCC -bbce Bec 5 
222 1225 5 Ver & 


— 259 — Dax. 


3 2b — 2 = 2xx ; and again - 


| . Z bbec 2bec 1 2 
x mx on ad 


8 to find the Radius of Curvature in any given 
Point m; let b=5, c=10, if you take y=6, then 


RN whence 


1 2 2 | 
| I. = 49» 326 the Radius of Curvature in that 


WW = m. 


The Radius of Curvature may alſo be expreſſed in- 


definitely in the ſame Manner as in the foregoing, 


Let E, 5 = - — 
2 


* 


though more prolixly. 


By the 
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83. 


. a 
* , l — 
0 * at _ 4 "WIZ — -- 
— * * — the. — — - - —— Þ p — K 
5 "ER " — 33 3 » 2 
AE © "BE © 7 © 


- —_— — * M 
7 — . * thc 
4 * — _ 4 a 2 - 
: \ f 
— 2 5 * y ö - 5 P 
*.- < _ 0 w_ 4 * — 5 
rr vw. 
3 3 * 2 — 1 
<A : " 0 5 
— a — * 1 q 
» As — vw Gi. 48 N 2 — - 
* pf <>. 4 _ a 1 = 
— ws & * 4 « 
e E — 2 - w_ = {an 


ar 
* yy — - 
= - * 
——— = " - 
2 7 — 1 — mY 1 
6 „ p< 


— 

A . - a $ = 2 
1 L —_— E 6 
aaa * TIE *26 7 7 


n 


= a 
— — 


— — 1 2 


21 


- L 
* 


the Radius becomes — = —p=— + 
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— ==, then TT = 2 i 
: 
, therefore either x or y being 
&# _ UR—Ip 


given, the other will be known, and thence the quan- 
tities 72, 4. For Example in the Vertex, where * o, 
TE ; bbcc bee + 


=> . 
1 5c 
e * 0 
Ex. 11. 


Let D n be the Quadratrixz, AB=x, Bm=y, AF 
or AR=r, AE=u, CE=v, Arch CF=t, RCF, 


RC =q—t, Am,. By the Nature of the Circle, 
the Fluxion of RC () is to the Fluxion of AE (a) 


as 7 to v, that is — f ru, likewiſe rv = ut, and 
by the Property of the Figure ?=y, and 1 ; and 


dy ſimilar Triangles vy=vzx, in Flux ions v., 


Ta, and expunging d, 4, o, we get 0 260 


I br x = - ru xx (putting y=1), this in 
MW 


uxions 7x += 7x = — 29 + 7X — 2xx. Therefore 


: 3 *LIX—xx x —SS dd —2Y—2XX 
22 — _ =— 5 GS” 
.ry — 8 9 
259.25 ä 
m_ 12 x 
ä — x7 — 4 2 
N- xrryy — 1 rr—2rx+5. 
15 XK 25, 2, * . 


It the Radius of Curvature is required in the Ver- 
tex F, it will be found by expreſſing AE and CE by 
infinite Series in Terms of 5, rejecting the ſuperfluous 
Terms. Thus it will hereafter be ſhewn (Ex. 5. 


| | CE3 
ob. VIII.) that CF= CE + Sc; that is 
n + G7 * 


— v + — whence by Reverſion of Series v=y 


— 


ce 


r 


Sect. * 


of FLUXIONS. 


— 8575 , and thence #« = /rr—Vv = r— "np 


, and x=r 


2 . 
— and & = — > But the Radius of Cur- 


159 
FIG. 


vature in F is 2 „where you muſt write bor x, 


» 
Pp 


Ex. 12. 


Let AM be the Logarithmetic Spiral; 
gent; BT, BP 


4 for x. Then = = r* kr. 


TM a Tan- 
perpendicular to BM, TM. Let 


My P, BP, the given Ratio of MT to BT as c 


t; then 1 = 2 and vm &; whence MC = 
FR — therefore C falls in the Line TB produced. 


ts 03. 


Let B M be Archimedes's Spiral, AB=a, Arch AD 
=v, BM=y, and let by—av, whence hy ]; but 


by ſimilar Sectors d = —_ or V= =. therefore aa 


5 by 1 
N. Let y=1, then & =- and 7 by 
whence the Radius = /* . ELD 

axa*Þw — all 255 2 7 7 
Dr 


ö — 


Ex. 14. 


Suppoſe the Equation of the Spiral to be by” = a"v. 


Then, if x=1, 1 mby”— 75 = 4 2 — or mby"j 


| J 
= a+ 's again in Fluxions ²⁹ . =0; 
hence 


y | 
» 


61. 


* £== 
E 
to 
* 


3 - = Z - \ 
l * £, * - _ 1 * — 2 => 4I £2? 
, » b - _ , a < 5 —_ r 
* = K 4 — - * 2 . * — = . _ \ PP W * & = * Py . 5 
- 1 * * h : Ig | \ 1 5 —_— I ; 
, * 4 A” <FI 
* - * 4 - Mo . — — vo - — 3 e % . © wy _ ”—— -- — r „ 
£ — - 2 +% — 4 Ll 7 — * 
a | 9 — "i — — o — A = 8 = A _ 
—ͤ— — — . . . 5 - — - + Az» - * 4 n > Ht 4% _— y \ = 8 * 
%w #7 , D e - * - N ny « F3 . pe \ * e LY 2 IS 3 — n 8 * * 
— , py pa * 5 : , 12 , . — — 1 2 2 0 1 a 
l gt vP _— : * 1 __ — 9 "= ba * * r — N — 
r F * . i * * - —— . 3 5 * - - ——_— — 4 = 1 2 — 
> 4 1 x * — : K — — — — - ** 5 1 — - 
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— 5 2 83 — I - 122 An 2 . L 
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* BR 


SF = - —— Fr. Whence the 


* | by 2m 22 
man = 22237. eee 


== fy — ae ee e 
1 


Le BM be the reciprocal or n S PE | 
Radius AB or BD=a, given Arch AE An, Arch AF 


=, BM=y. By the e of the Curve an=ty, 


=. = = : But 


whence w+Yy = 0, and v = 5 


by ſimilar Triangles V= ],, therefore 1 = - j, 


— $ — 


kt #=1, then 5 = , and 5 = = === 


L Therefore 2 25 . = ( becauſe 


1+/ _—_ „* 
2 2 CA 


* N 


the Subtangent BT— —n) 2 
ſuppoſing BG pon to BM. 
. 


Let BM be a kind of S "Roy Radius BD=a, Arch | | 


DF=t, BM=y, Arch MR—v, and let its Nature 
| be a'y—v3, By the ſimilar Sectors BUR and BED, 


t 


==, whence a ny, in Fluxions 1 F255 


ax 


wh by ſimilar fluxionary Triangles 3= =" , and | 


—27 


expunging i, S265 05 let r, then & = =" * | 


„ 47 40 


and ö —— hq Therefore | 


34 2 90) WM 


. tant _ nn gen 


x+&+3x © -oxby+dcv FTI 


k 
Y 


ol 


as aC 


gect. II. 


of FLUXIONS, 
he Or thus, in particular Numbers. 
—2t 2 
Let y=1, vV=4, y=1, then = — 
— | OY ws "—_ 2 
„„ —8 22K 3 Ix 1+x5)Þ 
al, 1 = — = the Radius of Curvature, where the 
#® | negative Sign relates only to the Poſition of it. 
*” r 
But | Let there be any geometrical Curve defined by this 
I general Equation e, . T o; make A8 
ny, | =x, BM=y, the Perpendicular to As Curve MQ=r: 
Then the Radius of Curvature may be expreſſed in 
_ algebraic Terms affected with æ, thus; compute the 
mM | value of 5 in the foregoing general Equation (putting 
auſe | + invariable), which ſubſtitute in the Quantity — 5 
A2 and put — f or 2 4 and the Radius of Curvature 
2 2 * X 
will be 
P ney” "+5bx'y 2 x 7? . 
Arch F mm l D *g eb *** 0 
——_ | —2rsbx"'y" xm * rb 7 xuy +bx'y D. 


32.1. g ＋5. I. nf "+rbx * * 

f Example. 

1 Let bx*—ay*+abx=o, repreſent an Hyperbola, 4 = 
Tranſverſe, b = Parameter, Comparing this with the 
general Form, we ſhall find ego, 2 m D, 
e a4, 1 2, 5 r= * 508 $= o, whence the 


RNadius of Curvature = LAM 
2 ZN Zz 24K 20x+ab\ 
32 |. = —” 442 SRD 
; cone x) — Py = & of And * 


o-l | will be the lame for the Ellipſis. 
Y 


PROB. 


I61 
FIG. 
{7 
Wo 
10 
15 
63. | 
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3 R O B. VI. 


7 0 Cetermine the (Quality or Degree of ) Variation of 
Curvature in any Point of a Curve. 


Fl G. ' The Variation of Curvature depends on the Mo- 


ment of the Radius of Curvature, and the Moment of 
the Curve; and it is as the Moment of the Radius of 
Curvature if the Moment of the Curve is given; and 
reciprocally as the Moment of the Curve if the Mo- 
ment of the Radius is given. Therefore this Variation 
is as the Fluxion of the Radius of Curvature divided 
by the Fluxion of the Curve: Therefore, 

1. Find the Radius of Curvature by the laſt Problem, 
which divide by the Fluxion of the Curve; and the 
 Fluxions may be exterminated by the Equation of the 
given Curve, or perhaps by expreſſing their Ratio by 
* of the 7 angent, Ordinate, or Subnormal. 

2. In Curves _ to an Axis, finding the F luxion 


of the Quantity = 1 which divide by 2, putting æ 


and exterminating mh 2, you will ger the 3 
Rule. Put x for the Abſciſſa, y for the Ordinate, 
K =I: Then ſubſtitute the Values of y 7. 5, 3 Y (got from 
the Equation of of the Curve) into ibe Ryaniily 


HS XAT... and it will give the Pariati ion. 


Example 1. 
Let the Curve be a Parabola, then ax, and j = 
PTE. TT _2aJ*—avy 1 
77 = I? p JE — Now if a=2, 


==>, y= I, 1, then 5 I, J=—1, y = 3, whence 
r 


=3. Likewiſe if x=2, y=2, 


then the Variation = 6, 10 


W n 1 


Sect. II. of FLUXIONS. 


In general, 

= =#9, therefore 5 =—, and 3 = <= 

ince ax , TY J = _—_—— * 255 

E An.” BEES wn POE v4 

35 2 —— 

K 2.4... +: HP 

= 

1675 by 


In the Ellipfis let bx — 2 xx=yy. Suppoſe a — 2 


2 
b=2, to find the Variation of Curvature when x—=, 
and y. By the Proceſs of Example 2 of the laſt 

ab—2bx bpayp 


Problem, 7 = 2ay — —=—k, 72 8. 


2. 

and it will be found that y = 2 xj = 
C 

48. Whence 2 2 2 the Variation 

required. 


Or in general thus : 


By the laſt Problem the Radius of Curvature is 
| aabb+4aay—qaby\* 


— 2 , and its Fluxion divided by 


=... 4d eee 1 0 
I ?— . Par 
; the Equation of the Curve 


noe 
Curvature becomes _ x Za—x x 12; and isthere- 
— —— the Rectangle mBO, ſuppoſing O 

Y 2 


\ whence the Variation of 


Ex. 3. 


50. 


i ilk 164 The DocrRINE 
. | Ex. 3. 

TR SHA FIG. Let x=y* denote a cubic Parabola; then r, 
1 2. 1 : —2 22 10 

| THER ("Np 5 ind j= =, 5 == == = 


3 N 2 = Md 
1 * whence * + x14) * WO 
1 „ Variation required. -| 
| F Ex. 4. | 3 
| 


55˙ In the Cycloid Am the Radius of Curvature is 
| Va 

but by the 
Wy. {oh | | Jaaa 
5 | WF | | „ : AD X * DR _ q 
_ Property of the Figure 3 . 5 x 2 
_— a 6 
3 ; T — , Whence — i 2 

:. | T4 | 


 2y/aa—ax and its Fluxion — 


W 


=. Ie 


” Saas eee e 

= — "FD : The negative Sign only ſhews that the | | 
Curvature increaſes, | 
7 1 14 39. Bi the Logarithmic Spiral, (by Ex. 12. Prob. 0 


10 the Radius of Curvature is 2 (putting c: f: d:: 


74, N NI. TB: BM), and its . . and 2 = 


| = Ji. : 2, therefore 42 =—w the Variation of Curva-| 
9 | If | „„ - which K is uniform. 
: l 1 14 „ BM be the hyperbolic Spiral, (Ex. 1 X. 15. Prob. laſt) 
_ _ DD 
_ a he Radius of Curvature is 2 | whoſe| 


a 1 
wh: Fluxion is EH; IF. , bur the Subtangent 
=_ BT=n, 2 by which divide 


my — in IL "PROB.| 


1 To find the Nature of the Curve, by whoſe Evolution 


* en * i ; " ; 2 1 * : £ 3 þ R n 
S E 1 s e Mu , 3 
* . i; FP ² P chard 


ferred to the Axis AL; then find MH, HC by Prob. V. 
| will be diſcovered. 


y Prob. V. which will give all the Points Cc in the 
| Evolute. 


of þ of Curves whoſe Lengths may be 3 by finite 


Sect. II. of FLUXIONS. 


PROB. VI 


a given Curve is deſcribed. 


A Curve ADM is faid to be deſcribed by the 
Evolution of another Curve VEC, when a Line is 
ſuppoſed to be applied to the convex Side of the Curve 
VEC, and the End of it A is made to move with a 
circular Motion, and to deſcribe the Curve ADM ; 
whilſt the Part DE or MC that continually leaves the 
Curve YVEC is extended into a right Line. The Curve 
VEC is called the Evolute of ADM. | 

Hence it appears, that the Line CM which is a 

Tangent at C to the Curve FEC, is the Racſius of 
Curvature in M of the Curve ADM, and 1s equal in 
Length to the Curve CE + the right Line ED the 
Tangent at E; or to the Length of the Curve CERA 
the Line JA. Now the Evolute EC being the Locus 
of the Center of Curvature of all the Points of the Curve 
ADM, the Nature of the Curve YEC is to be found. 
Therefore, 


1. In Curves related to an Axis, put the Abſeiſſa 27 


Bex, perpendicular Ordinate BM=y, and let CM 
be the Radius of Curvature, and draw CH parallel to 
AB, and CL to BM, and produce MB to H, and put 
v, u, for the Abſciſſa and Ordinate of the Curve VC re- 


and expunging x and 5, the Nature of the Curve VC 
2. And in Spirals find the Radius of Curvature MC. 


Conor. Hence it will be eaſy to find any Number 


Equa- 


1 | | hi 166 De DocrRINE 
N FIG. Equations; by aſſuming any Curve AM at Pleaſure, 

| OI and finding its Evolute EC: For the Radius of Cur- | 

bill (iP vature MC will give the Length of the Evolute; or ; 

wilt MC— DE = Length of the Part EC of the Curve. | 

64. Let AM be a Parabola, — and putting y=1, 1 

| * 

we mall find (by Prob. V.) CH == — = 14. Pax, | 


* 
* 
4 : 
„ — , . 
4 — 
” > o <— - — 
— —— — = = — — — 
— — — — a _ — — 
rr — anna as Aon Sw - 
— — 
- > a — — 0 


and MEA ch +2 m_+ 
— i adi; x and ys, ta. Put v VI., 
u=LC, and we have v = (AB—AV+BL=x—22a 
+ 34+2x=) 3x, and 1 = (MH— MB =) _ 


= : o& om auu 16 
: Whence x3 | a 274 


— . for the Property of 8 Curve VC, which there- 
fore is a ſemi-cubical Parabola * Latus rectum IS 


776. 

4 Ex. 2. 

69. Let GM be the logarithmic Curve, AG=1, ers, 
T BM=y. Subtangent RB g, then ay—=yx, and (by 


Prob. V.) MH = — . and HC —— 


Let v=4D=x — 22 bc whence 


- - * * — 
” E 
- S - 
„ — 5 
* — 
. — aye 
— 0 — — — 


—.—2 e 3 | 
29}—48 . | 
5 J; therefore 5 = —a—w | 
c= -u, the Equation of th the vous wherein the 
Center C is always found. F 
Now ſince v = — 


7 5. therefore v will in- 


creaſe when 2a is greater than 2, and decreaſe when 
2yy exceeds aa. de oo when 2yy 


exceeds 


Ur- 


11 22. ⁵̃ . ]˙ IS IC ES 


Sect. II. 


} Ma — I whence u= 


of FLUXIONS. 


exceeds aa, that is when v decreaſes ; z and it will de- 
creaſe when v increaſes. 


Ex. 3. 
Let AM be the Cycloid, AB=x, BM=y, Arch AD=s, 


Axis TR=c, AR=a; then y=5+ xx, f= 


— wm p 
N — j= , whence N = 


2 q - —y 
2/ax—xx, CH=yx MI 24 — 2K. 


„ax xx, that is (expunging x) «= — arb: 

And when xo, RP=a, Hence the Curve TCP is 
alſo a Cycloid equal to the Cycloid AMT. For com- 
pleating the Parallelogram RT P, and deſcribing 
the ſemicircle TS 2, NP =(a—v=) AB, ES 


(/av—w=) BD, Arch Arch AD= , and EC= 
av—vy = EN— TES d 


(c- A= - 


TS+ES : Therefore TC is the Cycloid. 


4 
Suppoſe AM to be the Catenary, all. BM=y, 
— and x α xx, and x = 


x= 


I: , 
(putting Z = 1) whence MH = —.—. 


a ＋ x= 5 x 


= * and ch = = 4x, 


when 8 HC or AV=a. La V Lv, LC=u, a 


⁊ x @+x 
= 2X, and 1 = — — —5— 


2a+V 


| —y= , 


we have v= 


2.20258 4 x Logarithm of 2 v+ — 


20 


2 n into that Log. 


Ex. g. 
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NC; then U=d—x, and 4 =y — 2% =$ — | 
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Ex. 5. 


Suppoſe VM to be a Curve whoſe Tangent MT i is = | 
the given Line a, AB=x, BM, VM=z, y= 


. Ops = = = 


4 5 y/aa—yy, the negative Signs ſhew 


— m 


they muſt be taken upward (and to the right 


But in the Vertex Y, MH and HC are nothing, 


therefore the Evolution begins in V. 


Let AL=v, LC=u, then 9 — +y-a= 
— and = —_ : Alſo u=x+y/a@— yy aa . and 


e eee = 


— Cay 
*.. n be » 
2 to the Catenary, therefore VC is the Catenary 
ucve. 
Ex. 6. 


Let AM be the Cifſoid whoſe Equation i 15 0x —yx* 


, and ſuppoſe a=10. To find the Point C of the 


Evolute when y=2, x#=1. By a former Calculation 


(Example 5 Prob. v) N — 3 5 


* = ＋πέ 


S 5 78 

__—_ ee 
I+x* 

HC = 2 = 5: = BL, and MH = # x HC = 
433, and LC= 233 And fo for any other given 
; Point of the Curve, 


; whence (by Prob v. 


Ex. 7. 


& SOS, 4.4 (it SS regs 247 n . VS. et: 4 


n A > * W 1 8 Ed 8 * . ** > "x 
5 SS E 4 . c n 8 1 (4,4 "4 3 8 7 3 NS; p . * 
Ni * e Ao $5: * -:. DESIREE IE dt 10s Mer e oP 
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e a ent eee 
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ect. II. of FLUXIONS. 


Ex. 9. 
Let BM be the Log. Spiral, TBC perpendicular to FIG. 


* 


F. 


ww 


; — 4 %% 
— = ————— — 
— a — - "= :-- = 
* (SE \ 
* 


Bis alſo a Log. Spiral, the fame with BM. 


1. f BM; and let c: 1:5: 1 TB: BM. 8 (by 67. . 0 
= || Ex. 12. Pr. v.) MC =, and BC = Z. Ther- 1 
8 fore ſince the Angle 2 is e BUT. 5 Curve r 


Ex. 8. nn 
) Suppoſe BM an byperbolic Spiral, BE perpendicular 68. 
to BM, MC perpendicular to the Tangent in M; 
| Let Radius BA—a, Arch AO =n, BM=y, then (by 
=} Ex. 15. Pr. V.) Radius of Curvature in AM _ 5 


wg b therefore draw EG perpendicular to EM * GC 
| 5 
ö 


perpendicular to GM, and the Foint C is in the * 
jute required. 


53 - * 
12 _ * 
. —˖— 


. bp RO B. VIII. 


" . - —— . ” * 6 
Thee © adn E — * 
— 


N * 
s NES | * 
22 x A N ys \ I 


To determine the Length of Curve Lines. 


— 
—_ —— —— N 


> Draw the Ordinate BM perpendicular to the Axis 71. 
Az, and u parallel and infinitzly near to MB. And 
0 in Spirals draw Bu infinitely near BM; and let Ar 

I de perpendicular to 2g or nb. Let the Abſciſſa 43. N 
b. V.) * Ordinate BM =, Curve AM=z, Mr=X, rn=y, . 
; Mn=z. In the right-angled Triangle Mur, S = 

IC = Þ AN „ therefore 2 ; wherefore, 


* I * 
1 5 pe — 93 * mv „ . k . * "y 
- — N „ * * * 4 * . : * > > — = * X 
-- 1 — : 5 — * W _—_— p 5 K Wo - . , +> of 
- bob Oo . þ = "I Xx. 7 5 ** a 4 
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4 a a $6. -8 Fe. FTA ay 4 * , — - 
2 „ LS. * 1 * . 2 2 2 = 1 C * 7 
—— _ Pex: mm I 3 = 4 2 — 8 : a a 
4 * 1 - V 1 2 — . —— 4 4 "WA > 
* 4 — * 2 IT, =-£ 4 54 xx 4 - we A - £ _ .- - oy _— — 
4 * 1 1 * . * — * * N . * 6 —— 8 * 
—— — "= 2x6 £25 j- wg "+. 8 r 2 24 ih 7 
3, Ta.-< * * 3 „ * 4 * . ? — o . 4 4 py 5 . 
* we " 2 ——= . P by ey * 12 - : \ \ ” £3 "4%, Kaba * 23 2 l — a - - 
. . E £ a « \ . — 2 2 — = = 
1 * . F * . 0 © * _ = — 
7 4 — — - — 5 = 
N — — -- 
a 
- 


By the Nature of the Curve exterminate x or y out of 


Y the Equation % —= i; and the Fluent will give 2 
| the length of the Carve. | 


Z Ex. 1, 
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Ex. 1. 
Let the Nature of the Curve be = x aaþxx\3 =v. 


Then it's Fluxion is 5 = - — Va ;: Then 3 = 
Saf =iV 1+ =*+ 3 And 


x3 


(by Form the 1ſt) the F luent 2=x +7 — " which 
needs no Correction. 


Ex. 2. 
In the common Parabola ax Y. Here x = 2 


whence & — VT = — aaf : And by 
Form the gth and 13th, the corrected Fluent 2 = 


2. 584 aadvyy. 
d Tad LY _ 5 — «Lag 3 +] 2 


„ 


3 
2 


Is the ſemicubical Parabola ax*=y', or x = : 


„ 


and & - : And therefore & = y/x* + 7 
242 N | 

N.,, whoſe Fluent, by Forn he 2d, is 22 

48” | 7 Form the 3 » 3 22 


3 
27 7 . Bar in the Vertex, y and z = 05 


8a | 
(whence 0=7>); therefore (Prob. XII. Scct. I.) ; 
—— 84 | 


1 
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— 4% 


mg — * 2 


1 
2 a , 


oy 
7 
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= % 
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Sect. II, of FLUXIONS. 


Lt ax he an Equation for various Parabolas. 

| Then #= 22 „ and += 22 Jy, and * = 

TX man 

| 2 | FF = * (putting 52 N 3. Whence 

ma” ma" = 
( 

3 2 N 55 . 5 Now the Fluent of 

| 2 b+y * * will be had by Form the 15th, in finite 


4 Terms, when m2 is any poſitive even Number. 


| And likewiſe the Fluent of /I + by* will be 
4 found by Form the 11th, Ig m is any odd Number; 
| finding firſt the Fluent of) Fa * 1 + by" by Form 
the gth and x 3th. 

FH Ex. 5. 

1 To find the Leng th of the Arch of the Circle AM. 
Let Radius PID Sine BM—=y. AB=x, by the 


i 5 
Nature of the Circle n- and x = 3 


— an 2 = x*+5 © 1 
£1 vr 5 * * a 
1 222 
: and, by Form the 16th, 2 2 += a = A+ = — AN OY 
4 + e Se. c. where A, B, C, Sc are the whole 


F foregoing Terms. 8 
} Otherwiſ thus : 
Let 22 r, Tangent 4 AT=t, Tt= t, AM=z 


K =2S, then CT = Vr. By ſimilar Triangles 
; 


% t | 
N 8 and Tir, Tr = : and by the ſimilar 
: Vr 


2 2 Triangles, 


The © 


8 t7 
the 16th) the Fluent z =? — ——4 3 


The Were 


rri = 
rr+it * RO rr+it 


1 (Mn, ., 4 


= —— +$ —-3 Sc. Whence (by Form 


grr 7 . 
= : 
9 


1 3 Þ 
And then 2 o/4X: 1 T7 1 3.55 2 ＋ 
1 


— 8 = = —% as Circumference: And half the 


9-3 


I 3 I 
Oc; where A, B, C, &c. are the 1 Nets 
rators with their Signs. 
Or thus, by collecting every two Terms into one, 
we ſhall have half the e —*£4/3 x into 


7 4 + "F579 - + Se; that 


ITY 183. T_T 


is putting 0 =, 34=8, bel cb e, 


then half the Circumference S — 
In C+- 25 75 7 ITE 1. E +- 
kich ſeries ery be as follows, 


a. 
22 
» 


Now if 1 I, and Arch AM=3c", then — 
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” 
* 
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4; 
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3.44759268358979373846 S 
= half the Circumerence. 


Ex. 6. 
Let FMD be the Quadrant 7 an Ellipf s, AD=a, 


, MB=x, B =, toni 2. Then by the 


Nature of the Curve = ee =, and 5 = 


"i 


ay/ 4a-xXx 2 ad — xXx 


1 aa-cc N e 
putting 4a — . Maa—xx 1 


ED 3—24—dd 
=#+ 5 x*x + 72 a} whence 


— -=, 
2= * * * e x +2 
Sc, for the —— PM. 


aa —XX 


12 * + 
But 
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FI. 


77. 


— Nala ] ＋⁊ cc 
— whence 2 >= Ee 
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ing Quadrant of the Circle divided by 4a = 2 ; 
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But for the Quadrant FD, 2 = 


Jaa, 24 2.443 — 


the Fluent of a = Arch of the circumſcrib- 


a 44—XXx 0 


whence the — = or z= A x 1— a + 


34 .54 So 2.2 
” 0 Sc, by Form 17th. 
Ex 7. 


To find the Length of the Arch of the Hyperbola. 
Ler a = half the Tranſverſe, c=AF * the conju- 


gate, AB= x, BM =. Then y Va+ <a, 


1 5 ES 5 5 22 
” == þ 8 ** 
aa L . 
:-l 


7 =, de, de 
1 f = 2 1—4 


Put aA — 


244 * 3 16a⁵ * + 


| Sc; therefore z = x — gs x3 + add — 


. „ 
* - A, * Sc for the Arch * 
Ex. 8. 


Let AM be the Cycloid, * BM=y, AR=a, 
BD=v. Arch IDs, then y, by the Nature 
OX — 2XX 

- -2V 


S2 


=, and 


1 


11 
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I= therefore J=5+v= 
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x. 5 * | 
peg „vhence 2 FIG. 


vs 


% 
I] 1» 
I 
. 
<= 
+] 
l 
— 
[| 
| 
. 
\ Yo 


; | M. Therefore 22 FE = 2 Cord AD. 

- | K. 9. . 
Li GM be the Log. Curve, AB=x, BM, AG 69. 
—b, Subtangent BR=a, then a , therefore 


| 2 1 3 * aay*y _ i, 
| 9 * 4 yy = aa ＋ + T VI TAN 
Whence by Form the 3d anc and gth) 2 = =4 4 8 


2.302884 x Log, 1 2 and corrected (by 


Prop. XII.) 2 or GM V — y/aa+bb + 
ay+3y/aa+bb 

ab1-b/aaÞ+yy © 

Ex. 10. 
In the Cifſoid DM, let AD=a, AB=x, BM=y, $0. 
1 then 28 — = — 


— and y — 
. 7 
* ax - © * 


2.302385 Xx Log. 


18 r * 


ax. 
—y/ax=XxX, whence T= N = — 


2x 
5 3 
22 — Een and a (by Form the 15 


— And the Fluent corrected, 2 or MD | 
{a+ 2x vs 34+y/48 
—Y 5 24 + 2.302384 2xL 
| VE -24 + 2.302583 ES tVob 
| Ex. „ 
Let AM be the Quadratrix, AB=x, BM=y, Arch 81. 
AK=t, Sine KG=v, AC=a. Then (by Ex. the 5th) 
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35 


* 8 V3 9 | 
FIG. *=9 +77 + 45 T f +=) by the 


82. 


by fimilar Triangles) © 6==, 1 . 


. of the Quadratrix. Then by Reverſion of Se- 


246 5200 


CG; and * ſimilar — (KG) v: GG :: : (MB) 


Ro 4507 945 
2 BY © þ 


— + — Sc; therefore 2 = 


458 
1 bog” ,, 
55 T 755 405 ＋ 73757500 ESC 


* E 9 — &c.. 


= 2025a* * 8950254 


Ex. 22. - 
"2s BM be Archimedes Spiral, whoſe Equation i. 
ru=cy, putting v=Arch ED. Then =, but 


rr 
Therefore Z=y/ * = = * * Vr*Fcooy Y; and (by 
"Ou the th and 1 3th) the E luent (corrected) is z = 


; — + 2.302 58577 15 «2 SHEET. 
2rr | 


20 rr 
Ex. 13. 
Let BM be the Log. Spiral, and let c, . , exprekk 
the Ratio of the Tangent TM, Subtangent 7 B, and 


Ordinate BM. Then 2 =L, and the Fluent z = 


— =TM. Therefore the Length of the Spiral A4 


making an infinite Number of . is equal to 
the Tangent MT. 


Ex. 14 


c. 14. 


| correſpanding Ordinates are equal, and the Triangles 


Sec. II. of FLUXIONS, 
Ex. 14. 
Let BM be the byperbolic ſpiral, AB=a, Arch Ao= 
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FIG. 


b, Arch AD=v, MB=y, then ab—=vy, and thence 83. 


vy+yV=0, 2 925 = -; and by ſimilar 


Triangles — yv = ax, and thence L, there ; 


fore N 3 = a + 


* bb+39 


5 bb + 
S —dx2. 302585 Log, £ —— 
Whence taking any Ordinate B D, the Length of 


| the Arch QM = d bby + 2. 302580 x 


by+yy/bb+dd 
L-, 


PROB. N. 


To transform Spirals into geometrical Curves, or geome- 
trical Curves into Spirals, of equal Length. 


Let ADd be a 


Axis AB ; let the perpendicular Ordinates BD, bd, 


de infinitely near together; and let the Points B b be 
* ſuppoſed to approach one another, and to coincide in 


B, whilft the Particle of the Curve Dd remains the 
ſame then the Parallelogram Dab will be changed 
into the triangle BDd. In like manner let all the 
Points in AB be ſuppoſed to be contracted into one 
point B, and then the Figure ADd will be transformed 
into the Spiral Dad, whoſe Center is B, in which the 


Aa Dar 


b And the Flue oy Fun 2d is 


ical Curve related to the 
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FIG. Dar in both Figures ſimilar and equal; and the Area 


8 5. 


by ſimilar Triangles : 


84. 


of the Figure ABD twice the Area of the ſpiral BD. 
Again let ADd be a Spiral, ABD it's Comple- 
ment ; BD, bd, two Arches of Circles infinitely near 
each other, whoſe Center is 4; AH a geometrical 
Curve (to the Abſciſſa AB=AD) equal in Length to 
the Spiral : Let BH, bh, be drawn infinitely near each 


other, and HK parallel to AB. Then the Triangles 


DadC and Hb K are fimilar and equal, therefore C = N. 
Now let AB or AD=y, 1 Arch BD=v, and 
: Ab: C:: Bb: bC—v 


X = >-xBb. Therefore c- 
Bb : e Fuxions) 


b AT 


1. Therefore in Curves referred to an Axis, let AB= 


*, BD, Radius BR or BT=b, Arch RT=v, Dr 


x, rd=y, TS=v. In the Curve AD, expunge æ and 


* ont of the Equation of the Curve, by help of the Equa- 


tion bx y; and the Fluent will * the Nature of the 


Spiral. Likewiſe in the Spiral M, expunge all Quan- 


tities except x and y and their Fluxions out of the Equa- 
tion bx = yu, by Help of the Equation of the Curve; 


and the Fluent ill ſhew the Nature of the > rent 
Curve AD. 


2. In the Syiral AD, where there is given the Rela- 
tion of AD (y) to the Arch BD (v): By Helr of the 
Equation of the Spiral, exterminate v and d aut of the 


Equation v + =_ and the Fluent gives the Na- 


ture of the Curve AH. Or, by the Equation of the 
| Curve AH, expunge u and i out of the Equation d 


4 


5 and the Huent gives the Nature L i the Spiral. 


FR 


8) 


I. 


X ee WP 


| 1 between the Ajſymptotes, then xy+yx=0, a 


|» Aa 2 


Sed. II. of FLUXIONS. 


Example I | 
""F ar * a Parabola Ma, then we have 


= — ==, and 2bj=av; whence the Fluent 


83 . 2 the Spiral QD is | that of Archi- 
medes. 
Ex. 2. 


aa — 5 


therefore V=2, that is RT= AD, and BD= 


TF; draw GD, then fince BG=BT, and BD=TF, 
and L DBG = L FTB, therefore L GDB = L BFT 


= a Right-angle, and the Curve BDG is a Semi- circle. 


Ex. 3. 


Let aa=xy be the Equation of an equilateral * 


1 
5 1 


= , and thence v = = — , or putting þ = 24, 


Therefore — 7 


a yy, for the Nature of the Spiral QDd. 


Ex. 4. 


It ED be the as” oc Curve, . . 


therefore + Y = — 4.7 3 any Fl of the 


DB—EA 
Arch RT or vis =abx 55 ; BD, EA being 


che cotreſponding Ordinates. 


Ex. 5. 
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EX. 5. 


Fl G. Let ay=bx denote a plain Triangle, then i her 


88. 


eee Kt 


, therefore _ = , conſequently v=axLog .y an 
Equation to the Log. Spiral. 


Ex. 6. 
La 9D be the * ral of Archimedes, whoſe hes 


on is =av; then L = 6 = 


and . or y eee 


tion to a Parabola. 


Or thus: Let AB=y, BD=v, then au-. whence 


W EAA ＋ . and , 


* 24u=)), A Equation to the common 8 'F 


bola, as before. 


Ex. 7. 
Let 92D be the logarithmic Spiral, heb Equation is 


ay bx, therefore ay=bx a plain Triangle. 


Ex, 8. | 
Let 9D be the hyperbolic Spiral, then * and 


— © = or 2 


= Ln 
=, whence the Ba — Log.y an th 


on to the Log, Curve. 
Ex. 9. 
_ on * —=av* to denote the e Spiral Ad, then * = 
= 1 + + L=1+ IL teniurs=27, 


of FLUXIONS. FA 
Ex. 10, 

4 == be the Equation of the Spiral; * FIG. 

-e. 


U 
CY 
Q 
5 


TDLet BDdE be a an, BD=9, BE=a, by ſi- 89. 

E BDxrd : | 
nce i milar Triangles Dr = FD” , or ==, | 
whence hence # = — = when corrected, x = 4 — 


aa. = BE —ED, therefore IDL. is the Quadrant 
of a Circle, whoſe Radius is 2. 


Ex. 12. 
N 15 Let Od be a Parabola, B the Focus a = Latus 90. 
| reftum, BD=y, DP a Tangent: By the Nature of 
the Figure the Perpendicular 4 = α, and by ſi- 
. milar Triangles Dr =— . —. rs ©; lice 

BR . Va- 
therefore x == = Ordinate D: Hence the 
Curve will be the ſame Parabola referred to the Axis 


F 42 3 making AY = 2B, and AB perpendicular do 
5 = 
4 
22 
74 
Pa- 


PRO 
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PRO kx 
To find the Areas of Curves. 


* any Curve AD related to the Abſciſſa AB, pro- 
duce the Ordinate DB till BE be equal to a given 
Line, and compleating the Parallelogram ABEC, if 


the Areas ACEB and ADB be conceived to be gene. 


rated by the right Lines BE, BD, moving along the 
Abſciſſa AB; then the Fluxions of the Areas ACEB 
and ABD will be as the deſcribing Lines BE, BD, 
drawn into their Velocities of moving, that is into the 
Fluxions of the Abſciſſas: Now ſince BE x AB = Area 


CEB, and therefore the Fluxion of the Area ACEB 


92. 


91. 


Hluent it 


= BE x Fluxion of AB ; conſequently the Fluxion of 
the Area ABD = DB x Fluxion of AB. 
In like Manner in Curves related to a fixed Point 


3, the fluxionary Triangle BDM is the Moment of 
| the Area, and this is = BM x 
5 per ndicular BT (on the Tangenc 2 M) x by DM 


— 


, or the Per- 


DR and DM are as their generating Fluxions. 


Hence, 


1. In Curves related to an Axis AB, let AB=x, 
BD=y, Area ABD = z, then z; therefore by 
the Equation of the Curve, expunge one of the Quantitie 
or x out of the Equation Z=yx, and finding tht 
gives the Value of z the Area, Sometimes it 
will be neceſſary to find the Area of the Complement Ab, 
but the Rule will ſtill be the ſame if you — Ab iht 
22 

Note, if the Ordinates are not at Right-angles to the 
Abſciſſa, the Area before found muſt be diminiſhed in ile 
| Rates of Radius to the Sine of the true Angle. 


2, 1 


.. fo” — | Di | | 


| Sect. II. of FLUXIONS. "- 


2. In Curves related to a fixed Point B, let BD=y, FIG. 
Perpendicular BT (on the Tangent) p. Curve AD g2. 
u, DR=x, Area BAD=z: Then by the Nature of 


\ the Curve expunge y or * out * the Equation : &K= E 5 
or expunge p or V out of the Equation $= 3 
and the Fluent will give 2 the Area. ws 


And if the fluxionary Triangle BDM can be com- 

puted any other way, and the heterogeneous Quantities 

o- | expunged by the Equation of the Curve ; ; as Fluent will 
en Live the Area as before. 
1 | Ex. 1. 


— i To fnd the Area of a Triangle. Let the Baſe CD=b, 93. 
F 3 P erpendicular Ap, AB=sx, dD (parallel to C D) . 


D, I =y: By ſimilar Triangles y = 1 © therefore & = yx 


* 
hat a 
= - Gockee the Finn == — 


| and when X=P, and 3=b, the Area 2 = ou 


| ſince x = ad therefore 2 S = . and T = 


— — 5 1 before. 
Otherwiſe thus ; 
Let the Perpendicular BC=9, Mio, de; and 94. 


— | by ſimilar Triangles Dd = * 3 , therefore 2 == 5 


iti oli = Area BDd, and & = -— 
te 2/y—pp S 


nes i thence 2 £py/yy—Pp. Now in the Point C, 3 
Minimum =p. Therefore by the Schol. Ks XII. 


| firſt the Part ABC muſt be found, which is 2 s, 


and then the Part BCD, which will be — x /BD*-pp. 
And 


184 
FIG, 


ous. 


3 


Area AbD. 


95. 


a a * 
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| * 778 —— Pp 
And the whole ABD = = AB*—pp + = BD* 
or 2ADxCB. © * 5 + 2VBD 2 


Let ABD be any Parabola, where x = y*; then 
3 — 2 5 85 . and 22 


2 
Or thus: Let Ab x, TE 1 is « 


. — 2 =9mxXx = 25, and thence YZ = 


r And if m=2 the] 
m 1 | _ e. 2 2 . 
Lei FD be an Hyper bola, cs, AF=b, AB=x, . 
ab abx E 8 


Fa” = Then * = == 


 &c, and the Area BDI 


be ah _ 
N be be bx* bxs 
Or 2 = bx— — — — c; 


nw — a . a *" a 


Or (by Form the = = Fluent (corrected) is z = 


95. 


than x, you get the Space BDE. 


1. 4. ; 
Let FD be any ne of Hyperbola, CB=x, BD, ; 
and ſuppoſe S 7 A then pn and the | 


Io? 


Area 2 — ** for the Area CBD 


If the Angle ABD is * --o that Area muſt be di 
miniſhed in the Ratio of Radius to the Sine of ABD. 
If z=1 the Space will be infinite, if » be greate 
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Sect. II. of FLUX 10 NS. 


1 
Let M be a Circle, Aga, AB= x, BD 252 FIG. 


Van xx, then Z=73x = xy/ax—xx, whoſe Fluent 


| (by Form 16th) is Z= x — 


n Ge 2xX4/ax 

"abs  46kne © — 
2.4 — . 
_ _ — 1 4 = Sc; where 
A, B, C, Sc, are the preceding os Or 
| (by Form 10th, 11th, 13th) z = 8 d + —_ 
Jar (putting @=,01 745 x twice the Degrees in 
the Arch whoſe Sine is V , and Radius 1.) 


If AD be 609, then x= za, and Area ABD=7:aa 
„ — 5-9 
245 (＋ 44.7 4-4-7 TI 0.4.9 T Farr” 
to which adding the Triangle DBE = . you 


have + the Area of the Circle. Here A B, C, Ee. 
are the preceding Terms. 


If y = /ax+xx be an Equation to a right. angled 
* we ſhall in like manner find 1 *: 


* . 22 2.x* 3. 5x5 
3 ＋ ws * 4.6. . 9 Ia 


. Ws = s aF Fe, where <= 
aÞ2x+ 2\/ax+xx 
a 


Likewiſe the Area of an Ellipſis is found after the 
ſame manner as the Circle. Or if you put c for the 


: 2. 30258 Log. 


Conjugate, it is no _ than — the former 


Area of the Circle by = . And thus = multiplied 
Bb into 
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FIG. into the former Area of the Hyperbola, gives the 


\O 
* 


99. 


Area of the Hyperbola whoſe Conjugate is c. 
Ex. 6. 
In the Ellipſis FDE, to find the Area adjoining to 


the Center 4. Let AE=a, AF=c, AB=x, BD= =), 


then y= —Vaa—xx, by the Nature of the Figure; 


then Z =3x = = Fas, whence (by F orm 16th) 
3 XX 4 — = JXxXx | 8 ** 71 
c 2aa © . - ans a | E 
FEE CCC 

E for the Area ABDF. Or S = — + aa, 


putting 9 = ,017453 * Degrees in the Arch whoſe 
Sine is—, and Radius 1. 


Aſter the ſame Manner in the e when 


* xx 
= Ma xx, we find Ka 98 * — 420 


Ec gx D ; 9 
SAR "aa 3 Hina £2 Or 2 = ca 4 


Saia r. putting 622 30258 Log. — Ax —.— 


Ex. 7, 


To find the Area ADB of the Ellipf 5 ADE, gene: 
rated by the Line BD revolving round the focus B. 


Let 24 = Tranſverſe AE, 2c = Conjugate, BD, 
draw the Tangent DT and 37 perpendicular to it; 


then by the conic Sections BT — 2. whence 


V 
DT = 3s PA. 4” * 400] And by ſimilar Triangles 
Va — Jy 


* TB:: MR : RD, that s νν = C1 


— 


Seck. II. of FLUXIONS. 


—3 whence 2 = 


Put v = a -=, Þ=aa—ccz 


I 24/—cpr2—y . : 
o | CUVU _caV 
| and (by Form 27th) S = ww. 2 d p 


” | whence (by Forms 3d and 8th) 2 = = 


h) | 2 x ,01745 Degrees in the Arch whole Sine is * 


E | but when z=0, y=a— „p, therefore . 


the Fluznt, and putting o = Number of Degrees 


— | in the Arch whoſe Co-ſine i is -, and Ra- 


F aa cc 
fe dius 1, then we have the Area BAD or z = 
1 501 —— 


4 ellipis AME = ,01745cax90 = 4cax 
3 3.141592. POR 


MM 1D Fi nd the parabolic Area BAD, generated by the 
line BD revolving round the Focus B. 


— Sofa). And the Area : 
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100. 


+ | Let a = Latus Rectum, BD; by the Nature of 


dee Parabola the perpendicular BT = f ay = p, and 
-. i OI ———_ FO DT : DB :: MR: MD, or 


.- 
T +6: on 
”y _ 2 ate: and a by Form ach and 21th) 
the Fluent 2 = —.— JI. 
— 8 

Let AD be an Hyperbola, B the Center, BA = 228. 
Semi- conjugate = b, BC = x, Tangent AT = t, Or- 
dinate CD ; by fimilar Triangles ay tx, and by 


the Nature ot the Figure bbxx—bbaa=aay=itxx, and 
"WS 2- xx 


3 whence 2 — 
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bbaa 
FIG. ws = 5——. The fluxionary triangle BT! is tothe 
| fluxionary triangle BDd, as BT* to BD or aa to xx, 
—_—. | 
Nn 2 bb — tt : bb ; 
bat at at? 


whence 3 = —— HT , and the Fluent ; z=—— +7;7 
als 


+ — * 1 Fe: Or (by Form the 6th) the 


at 5 
that is : 3: 
2 


Fluent 2 = 4ab x 2. 30258 * for the hy- 
berbolic Sector BAD. 


Or thus: Since: 


— by 5 therefore t = 
2/bb+yy 


„ . 
e = 4d | po 1 the Fluent z = 


5 1 6¹v „ 
M x: > - — WB 55 0 
Sc, by * the 15th, Or (by Form the th) z= 


⁊ꝛ ab x 2. 302 5 58 x Log. 2 = _— Sector BAD. 


10 
Lt RD be the Ense Curve, AB=#, BD=y, 
AR=b, Subtangent = a, by ſimilar Triangles ay = 
= = 2 whence * = = OF, and (corrected) Area ABDK 
= -ab. 
8. 11. 


Let AD be the Cifſoid of Diocles, AE=8, AB =, 

BD=y, by the Nun of che Curve y= NE ; 
3 * — 

therefore 2 = yx= * N =, and the Fluent (by 


_ the 1oth and rith) is z= 3 Sectors C A M 
5 — a- ν⁊N⁊, that 1 IS 2 = 3 AN — 2Xy/ XXX. 


Ex. 12. 


* - 4 & - P " 
* — * — 
. > by - — — 2 L 8 
"=" 8 — — 1 © # — — 2 - 
ps — . __ Om - av . 
o . * — —— 
-=* > 5 * r =; _ a. - 
«if a> & an * = — < 
a — — —Ü— . 2 - * R — 
* — * = IO — — wo : FER 4 — 
* . a — 5 — — —— — _ — — 
14 . a . 2 
— — - 2 2 — n 
1 _ 7 5 


of 
* 1 
* 
. 
* * 
4 
4 


vo 
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of FLUXIONS. 


Ex. 12 
Let ED be the Concoid of Nick _— CA-=b, AE 


2a, AB=x x, BD=y 3 the EG! ron of the C:rve is 
% D in Fluxious iv 4. Y coals b+y x 


| 11, and ho gth) wz=4 


yd ay = xy+yx, therefore 2 = yx = y/-- -yy 
3 b+y | (—sxj=) _— = LID = _ 
Va- 
2 BY baay 5 ” 3 
EP way J 


IT 


Log. * + ·0¹753 Degrees in the Arch 


hat Co- ine i 18 _ Radius = = TI. 


Ex. 33, 
Let AD be the Cycloid, AB=x, BD=y, AE=2r, 
FC=s, Arch AC= SU; by the Nature of the Circle 


275y—3y = un, and 4 = 9 and 5=L: 


And by the Nature of the Cycloid „ ou, and 


— 211 — 
$=6+4=L + IL = =; 


2 - 
v 27 }—Yy 


whence 2 J = 25, but this 


is the Fluxion of the Area AFC, therefore Z or ABD 


= * 
Ex. 14. 
Let AD be the Quadratrix, AB = x, BD =), then 


(by the Proceſs in Ex. 11. Prob. VIII.) == A 
WL, = Ses whence * 0 = 


75 T 3154 


=; whoſe nn (by Form 10 and 
. = 2.302 384 x | 


a 
Ph 


FIG. 
104. 
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ff "= 

-— 43-728 

20 8 
3 2 4 


- J = 
at „ O- * 
. — 
o 
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105. 


106. 
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* 1 — 
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107. AD=v, the Equation of the Curve is v0 = 20942 


108, 


109. 
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Ex. 15. 
Let AD be the Catenary AB=x, BD=y, Curve 


whence v ay + + *. and v. = ay . 7 „ or or a+y x 


2 — iy = — 4 x * = 5 whence 4 a+ XX; ; 


therefore 2 * ) — aX, and Z = 4aV— ax. 


Ex. 16. 


Let AD be ſuch a mechanical Curve, that the or Mat 
FD = Arch AC of the Parabola, whoſe Equation i; 
7y=44, putting AB=x, BD or AF=3, N. =. Arch 


M=v. Then v=x, and x=v= (YT =) 


5 . Then 2 0 Nj. But 


v = Fluent of 5 "5 /IrFÞy (by Prob. n there · 


fore by Form 11th, 3 = I 


= Ex. I7. 

Let AD be a Circle, to fiad the Area ABD, extrem: 
ly near ibe Vertex. Let Radius CA=a, AB=x, B BD 
=, the! then SN N Za -&; but in A, V =. 
= y/2ax: therefore (by Cor. z. Prop. II.) 2 N= 
xy/2ax ; and the Area z=*xy/ax = Zxy, the Area in 


the very Vertex of the Figure. 


Cor. After the fame Manner in all Curves of 4 


finite Curvature, the Area of the Segment extremely 
near the Vertex is 5 the Baſe into the Height. 


Ex. 1 8. ; 


Let the Eguabion of a Curve be 


to find the Area of an extremely ſmall Part of the Figurt, 
| when 


7 
F 


Sect. II. of FLUXIONS. 191 41 
E | 1 
5® chen «=>. Here 5 == . = xx FIG. 4 

Te 1 9 

| | as be d £48 

eue | (by Cor.3. Prop. II.) therefore 2 2 — — 1 
urve | | | VU 8 * > «0 
SELLS Wo, 1. 
—; | Where x isa very ſmall Part of the Abſciſſa. 1 To 
„& Con. Hence the Area of any compound Curve £9 
may be nearly found, by finding, after this Manner, 1 

all the Parts of the Area belonging to the ſeveral ſmall 1 

Parts of the Abſciſſa, and collecting them into one 
i nal 2 : Sum. 
on 15 i | Ex. 19. 

Arch Tes BDm be Archimedes's Spiral, AB=r, Arch AC 110. 
=) u, BD= 5 the Nature of the Figure rv=cy, 
ere „ . „„ 
| . 3 1 1 — . 
3 1 — „K rr; and 

| thence the Area BED or x - 

reme- 

;, BD Ex. 20. 

— Let 2DC be the _—_— Spiral, Radius es. 11 T. 
: 1x = i Arch AC=b; Arch AP=v, BD=y ; the Nature ot 

rea in the Curve gives ab—vy, wh vVj+yV=0, and v 
I A, and by ſimilar Triangles v = > , whence 
emely 


* and AE... If 


"OS... therefore & = L = LF = = 2 


= —_— 3 and when corrected, 
C—BD 
the Area BCD or z = b x « : — . 


Ex. 21 
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Ex. 21. 
FIG. Ter 9DC be the proportional Spiral, whoſe Nature 


1 is by = cx, or x = = therefore a = 2 = 2). 
2 


20 . 

and æ or the Area B9D = — g 

112. Ter BED be a kind f Spiral, BD= þ And AD| 
(whoſe Center i * B) = — , and let its e be ex- 1 


preſſed by this Equation av*=y?, or * NF and 3 
Sa 5, whence Z = vj 14 U, and the A 
rea $= 20707 — z vy for the Area ABED. 


SCHOLIUM. 


It may not be improper, in this Place, to inſert 
(from the Tranſactions) a general Method for deter- 
mining the Quadratures of Curves, with it's Inveſti- 
gation. g 


Let the Equation of a Curve be Tax "+ af 
22 * &c =0. And it's Area Ayx+By'x/ + 


Cyf x" + Dy + Sc = Fluent of yx. Put theſe two 
Equations i into Fluxions, and make the two values of 


J equal to each other (expunging 7 29g byike Equation | 
. * x" 42 1e | 
max * ets an 6 | 

Ay eee gere. and multiply} 
= Ax +1By of + gCy© 1% 2 5 an multiply q 


ing the * > Men. and Denominators alternately | 
there ariſes, 


Hes. AM 
2 «a 


— 


Go >» --4 

— — > K- — 2 

- — 

and - . 4 — — 

— D 4 2 

F 
2 * __— = — — 

8 * 


2 — 
- + Som 


of the Curve) and we have 


andi 


ture 


HA T pe. 


Sec. II. of FLUXIONS. 


ans” + bg Ay? x? + oAy" x 


+ anlBy N +lbgpyt= — bite = 1 
Tan, x * b 2-1 
Te 


= te- 
IT nab -- hte 
Now for de 


Equation 


Fluent of 
Next f determining 


the Coefficients A, B, C, Oc. 
Put the Coefficients of the homologous Powers of x 


; equal to each other, thus anA=1—Ama, whence | 
. After the flame Manner B = 


er ow 


| Hence therefore if Va + * : 
e +hy tote ety 


2 ca. then the Fluent of ys, or the Area 


| + . *. 


[> the Indices, compare the 
1 [homologous Terms. 3 whence /=p+r. 
J Again r=p+ |—1=g—1, and thence — and 
\ [g=2p+1. Aſter the fame Manner = gp, i=2p+1. 
Put eu =, and then f=e+1, zer-, bh=2e+1, 
i ze u, k ger, Sc. Therefore the 
ſof the Curve will be in this Form, TN Ch fin 
o Ge 


N = 0, and it's Quadrature 
| [ane Bieta gort hf. Ge = 


Cc 1 
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» 
: 2 
| 7, — = . 
el ” a - 1 « * mo : —— . : a "2 + * tw. N a - * 4 - 2 A" 8 
| a | | . | ; * . — . . a. 4 1 
| | | — | — = 2 Wwe 4 * 4 . Kay * = TB - b L 4. — 
— — ö — — oy — - - 4% —— — 2 * — — _ woe” F 2 _— ö * — 1 e — 2 8 7 > — 
- ——— —— c - . r 2 _ — ET T — ——— 433 k Fry > 4 , — . * +» | PET f * 3 b. £ n 
— 2 = 4 -4 - : : : "— ww ** a mY * $ . : r 4 . & + he 4 1 — * 4 % 193 — + _ = 
- - * 1 * 6 = * — — W- — 4 - -- * 4 — ——— — „ a * 
— 5 1 8 * 1 * = "20" od ng th; ev 7 3 . ; ; : 
- 5 5 cr * r N - . — as _ 9 20 OO En I ts 4-8 n ”! yp — 8 2 2 — * 2 — — — 2 2 Nr d , z * — — 2 -+- # 
1 "_ _— —_—_—__ — =: 5 j my Tn. « 9 3 — ” * 0 . 2 . + 4 - n — — - — . — . | 
A a ; * "9" N « uw . „ 4 x 5 V: -- 9 2 „ : F , N — — - 8 — — 
' - * * .* * . — 2 9 = 7 . — 7 ” "m 
— * | | | | 
— \ — 3 ec * ” — . JEET TOI 3 — a+ CHAS winds 2 #5 #<Z — — — 8 — — b — a = 
5 8 —_ — — — a — — oil " — 2.5 > ; 4 Fe ” = * Le Re — — —<—<—— —. * — *7 4 a 4 \ | a - — ; 4 a 
. 22 . EE SZ —— ty W - F ; , lh a : ” * . 6 2 * P07 : N — . - * —— 224 — . 
4>- 2 DS. Ss. 2 — TS = q —— —_— — : - 8 _ > » Y +8 GT <3. 3 rat n — —— — — — 2 =» Jay 
& — = . * 2 ; 298% | a 82 — ; - | . I 2 Ugo TR. *. TY r 2 = pe 9. 2 * = we - —S. 75 a 
: * — | 8 A 3 — ' a — — 2 ” — DES: - <% þ : - as > - » 82 — - p . 3 >=” = — A” * 
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= Fu . 8 8 . 1 1 | 
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22 = — p 
MF, 
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ow = 
, þ — 
PP 
3 
of = * * IL 
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4 2 
- 2 — 
A W _ > 
— 0 — . 
- 
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« — 2 pe * 4 
. * 
OE 


The DocTRrINE 


194 
+ m—p xbÞ 28 11 
+ p—mn—e—nx Ab amxe+1+anxp+ 1 
| + m—2Pp * 0 | 4 | 4 2p+1, 2641 
+ 2p—26—m—nxcA 


+ ;mpxeFi +etnxpti:x-bBY — hed dome 2th 


m- gp x d 


mn — 1 — 371 1+ Te 3Þ+1 3Þ+1:x-bD 


Series. 


+ g—_—_— x6 "7 ” an 3 5 e 
Te e eee 
+: m—Px2e+1+6+1x2p +1: x-bC RD 

+ mM—4AP xe 

T: 4% -A -- xe. * A . 
+: E + 3*+1xp+1:x-dB) X af... 2 
+; m2px26+ 1+26+1x2Þ+1 -C“ ep! 


1. Here note, A, B, C, D, Gc, repreſent the firſt, 


ſecond, third, fourth Sc Terms, only leaving out the 


Powers of x and v. 

2. This Series ſometimes gives the Quadrature of 3 
Curve in finite Terms; particularly in Trinomials 
(that is whoſe Equation conſiſts of three Terms) when 

PTA 
— poſitive whole Number; to which 


add 1, and you have the N umber of Terms i in the 


3. But in Curves of more Terms, there are ſeveral 


| Conditions requiſite to their exact Quadrability, whick 


it is needleſs to enumerate, becauſe ſuch Curves ſeldom 


admit of an exact Quadrature. It is ſufficient to ob- 


ſerve, that if N= Number of Terms in the Equation 
"of the Curve, they will ſometimes admit of ſuch 3 


Quadrature when — = NAA. 


-en — è +181 
. Pre whole Number, but never elſe; which N * 


— — Ano 2. . U5 


ͤFFE TTC yùuTBͤͥq! :’ ‚ wr To 


— 


1 


Sect. II. 


of FLUXIONS. 
ber will then ſhew the Number of Terms i in the Series, 
that conſtitutes the Area. 

4. When the Quadrature of a Curve is required 
by this Series; reduce the Equation of the Curve to 
the preceding Form, and comparing the homologous 


Terms, the Exponents and Coefficients will be eaſily 
determined; which muſt be ſubſtituted into the fore- 


going general Series, as uſual. And when any parti- 


cular Terms are wanting in the given Equation, then 
the reſpective Coefficients will be o, and thoſe Terms 


of the Series wherein they are found will vaniſh. 


And we muſt firſt of all enquire, whether it will 


admit of an exact or geometrical Quadrature, and if 


it will not admit of it in one Form, it may in ano- 
ther. To this Purpoſe we muſt divide the whole 


Equation by ſome Powers of x and y; fo that in the 


reſulting Equation, there may always be one Term 


without x and another without y; for this Condition 


is abſolutely neceſſary to the Equation z and thus you 
will have a new Form : And this we muſt do as often 
as poſſible. Now the Number of different Forms any 
Equation will admit of is in — u, putting N = Num- 
ber of Terms in the Equation. 

6. If it admit of ſuch Quadrature in none of theſe 


1 Forms, try to find the Complement of the Area, by 
writing x for y and y for x in the Equation of the 


Curve; and then proceeding with the new „ 
in all Reſpects as before. 


Example i. 


Let rb oO. Here m=3, n=3, Pr, 


e—p+m+u 


e=—2, 41, b =—b, any —_— —n 
whence the Curve i 7 geometrically quadrable, and che 
Ex. 2. 


Suppoſe y? 2 =o. Here n , — 
Ce 2 a = 


— 221 


rz „„ 


. 2 4 
, > ” _ 
. 4 D . 2 41 2 - 3 hs * 
* Ron — y — Þ „ 44 4 2 Nah 4 ee” * wen, 42 - : # - - * 28 2 — — * 4 2 r - a Ef 
2 | Sr ACE, ho 2 n ' 1 — 8 2 — * 5 4. ; a N : 
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- w 
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FIG. dn—s, hes, Mee me of 


em - pn 
: 8r 
and the Area = 23 xy + 232 J'x2. 


Ex. 3. 


who ©, 


94 


ay — * 20 ; here the Curve : 
is not an in this _ therefore divide by rt 
and then I +3- * — y 2 AAS where m=o,| 


Let „ here m 2, | 
2 2 — 1, 4 = — 4, b=—2, C = — 4, P = J, 6==2, 


whence — and the Area of the | 


em pn 
Figure is = 2xRy— *: For all the following Terms 
of the Series will be nothing. 
P ROB. XI 


To Jad any Number of Curves that may be ſquared. 


113. Let the Adſciſſa AB=x, Ordinate BD=y, Are 
—— / - * ation between x and 2, thi; 
will determine the Area: From that Equation get 2 
and ſubſtitute it's value in the Equation Z=yx, and thi 


Twill give the Nature of the Curve. 
Ex. 1. Let x, whence 2xX=2= yx, whence 
Sex, and the Figure | is a Triangle, * 
2. 


vs 
wv 


Sect, Il. 


6 8. 


Ex. 2. Let ax*=2*, and 2 — * — whence 


| 1 =, an Equation to a Parabola. 


3x*x 
a 


Likewiſe if & gaz, then 


= = ] whence 


Say, an 22 again to the Parabols. 


Ex. 3. Lei =2*, whence — r KA n 


| therefore — =) whence 3 being 9 lyes 
on the other Side of AB. 


Ex. 4. Let ccaa + oxy E, or = = cyan Jn, 


CXX 


then & = 


Va N mg; * 2 


Ex. 5. f — then >= es T. 


=3x, and therefore y = Jaan . 


Ex. 6. Aſſume þ—3xz+32=2*, then 22—3x2— 


32 


35-22 
— 
2—3K*—22 
Help of the affumed Equation. 
Ex. 7. Let e = 


N zzz, and Z = * S , therefore y= 
, out of which z may be expung d 


= 3, then 2 = muſes x 


, whence y mfr N 


P ROB. 


PREY 
— 


So. £'4 - — 
3 
2 
— - © — — — 


— 2 2 2 * — 
. r — — —— ; — - — 5, — 
- : « — PU p — 4 - N 7 
— — . 8 OE. * 8 s — / 
N — 2 2 e ; SS 25 3 A * = , s * — — — — — <4 — 
— — 7 R222 mn rer 2 W- 3 
9 0 T 1 2 AX = = 


2 — 
+ __ * #7 
— ” . ** 
2 i * _ 
= = OY yay = 
898 * 2 * 
3 ns 


. = 
— — 


—— ALE”. 


2 > 
2 88 A 
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y ns 
ww 
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P R O B. XII. 


2 16. Au Carve ABD being given; to find any Number of | 
Curves ACE whoſe Areas ſhall have any al igned 
relation to the Area of the given 0 urve. 


114. Let DF be any Curve 8 to an Axis, or 
1136. ADF any mechanical Curve, whoſe Complement i Is 
116. ABD; or ADH any Spiral deſcribed by the Arch 
117. BD, whoſe Center is A ACE the Curve required, | 
N whoſe Relation to the firſt is given. : £ 


Put AB=x, BD=y, Area ABD=z. 
AC=v, CEA, Area ACE = 


Aſſume any two Equations, one of which may contain 
the Relation of the Areas x, w; the other the Relation 
of the Abſciſſa or Ordinate of the given Curve AD 
0 x or y) to the Abſciſſa or Ordinate (v or u) of the o. 
ther Curve AE. By Help of theſe two Equations, and 
this third ye, expunge all Quantities as far as poſſible, 
except v and u, out of the Equation uu m, and you 
will get an Equation for the Nature of the Curve ACE : 
And the ſecond aſſumed Equation will determine the 
Quantities of the Abſciſſas or Ordinates of the 400 Curve, 
zo have the required Relation. 


114. Ex. 1. Let AD be a Circle whoſe Equation 18 
117. ax—xx=yy. Aſſume ax=vv, and z=w, then x = 


2VV SEL 
— whence 1 =W=S=3x= YI = 


„ i 
ö a 
ny 
*4 7 ” 
+4 
* . 
* 
. 
4 * l 
4 
E 
4 
BF 


5nd 
— 


2 * 2 
— therefore « = Daa ud, the 


Equation of the Curve, whoſe 4 is equal to that of 
Ex. 2. 


the Circle, when ax==VvV, 


Sect. II. of FLUXIONS. 199 
Ex. 2. Let ax—xx=yy as before, and 2 v, FIG. 


and Z=w. Then UV =W=2ZY =JX= a — 5 
5 3 ** 1 * — 2 | 
——_— Whence u = = 2 f 45 an 


k Equation to a mechanical Curve. of 
Ex. 3. Again let ax—xx=yy, cx+z=w, and ax 
uu. Then W 


1 2 2 
*. — —. Wbence U=——/aa—VV 


or " mb | 


at is + " "Bir 


ary Ex. 4. Let ar Ny as a and aſſume 2 — 

ow 

_ A 2 = , and x = v. Then UUW W¹ tƷQ2——. 2 —.— 

27 22 1 

* — ”" * Na - = - V/av—uv; 

ain hence « —= — av. 

* Ex. 5. Agra let ax—xx=)y, and z*=920, x=0*, 

be - Then v0=w=222=22yX=42yVV=42ZVVy/a%—Xx = 

and aονναν = 42V*V/a—v*: Hence 2 = 42vv 


Va, an Equation to a mechanical Curve. 


Ex. 6. Let cc+xx=yy an Equation to an Hyper- 98. 
bola; and aſſume z=w, — Then 1b == 117. 
22 755 N = = ed. Hence 
4 — 
on ih * c 
= BD. 7. Let coax mY as before, and xy—z=w, 
- = cv. Then e π , e νi 
* = " = cv cv 
| = — — Hence 2 
che /cchax © 2 25% 
I Wins FS. . 5 
us of Ex. 8. Let 7 = an Equation to the 115 
X. 2. Ciſſoid; and 5 + 22 , and x = v. 


Then 


— A 2 by =_ = 2 * - * *. * - + % * 4 6 ds. — — * r 
4 \ > - RE <1. _ + —_—- — „ 4 — > — = 4 * 
2 — # 4 py = - —.— * f 3 22 —. Ls * p - - © #6 
. 2 — 4 - 
Se —ß—ßß̃² Ea. 
8 — 4 3 ä „ 
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24NX—4X*X 
G. xx 


+32 
Au—xx 
y/ Ax—xXx 


S u, an Equation to the Circle, 
Ex. 9. Let y=dv' * 5 


* = X/ax=xx = Vy/av—vov. Hence 2 


Ex. 10. . Let BD or y = Arch AR of the Parabo. 
la AR, whoſe Equation ax = , putting AR= yp, 


BR, Tangent TR=t; then 5 = — Now aſ- 


ſume z , y =v, then will uw =Ww=2Z=)X= 
2 2v5p 20x - 2099 . 20x 


r 264d ME Sod 4 v; 
20x 


conſequently a Y a mechanical Curve. 


Ex. 11, Let 4D be a Cycloid, Diameter of the 
generating Circle = a, FG = 5s. Aſſume , aw, 


then by the Property of the Cycloid yx = whence 
a0 =0=23=Jx = ; and therefore W=5; 


conſequently AE is a Circle the ſame with AG. 


Ex. 12. Let AD be a Figure of Arches, where 
Arch 4G = A x. Aſſume y=v, z m; and 


by the Property of the Circle æ - 


24/ay—)) 
* 4M 


' WY 


hy] te 
22: 


yo 


; Hence #4 = 


| whoſe Equation is by = xx: And aſſume hate and 
i Z=Wz then 20 = W=Z=7X 


whence bu uv, 


* rating that Surface. 


| AM (or BM) = 2, c= 3.1416 x 2 = the Circum- 
| ference 


1 2 . therefore 3 3= 96 = 


UXIONS. 


-= 2 £ 2qy/av—wU 


24av—wo x 


Ex. 13. Let AD be the Spiral of Archimedes, 


XX ; 


=JV= 72 , 
and AE a Parabola convex towards 


PROB., Xin. 
To find the Surface of a Solid. 


As the Fluxion of any Space is equal to the deſcrib- 
ing Line drawn into the Fluxion of the Axis; ſo the 
Fluxion of the Surface of a Solid (generated by a Line 


| revolving about an Axis) is equal to the Periphery of 


that Circle drawn into the Fluxion of the Line = 
Therefore 


Let the Abſciſſa AP=x, Ordinate PM=y, Curve 


of the Circle whoſe Radius is 1, then to find the 
Surface 5 generated by the Curve AM revolving about 


| the Axis AP; by the Equation of the Curve expunge 
| one of the indeter minea Ruantities and and it's Fluxion out 


f the Equation 425 = CZ, or Y 
| Fluent. 


and find the 


Let ABD be a rials Cant, AB=a, BC=b, then 
chææ 


chz· 


122. 


24 


1 *Y 
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F1G. . Ani the Surface of the whole Cone ABD 


— — AB x BC. 

2 | 
. 1 5 
110. Lat AM be a ſpherical Surface, Radius = Sa, by the It 


Property of the Circle ax=yz ; therefore 5 8 1 
cax, whence Sg cax. EY 


EL 2. 
120. Let AM be a parabolic Surface, ay=xx, then 5 y= F 


I 

=. whence = = - Va : and \ 
- \ 

the F luent (correed) is 1 225 Vaa + A4 
—— 2 x 2.302385 Log. N „found ˖ 
by Forms the 9th, 11th, and 13th. . 

Ex. 4- 
119. Let ax —y "+! Jo an ** to infinite Peruleles 


„ 


By the Proceſs i in Ex. 4. Prob. hag z=jV 1 +by"; 


— 
oy” D There- 


whence 3= cyjV/ 147 = 


fore the Fluent of 5 or * 1 + by” will be had by , | 
Form the 15th, when eis the half of 72 negative 


— 
odd Number: And the Fluent of * TG Vbay” 
will be had alſo by Form the 15th when m is any 


poſitive whole Number. And likewiſe the Fluent of 


y V 1+by * will be had by Form the 11th when m is | 
2 half of an an odd Number; firſt finding the Fluent BÞ 


of oy" e by Form the gth and 1 3th. In 
other Cates, Form the 15th or 16th will give the 
Fluent by infinite Series, 


5 — 


— 


* i 
G — — * % ws . . - 
| — n - . - a= 4 - — — LE 
— — * — - La — : - E - — wy 
I — as 2 Jt 4 — . k w - . L Py” — 
— — — — . = - * : 5 — oy . _ — — — 
—— ([—ñ— — = * - * — 2 L. kx " — » a — * u_ - - 
— — 4 —— — — — — — — — — . —. = 
* : — ns” Ag Io _ — . * : 0 
. — — 
— -- — — wn - 
- o 


A 
— — — 
—— 
* -a 
— — — — — 
—— — 
— — — — — 
7 * 
— — — <4 
4 o * 
mmi » 
* a 1 Þ 


| 8 + caa 
Con. If m=1x, then = x aaa) — 


Ex. 5. 


We 


C 2 *** * 15 4 V ee fe = — V FAlxr, 


round AP. 


| AP, let the Semi-conjugz = b, Semi-tranſverſe_ 


| 4B=a, Ab x, PM =); then . 
DE 

Þ ay. = dd = 
; J= — * VEFF : 5 * xx 5 


: — Therefore Hah FOI 
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In the elliptic Surface BM. whoſe Center is A, let FIG. 4 * 
AD = 3 AB b, APæ x. PM =y: 3 then 9= 141. 111 


0 and 7 a again „ and 2 85 


* 
putting aan bb = ad. ' Therrſare j= 2 bond 


aa 


/a*Fddxx, Let A =,01 7453 x Degrees in the Arch 
whoſe Sine LY when a is greater than 5. Or 


22 2.30258 Log. Sr — „when & is leſs 
than 5. And we ſhall have (by Form roth and 1 3th, 


chaa 


or » Form the Lo and 13th) * 2 + 


22 323 Laa. x* a , for the Surface BM nk 


Ex. 6. 
In the Hyperboloid BM, deſcribed by revolving . 


a Vds a.; 0 Form the gth and 1550 


cbx 4a 
Jag Vd. * 2.30258 Log. dx + 
| /ddex—i®: And the Fluent corrected, = "ras 
—— 1 a 4b 


da - + + x2. 3025 Log. prey > ay 
Dd 2 Ex. 7. 
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| Ex. 7. 
Fl 8. To find the $ urface deſcribed » revolving round the 


ww AC. Here x = 7. and x = 


* 2 Ua. r s e ä * ä * = * . DIY 2 
Þ ** 
aun 4 _x ach. 


mM 


IS ö 3 
Circumference Dy by M 1 is cx, «.. 5 = CXZ 


1 12 And (by Forms the gth and 
13th) + 12 V + 2:202685cabb . 


122. In the right angled Hyperbala CM, let AP =x, | 
 PM=y, and a gx, and y= == = —_ : 


whence iP = and therefore 12 


1 2 car 
„ ee 


Vat+of © 
cad 88 


caa 
2 2xx 


—— x2 .30258 * 1 „ *: — 
But in C, let x=a, and o, therefore the Fluent 
c (as 


corrected is 5= — — JEFF + —— x 


2 1 
9. 305 58 Log. e for the Surface deſcrib | 


ed by CM about the Aſſymptote . 


| 
N * 
{ , 
7 [ 
= 13 
« of 
| I : 
4 1 
1 BY { 
; \ / 1 
Wy 
a 1 
0 11 
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= : a4 : 
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5 in 
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2 
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= 3 ens 


* 
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—·˙ ͤ— — 
* 2 * — * 
* — 
nw * : 1 — — 2 
— — — = 
2 "way w 021 
* wo i a _— —— : - 


+ = * 
| ä 8 
. - >» %* ©.» b . 1 = . CORE, I — 
3 9 » - 5 + % 4s 
3 F 2 — . > - - 
— — 23 
—— — G by = £ 


_— — — 


— 2 
3 


-f 
— - "> 


* = o 
+4 . 
+ Do 
« + 
» — 2 by 
L q N p 4» o 
- — . 
2 — 1 — 
_ F, oY — 
ay gs 
— SM 
- a 


| off by a Plane FA, Let F be the Vows: ADZ the 


en. u. of FLU XIONS, 


Ex. 9. 


20g 


Let the Ellipfis Mm revolve round the Line AP per- FI G. 


pendicular to the Axis CA. Let CA, RM Am, 
then 5= 2x PM + (2x Pm = 256dz; Whence 5— 


' 2cdz, And the whole Surface deſcribed by RDA 
dd x Semi-periphery RDQ, 


Ex. 10. 
To find the Surface of the Ungula of a Cy Ander cut 


Section made by a Circle perpendicular to the Axis; 
FD, NI Perpendiculars on the Plane of the Circle 


* ADZ; DC, P Perpendiculars on AZ. 


Put CD=d, DFra, Radius of the Cy linder = =", 
DI=z, CP=x, then r—d + Pl = Colne of z= 


125, 


150 


or PI=y+d—r ; and by the Nature of the Circle 


e , and by fimilar RG NI== 2 3 


but 5=NIxz=— 7 - x 3+ = 5 2 + 7 
dr: — E 5 and 


the whole Surface ZFADZ = ax ADZ — © © 


4 


Ex. 11. 


Let the Ciſtid NM revolue round the Aſſymptote | 
2 et 4 Sa, APS x, PM=y, then is x = 


= E 3 whence w 4 IM 
- ay—yy 3 therefore 2 TS = = 7 2 —2 : ; conſequent- 


_- 
ly 5= e e vir 


q From whence * Fiows the gth 1 13th) 5 = 
2400 T55 
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FI G. ca ya + n.302 ;Log. D- . 


128. 


129. 


and the Fluent Wa duly corrected, 5 = ca? N 


2. 302 58 gα „Log. D 
4 a X 7 ＋ 4% 
Ex. 12. 

Let DM be the Lag. Curve; to find the Surface it 
deſcribes by revolving round the Aſſymptote AP. Put 


— caa + 


Subtangent PT=a, AD=b, 1 PM =. By 
the Nature of the Curve * Whence j= 


VL ＋ 5 = ;: and ; (by Form I and 


13) 2 + 4ca8 x2.3025 Log. T / 
but in D, 5=0, and ; therefore the Fluent 
corrected by Prop. XII. is S = N aa + yy — 


2 þy/aaqbb + *caa x 2.302 585 Log, ee 


Ex. 13. 


Let the Cycleid AM revolve about RC: Let AP=x, 
PM =), Curve AM = Zz. By the Proceſs Ex. 8. 


Prob. VIII. 2 A =, therefore 3= xPRxx\/ 


| — 
22A e *X — ca , whence 1 


119. 


3. 


20a*x* ca r Sax x 24 — .. And * 


, the whole Surface deſcribed by AMC= =4cad. 


Ex. 34. 


Suppoſe the Catenary AM to revolve round the Ari 
AP, by Nature of the Cove =24ax+xx, or 


a+x = y/aa+22z, whence x = == ; —_— 


1 8 | a. : . , nl 


. ao 


* 


— . — —— — : kEõ—5 — 
— - i 
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= 9 * 
1 < - . — . — , - 1 - pm Y - , — - re 4 + — 
- — — = — — — F Tg AA . came 
_ - © - b 4 * A —* _ 8 4 — 


b I — =- — 8 my - 
LE rr rr 


— . 
—_—_—— 


8 3 „ — 


3 * e 
1 4 r * 1 2 — 


Sect. II. of FLUXIONS. | — 
2 == 


Since = qx, aſſume FIG. 
y/ 4a +2ZZ 
the Fluent S=0Z—/ (by Rule 8. Prop. X.) This 


ut into Fluxions 1s 5292 + cy —t, or = cx 
* 


— and (by Form the 3d) = ca aa + 22 ZZ 3 


| whence 5 = 32 — ca Jazz = 2 — caa — cax. 
And when corrected $ = CYZ — (4x, 


a 5 — ä — _ 
DS nt 2 — — 3 A 1 
a . -- - © - — - — 
X EY n I 7s 5 — . EY l 2 8 = 2 — 
— . F PAY - FI”. * * L. 


p R O B. XIV. 


To find the Content of ſolid Bodies. 


la any Solid An, generated by the Soars APM 130. 
revolving round the Axis AP ; ſuppoſe the Plane Mm 
to move along the Axis AP, and by that Motion to 
deſcribe or generate that Solid ; and ſuppoſe a given 
| Rectangle B to move with the 1 Motion along the 
| fame Axis AP, and by that Motion to generate a 
| Parallelopipedon ; the Fluxions of theſe Solids will 
be as the deſcribing Planes Mu and B drawn into the 
Velocities of their Motions or the Fluxions of the Ab- 
ſciſſa AP. Now fince BxAP= Parallelopipedon, and 
| B x Fluxion of AP = it's Fluxion, conſequently the 
| Fluxion of the Solid Im = deſcribing Plane Mm * 
into the Fluxion of AP. 
Likewiſe if the Solid AMb be ſuppoſed to be gene- 13 1. 
| rated by a cylindric Surface MHbm continually e. 
| panding it ſelf and moving along the Ordinate PM, 
| ſtill retaining AP for it's Axis; it may be the fame 
way proved, that the Fluxion of the Solid AMHbmA 
| or HMEmH generated thereby is = cylindric Surface 


MHbm multiplied by the Fluxion of the Ordinate 
PM. Therefore, 


To 


— 


— ay 
— 
— 
i 1 — 
0 2 
* — = << 2 = 
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FIG. To find the Solidity of a Body, let the Ajeif aAP=x; 
Ordinate PM=y, MH=u, c= 3.1416 &c 5 = ſolid 
Content, Then by the Equation of the Curve expunge 


I one of the indetermined Quantities (and it's Fluxion) = 
. ot of the Equation 5 = cyyx for the Solid AMm, or out 
. of the Equation ¶ = 2cuyy for the cylindrical Solid 
. AMHbm or HMEmb and then find the Huent. * 
| Example . F 
123. Ter ABD be a Oui, Sj AC S, CB or CD 
_ £00%'x 


: 
aa 


b Z yy 5 
and 5s = —- . and the whole Cone = 
bb 
< - = Baſe * Height. 


Ex. 2. 
1 Let BF be @ Prifmoid, whoſe Baſes are right angled 
om Parallelograms, though not ſimilar. P 
Let it's perpendicular Height AL —b, A 
n BE=s, ST — 18 ſimilar dat 


— — 
_— — 
2 I 
* — 


- 
= - 
— _ 


WE | Li | 

18 Fa 
4 # IR; —— and _ =z= i 
1 m —＋ -u 

i be, Me 
=. dnx + = be + Fas —4 * 75 ** 

q 1 | N 
oo] | 6-7 
4 5 * ED 

3 therefore s = dux + — dx + 1 


2 for the Solid RIB. And when x= 


* whole Solid BF == dm + 5n + 25m + 2d 
3 Fd xm + d+*5xn: * 


Ex. 3. 


x. 3. 


K. Therefore 3 


c = _— ; and a 5 
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Ex. 3. 
Let AMm be the Segment of @ Sphere it's Diameter FIG. 
S a, then yy = ax— xx, therefore 5 = cyyx = caxx 1 30. 


_—_ „for the Seg- 


ment AMPm. And when xa, the wink Sphere = 
KY 
_ = the circumſcribing Cylinder. 


Ex. 4. 
Let AMm be the $ egment of a Sphere of an exceeding 


| ſmall Height, here Y ar nearly, therefore (by Cor. 3. 


„ 
Prop. II.) che = cant; therefore 5 = _ ==; 


nearly. 
Hence in any Solid of a * Curvature, the Con- 


tent of a Segment of a very ſmall Height, will be 
found to be half the Baſe drawn into the Height. 


. 
Let the Solid be @ Parabolcid, where ax=yy then 130. 


raxx cyyx 
5 = che = caxx 3 therefore 12 ——— = — 


* Baſe x Height, 1 3 
2 


. 
— Fa » Therefore in the conic Parabola, 


where m 2, that is when the Curve is convex to- 
OVV'N 


| wards AP, then the Solidity = = ” = 4 ; Baſe | 


Height. 
„ 
Let AmD be a parabolic Spindle generated by the 


Parabola AMD (whoſe Axis is DT) revolving round 
the Ordinate AT. 


Let Hb, DT=4, 2 MH=#u, then MP 
or — and abu by the Nature of the Curve : 
E e Whente 


I 30. 


l 
18 
WY 4 \ 
IT 
aC 
=_ 
= 7 © | 
rYS by k * 
* 1 
*-, 
z+ . x 
7 4 
+ 
A 
* 
. - 
7 „ 
| , 
& 


6 200” 2 —_ 


— - rae br 


4 , 
6 
1 4 * 
i: 
J 5 N 2 
. j { 2 33Y 
1 Vi | 
1 
ö by 1 
Ly 1 
571 
WE $3 
4 + 0 
7 . 
4 - 4 * 
f ih - 
* 1 4 
. C 


— — — —- 
8G 3 


= 
3 
—— 


2 
* 
. * 
* 
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— * : * . 
Er  o — 
» * . 3 N — 


2 4 
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5 5 . 22¼1 „ 
FIG. Whence y= - w herefore 5 = 2αν = 
—4.011*yir -A n = 3 
S. Therefore the Flu- 
a 55 = 
=4cdus ct 
ent 5 = -+<—: but in A where s is o, 


133. 


1 b; therefore the F "RO corrected is 5 = 


u o, the whole Solid ADd S = 


3 2 54 
404 25 
34 


4eda Aut ach 8c Len 


3 5344 5 154 I 54 
D, for the Solid /MEbms; and when v and 
gcdb Scbdd 


15 1 


.* the Baſe x Height. 
| 3 8,4 
| Let AMm be an Iyperboloid, — 0 


5 8 And the Fluent 5 = pag ! 
— X * q | o . ol Ys * 4 S | — |: 
X — Xa + xx nc $ ' We; 


cb; 3 zax+2zx 384422 
Tad = (expunging % I * = FATE 2er 
x Bale x Height. 
Hence if x, then the Solid = + Baſe x Height, 
and if x be infinite, then the Solid = * Baſe x Height: 
Therefore the Hyperboloid is always between 2 and; | 


the circumſcribing Cylinder, and is nearly — == 


thereof. 
Ex. 8. 
Let the II 'yperbola CM revolve round the Conjugate 
AP, A being "the Center, AC=6, n 
By the Nature of the Figure yy = . 


b 
whence 5 = cyyx = cbbæ 1- : — 


<Mb 
Zaa 


„ and 5=cbbx+ 


x erin the Solid deferided by 40: | 
9 


1}: Fo, 


| Sec. II. 


B; and then the Fluent e bo 


þ 
| =b, deny —— xx 3 


 2bexy/rr—xx 5 and the Fluent 5s = 
| —2bc x Area CDN the Solid deſcribed by ADMP. 


of FLUXIONS. 
Ex. 9. 


Let the Hyperbola DM revolve round the Aſſymptote 
Then 5= cox 


AP, let AB= =, BD= * Se. 
1 
XX 


„ let the Solid begin at 


ca* c 


* 
—caaxd—y. 


Note if CAB is not a Right Angle, s muſt be di- 


| miniſhed in the Ratio of the Radius to the Sine of that 
Angle. When y=0o, the infinitely long Solid DMPB 
12 e — cadb = 


Or thus : Let AP—=x, P. aa=xy, then n=x= 


= B ue X AB. 


aa . 3 
, whence 5= 2cuyy = 2caay ; therefore 5 = 2caay 


| = 2cypx, for the infinitely * Solid AHM2P. 


Ex. 
Let DM the Leg. Curve 3 round the Aſymptete 


AP, let Subtangent MAP ga, then yx=ay ; and 5= 


H = = cayy 3 5 therefore * = h — = Baſcx+T P, for 


the — long Solid, 1 Ab. 


EX. 33. 
Let AM be a Spberoid, A the Center, AE=a, AC 


whence 5= r = = bb 
cbb 


an 
cbbx*x 


1 therefore 5 = bx — x* Achbx 
_ au 


= "cx. 
| Balc x Height. 


And when x=68, then $= 2 cbba = we Þ 


Ex. 12. gs 3 
Let the Segment 1ADMN of a Circle revolve about the 


| dine AN; CD=r, CA , AP or CO x, PAY 


. then 5 Sehn — 


fn; 1 =- xx 


Ee z Ex. 13. 


128. 


136. 
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| | Ex X. 13. i | 
FIG. TIntheCi id AM revolving round AR, we have Þþ of 
137 3 == 1 =. whence 722 c = = — = . cx 
n . rx | cy 
— Caxx — caax + = : Therefore (by Form 4 &c) Þ _ 
S 2 i 
3 = — 4 — L000 aa — 2, 302 58cw x „Log. Le 


a—x: And when duly corrected 5 A — $cax E 
| — caax + 2.30258 Log. a: — 2.30258 Log. a—x = 
2.302585c6 x Log, ow 


— Cx; — Ecax* — caax. 


ö "© bs. | 
138. Tu the Ciſſid revolve round the Aſhmptot AP, a - 
= — r: Whence 8 = tu 

= =#: Whence ; = 2c = 26005 4 
NA - 2 
2 x 6—3)* : Therefore (by Forms 10, 11 and 13) 2 
5 = ca x Segment ACD + 2 cox ay— vy . for the in- th 


nitely long Solid AD, And the whole ABM2F$ . 
= ca x Semicircle ACB. * 


232 


Ex. 15. 

Loet the Coenchoid DMrevolt- about the a 45. 
AD=a, Ab, then Y N = xy, and E= 
therefore 5 = 2CUyy = 2 ο =MCY X Y /aa—y = 
2α V,j'-= + 2077 Va = Deſcribe the Quadrant - 
ADK; then (by Forms 10 1 13 Sc) S = ach 


Area IK LR - Ax a N. And, duly corrected, 


$=20 x Area AKLR + c — 2c x aa R , forthe 
inanitecly long Solid ARM9YP. 
Ex, 16. 


Let the 225 DM revolve round the Axis DR, 
here the Circle deſcr ibed by RM= coax, and che 
Fluxion 


— 
(5.3 
2 


ar =. CTA 


— 
83 
\D 


Set. II. of FLUXIONS. 


| 2r3 
Fluxion of DR or a—y is —y; therefore the Fluxion FIG. 
ve of the Solid 3=— ag LF-xan = 
wx 3 aabbcy 2aabe _ © : 
5x 5 —_— 7 aa: Whence 
90 | bb 3 
* 3 + — — 2aabc x 2.302585 x 


og. | Log. 7 And by due Correction (when y=a) 
ax | Ac NT —e*Hr 1 | 


| — aacy + 2.30258 x 2caab x Log. _ 


Ex. 17. 

Let the Cycloid AMC revolve about the Axis RC, 129. 
let AR a, AP=x, Rp=u, pM=y, Arch AB=v, . 

PhD, then x=a—y, and X=—y, and by the Na- 

ture of the Figure 5 and r 

35 25—2 1 

13) 2% 1 D =iVz5 VS 

in6-þ then 3 = 2cuyy 3 and aſſume 3 * bh 


6. 
SS into Fluxions we ſhall find ln end 

| _ 
4p. | whence (by Forms the 10th and I 1th) 12 e- — 
1 104 $508 
—— . a+ * 1 (Putting @ = 
Yy = « CR) 
drantÞ 8 Sector — 12ZÄ⁊ã2. 5= c + ca . 
ach x : "me — . 
Ree, Sr CR — * . ſo 
orthel the Solid Gefcribedd by PMCR. And when va; 

then A ca x — ABR, the Solid dekeribed 


by the whole Space AMCR revolving about RC. 


fu 


T4)! Ex. 18. 
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140. 
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Ex. 18. 
Let the Catenary AM revolve about the Axis AP; 
here AP=x, PM=y, AM=2, and zz=24x + xx, 


| whence (fee Ex. 8. Prob. III.) zy=ax. Now ;= 
c, and aſſume 5 = cyyx + , this in Fluxions gives 


. XX 


f = — . (becauſe J e 


ax 
(becauſe K z -) — 26ay X $— = ac 


* Z—y = 2cayy — 2Cayss 3 then aſſume # = cayy — 


2cayz + u, this Equation in Fluxions will produce 
1 c —2caax, whence u—=2caax, Therefore the 


Solid 5= A 


P R OB. XV. 


The Nature of the refleting Com AMn, and the lum: 
nous Point L being given; To find the Facus F, or the 
Concourſe of the neareſt refracted Rays MF, nF. 


Take the Particle of the Curve My» infinitely 


ſmall, and let C be the Center and CM the Radius ot 


Curvature of the Arch Mn; and on ML, nL, MF, 


V let fall the Perpendiculars CE, Cz, CG, &; allo 


on the Centers L, F, deſcribe the ſmall Arches M,, 
20 ; then the little Triangles Mon, Mnr are equal and 


| fimilar, and Mo=nr. By the Nature of Reflexion 


the Angle LMC — CMF, and LnC= CnF, whence 
CE=CG, and Ce=Cp. Now if CEC (that is, it 
L falls in E or e) then will CG=Cg ; that is, the Point 
F will fall in G or g when Mand u coincide: But it 
Ce be leſs than CE, that is, if L falls below E, then 


will & be leſs chan CG, and the Interſection F will 


then 


Sect. II. of FLUXIONS. 215 
then fall above G towards towards AM; and the con- FIG. 
trary. The Triangles LE, LMr; and Fon, FSG 140. 
P; are ſimilar, and EA CE — Ce — CG — Cp = 356 3 | 
xx, ¶ and Mr = no, and FG = MG — MF = ME — MF; 
5 = I therefore LM: LE :: (Mr : EA:: 20: SG:: 
ves M: FG::) FM: ME — MF. Whence MF= 
"" LM x ME 8 
LME 5 
Oiberwiſe thus: Draw the Tangent MP, and the 
© Perpendicular LP, and let LM, LP=u, ME=v, 
E and by Prob. V. AC = — whence by ſimilar Tri- 
the angles vy = - QC = Uy, therefore F — 
| 14 5 : | 
P COT „ 3 
| 1. Wherefore if CM be the Radius of Curvature, 
(E perpendicular to LM, and LP perpendicular to the 
Tangent PM, and we make the Diſtance of the radiate. 
ins Point LM=y, ME=v, LP —u : Then compute 
| the Value of wv by Prob. J. and take MF = — 
age Ad when AM is convex towards L write — v inſtead 
r th: 0 if +0. | | 
: 2, Or find u from the Nature of the Curve, by Help of 
i 02 1 7 6 BY _._. wy | 
my | which expunge i out of the Equation MF D 
MF, Cor. The Curve Ff# paſſing through all the 141. 
allo Points F, or touching all the reflected Rays MF, mf 
Mr, 's called the Catacauſtic or Cauſtic by Reflexion. In 
and which any Portion Hf F of the Curve is LHA NF 
xion © —LA—AH. For drawing mL infinitely near ML, 
ence and Mo, mr perpendicular to mF, ML ; then ſince 
s, if mo= Mr, therefore Lm+mf=LM+ Mf, or LM+ 
Point Mf— Ln — mf S; and adding FF, LM+ MF 
ut it — Lm— mf = fF; but theſe Moments are as the 
then Fluxions, and therefore the Fluents thereof will be 
/ w_ equal, that is the Curve HF=LM4+ MF—L 4— 4H. 
then | 


Ex. x. 
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And if MD be very ſmall, MF = 


(putting F = 


The DocTRINE 
Ex. 1. 


FIG. Ln AMbea right Line, then v is infinite, whence 


MPF = —— = —— 


wo) 


29y—V 
Or thus : 1 Quantity and 2 1 o, there. 


fore MF = — = =—9: Whence 


Perpendicular Fine is the Focus of the 
reflected Rays. = 
8 " 


Let MD be a Girl, C the Center; then MF= 


— And when y is infinite, MFI IME. 


29—V 
 IDx*DC 
2LCECD * 
And if LC = CD, then MF=4v = 3ME = LMU 
© 


La MD be a | Parabola, and let the Rays be parallel 
to the ** DB, then y is infinite, whence ME 8 = 


FAY 


Latus Rectum) alſo QT = ; 
therefore Q7=v, and Hire , and therefor 
Fis the Focus of the Parabola. 

Ex. 4. 


Let DM be a PR. and let all the Rays be 
perpendicular to the Axis DQ, Let DP=x, Px, 


2 Then by Prob. V. ME ox of 


=+=, and raf inn by the Nature of the Fi 


- ' Whence MF=——2— = 20 = == 


29—v r * 


Ex. 
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Ar 
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. 
9 4 
x0 - 
PR — — —— — —— = 


Or ů — IT 


Seck. II. of FLUX1ONS, 
. Ex. 5. 8 
Let DM be the Lag. Spiral, the Center L the lumi- 


nous Point. By Prob. V. v=y, whence MF= 
5 5 5 
25 — 


Suppoſe DM to be an Ellipſis, L the Focus, the 
Tranſverſe = 2r, Conjugate = 2c 3 then by the Pro- 


| perty of the Curve PL or « = 1 Ry ; 


Tg a- _ 
2 _ 1 1 
= = 3 whence MF = - —= 
_ * | 2 — uy © 
22 i cry — 2r—y; conſequently (ſince the 


* - | 4 
Angle Lupa EMT.) the Point F is the other Focus. 


ing from one Focus of an Hyperbola, and reflected 
by the Curve will diverge from the other Focus. 


p ROB. XVI. . 
The Nature of the refracting Curve An, and the lu- 


minous Point L being given; to find the Focus F, or 
the Point where the neareſt refratted Rays MF, F 


concur ;, and where they meei the Axis of the Figure. 


let C be the Center and CM the Radius of Curvature 
In MA; and let fall the Perpendiculars CE, Cz on the 
Kays of Incidence LM, Ln, and the Perpendiculars 
G, & onthe refracted Rays MF, nF; and let the 
Sine of Incidenee CE to the Sine of Refraction CG be 
8 to n. On the Centers I., F, deſcribe the ſmall 
Vehes Ar Mo, Now ſince Ge phone * therefore 


T9, IIa 


And in like Manner it will be found that Rays ifſu-. 


Suppoſe the Arch Ar to be infinitely ſmall, and 


oY 
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FIG. 
146. 


I 47. 


148. 
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* 16. Cg exceeds CG, they being in a given Ratio; whence 
MF, F interſect beyond G. 
The Figures GC ME and on Mr are Gimilar ; 
therefore ME : MG : : Mr : Mo = 225 


E 
and LM: LA: : Mr: Q = 2 And by 


the Property W omny :: (Ce: &: : CE: 
ä 
and by the ſimilar Triangles 3 Fo M. Fg , i 


[1's 5 Mo:: MG: MF= TELE 


—_—— —_ — 
4 


e 


e.. 22 


yy — 4 , =y N — —— — * 
1 * 8 — PM . - = 
— * * rr. 
= 4 — Me "X "PP 1 W — 2 5 1 2 2 — Py — — = 
> $06 ant * 2 r N — 
WEAR 4.4 r LL. 


n xMGxLM—1 x LSD ME ME 
Produce M till it interſect the Axis of the Curve 

in O, and let LA d, AO=f, LM y, MO= 5, 

AH=x, —=2, then y = V TT, and 5 = 


Vzz + fox". n * n WK 
mY 222 nds 


and ny M or & u,, 
mf — MXX — MZY Vat is T 


= —_—  . Therefore, 
r - - 

3. To find the Focus F, let CM be the Radius of 
Curvature, CE perpendicular to LM, and CG to MG, 
ME=v, MG=#u. LM=y, m and u the Sines of Inct- 
dence and ns. Then find v and u by Prob. J. 

= r 

and take MF = - my t — my © If AM 1s con 
cave towards L, write —v for v, and —u for u: And 
if the Rays converge when they fall on the Curve AM, 

Write —y for y. 

2. To find the Point O where the refrafted Ray meet 
_ the Axis of the Curve, let LA=d, AO = f, AH 
MH = 2, then by the Nature of the Curve expung! 


x or 23 out of the Equation — 3} 
mM X — MAX — MEE Vert Thx 


; and iy Redfin fd f. 2 


X 


Mz nb fon 


——_—— 
4 V4 ot - y 
— = . 
— — "= " 
> = — 2 KA 


” — 3 > 
89 — 3 " - — 
- — 4 


. = — _ _ 
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— p b 7 
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— . 4<4 . FREE TED 


= FF Bal, SW .o en 


gect. II. of FLUXIONS. 


when the Curve is concave towards I., write — * far 
+ x, &c. 

| Cox. The Curve VF paſſing N all the 
Points F. or which touches all the refracted Rays KN, 


MC, is called the Diacauſtic or Cauſtic * Refraction. 


And any Portion of it NF = FM + — ML— NK— 
2 L. For ſuppoſing Mn infinitely ſmall, and draw- 
; oy Mo, Mr, Perpendiculars on fn, 1L; — by 
2 he Nature of Refraftion m : 1; n = n, 


DIL o, and adding Ff; we have Ff= 


—_ MF— of —L x TT 3 but theſe Moments are | 
7, ¶ as the Fluxions, whence the Fluents will be equal, or 


— FN = FM—EN — LLM. 


Example 1. 


muuy muy 
whence muy - © —AvVv 
r= the infinite Radius of Curvature, the Perpendicu- 


— 


MCE, v = E - alſo mm « Fro un X rr uv, 
by the right angled Tagen MEC, MGC: Whence 


2 rr + — — therefore MF = 
mm-un a m- F 
!,, 


— =, And near the Point 4, Af =— =p. 
TRE Ex. 2, 


„ therefore 07 = ru 03 that is MF— uf — 


Let AM be @ plane Surface, then v, 1 are infinite, 
. Now let 


lar LA= p, then by the ſimilar Triangles LAM, 
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. 
Let parallel Rays fall on the convex Side of the Sphere 


152. AM; then is infinite, and MF — 


153. 


154. 


Au here x is o, 


mug-nuν˙οννο 
mutet 
mu- 


' whence == 


[| 


„and near the Vertex A, u=v—=AC; 
MX £ 2 


. 4 
Lei parallel Rays fall on the concave Side of the Sphere 
AM; then y is infinite, and v, « are negative; 
muuy muu 


whence MF = nd u — — as * and 


at the Venex 4; v = = A. then A —— 2 


num 
— 


Ex. | 4 
Suppoſe the Rays preceeding from L, to fall onthe CONVes 
Side of the Sphere AM; then MF = — — 


mity-nο - 
1 muy 
And in or near tlie Vertex, MF === = 
=_—_ 2290 


mu xy usr ; 


And to find where the refracted Ray meets the Axis 


of the Sphere, 22 = 21x — xx, and z v — xX, Þ) 
which expunge Z and S out of the Equation 
. e . _mfx— — 1 cher 
V Tf V 22 =* 
ariſes —— — by 
Nerd Tad | E Vvars—2jx+f 2 
Reduction of mhich F is found. And in the Verte: 
mf — mr 22 of 
mdr / 


M71 x d-nr * 


Ex. 5 


— II. of FLUXIONS. 221 
Ex. 5. 


wy If * fall on the concave Surface of the Sphere LAG FIG. 
y MF ===. And 155 
8 then D Toy * near the Ver- 
1 tex, MP = —= . 3 „ e 

g n XY , —Mxy—nr 


To find where MF cuts the Axis, here z2z=2rx 
— xx : put the Equation into Fluxions, and write 
| —x for x, ws phages, — x for r in the Equation 


nz Aud ux 3 — 
„and we 


VITA ov r 
ur ud —mr—mf 
have — — 3 
a HHR Far 
u- nr — f 
mrd_ . | 


— 


Cor. Since by the foregoing Equation CDI” 
x ff+2fx+ Zr = m x r+f* ddr , and in 


the Vertex 1* K F— —d = =m x Tr, if d 2 9 


mY 
1 
. 
* [1 
+4 = 
o 
4.7 R " 
: + * K® 
. _ fa 
: 2 * 1 
84 
1 7 
of 
= 
© 23 
: 
et * 
1 4 
1 1 
= 1 7 
- - * 
I * 
"23 * 
S FT 
. FD 
4 _ 
. 1 
1 5 
ww 24 7 
8 
: = 
7 ks” 
U , * of 
* 
* * 
7 
4 PU 
. 
t 
' 
+1 
4 - 
1 ri 
„ 2 9 | 
* 
a 
15 * 
1 
* Wet 
D - 
| * 
: N 
14 
1 


* 
* 
: 
1 
= 
15 
_ 
- on 
N 1 
. 


uu 


then, in the Vertex, f=— 7, and fone the 
ſame Value of d and f ſubſtituted in the other Part of 
the Equation * x 1 —d „ 2fx+2rx == m* x 2 * 
2rx —2dx, or ** -d = m* x r+f, will ſtill make 
both Sides of the Equation equal: Therefore it fol- 
lows, that when d= , then will / ===, 
for all Rays fall on all Parts of the Sphere; and 8 
erte tore F or O will be a geometrical Focus. 

And on the contrary, Rays converging to O, and 
falling on the Sphere, will all be accurately refracted 
to their Focus L. 


1 4 br | | | Ex. 6. 
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Ex. 6. 


FIG. Le parallel Rays fall upon the Spheroid AM, ler 
156. Tranſverſe = 6, hag Sa, then 22 = ax — 


Ter, and 22=2a% — xx; and ſince d is infinite, 


therefore the W for 40 becomes "= 


7 
— nn — -+ x | 
ke „ whence f will be found ; 


1 
and in the Vertex where „o, r 
ama 0! 
i= | | g 
c If 6: 22 r tou = ? - 
and = Diſtance of the Focus from the Center, ar 
=. —_— bn ” 
then f = — ** xb t q— = * 


Diſtance of the remoter Focus from the Vertex ; and 7 
ſince the fame Values of à and f ſubſt ituted into the I p. 


— = mf — ch. 


r, keep both Sides equal; there- I . 
fore when parll] Rays fall apes 2 Spheroid in 2 || th; 


—_ 9 0 
Direction parallel to the Axis, and a , | © 
then all theſe Rays falling on all Points of the Spheroid I 75 
will be accurately refracted to the further Focus of the 9g 
Figure, 

And on the contrary, Rays iſſuing from the furcher co 

Focus of this Spheroi and refracted at the Surface, 


will all emerge parallel to the Axis. ” 


PROB. 


Sect. II. 


of FLUXIONS, 
u ron xvn. 
I „d ibe Center of Gravity of « any Line, Surface or 
bs Solid. | 
a ' The Center of Gravity of a Body is that Poine up 


on which, if it were ſuſpended, it would reſt in any 
given Poſition. 

Let MN be any Figure or Solid Body, regular or 
# __—_ z Cir's Center of Gravity; and ſuppoſe it 

u de ſuſpended in C upon the horizontal Line SC, 
er, nd the Axis of Suſpenſion to paſs through &, parallel 
to the Horizon and perpendicular to SC. Let all the 
infinitely ſmall Particles of the Body be reduced to 
the Line SC, ſituated reſpectively in Sham perpendi- 
cular to SC; ; and let the Magnitude of every two 


4 and g, band þ, 4 and i, &c) be reciprocally as 

their Diſtances from C; then is C ſtill the Center of 
Gravity of each correſponding two, as it is of the 
whole MN. Therefore we have Ca x = Cg xg, 
a i that is K Fax a = N Tg. or a+g x SC= 
Saxa + Sgxg. In like Manner Ib x SC = $b x b 


Sb, and di x SC = $dxd + Six i Ge, whence 


id N 2FTEdFeFo+b+i+t x SC = Saxa+8Sbxb, + 
the Sdxd + Sexe +8g x2 + Shxb + Sixi+ Shxk, &c. 


ther | conſequently SC = 


ALE, a + £ + 


FT 


Particles of the Body taken on different Sides of C 5 


— — Se 
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FIG. 


157. 


Now if any one of the variable Diſtances, as Sb be 


called x, the Body MN, 5; then will Shxb= xs, 


and the Sum of all the $a x0 + Shx þ Ee = Sum of 
all the xs, or the Fluent of x5 : And the Sum of all 
* = Sum of all the 3, or the 


B. Fluent 


. J z 75 ge * = - + ® = A 9 
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Fluent of ; that is the Body M4 N; therefore SC= 
Fluent of xs 


Body Nor Therefore 


To find the Center of Gravity; let 5 = Line, Surface 
or Solid: Multiply the Fluxion of the Line, Surface or 


Solid (J) by the Diſtance (of the Center of Gravity of 


the generating Point, Line or Plane) * the Axis of 
Suſpenſion; and find the Fluent 2 ; then — — 2 — 


of the Center FE Gravity from the Point f _—_ on. 


Ex. . 
Let SB be a right Line or Cylinder, $ the Point of 
Suſpenſion ; SB=x; then Z—xx, and 2z=—= xx; 


therefore —= A, for che Diſtance of the Center of 


Gravity SC. 
= Ex. 2. 


In the Tria le S. M, whoſe Point of Suſpenſion is &; 
let SF bifſect d the oppoſite Side 2D, then the Center 


C is in the Line SF; draw AE parallel, and SG per- 


pendicular to Q, put SF=a, ö Bex, S Ev, $G=b, 
2P=3, AE=y. By ſimilar Triangles v = => and 


. OX T.. bbs 
VU = 2 7 * — * 3 then S = 1 — 2 , 

B . ; aa... 
and X = 34a . Alſo S=WV= 2 and 3 
bx 5 * | 2 
— 1 * 1. and when x = * 4, — 
=. 


Ex. 3. : 
Let AM be the Arch of a Circle, 5 is Center, AD 


b, SEr, SB=x, AM=v, BM=y. It is evident 


the Center of Gravity of any Arch AFG is in the 
Line SE that biſſects it. Whence ⁊ = xv = (by the 
* „ and the 

Flucnt 


Point of Suſpenſion is S; 
| SM=r, Mn a, SQ=x, Dv. 


Sekt. II. of FLUXIONS. 


Fluent corrected is æ . Whence 


rb —ry 2 


, and when y= the 


_ 
i Diſtance: of the Center of e | of the ford A E G 
from S. 


Ex. 4. 
For the Sector of a Circle MmS, whoſe Center and 
let Arch Mm=c, Radius 


ax 


, and by the laft Example, the Diſtance of the 


Center of Gravity of the Arch D from Si is = 


| ax ax L. Ax 
, therefore 2 = „ and z = —; 8 
„ * 37 
= ax 2ax* 2 0QðK* 
5 37 ** . 
| | 221 | 
1 = 


Fur the Circular Area POD. Let SD or SE = 7, 


| S2=b, Pc, SB=x, PA=v, AB=y, by the Na- 
mn S 


ture of the Circle y = an 


5 1 
. and wa =— Nr; corrected 2 = 


Then 2q = 


Again in Reſpect of the Axis of Suſpenſion SD; 
lince the Center of Gravity of the deſcribing Line y, 
is in the Middle of BA, therefore & = £y xyx = 


. * 2 Ye | 3. : 
— : ; — = — Alſo 5s = Area 
xy wy 8 3 2 
PABY, = — — z whence 7 * 
= $c. And the Diſtance of the Center of 8 2 
1 
the whole PADY from $ is = — 


Nr 72 3 
—, whence x = - . But (in 2, 
G g 1 
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* b, z o) the Fluent correct 

- . 2 3 1 — 
— ; therefore XK — 1 
$ Dr -A- b 

5-3 ο t 

1 Diſtance of 
the Center of Gravit * h 
= 85 the Semi. ſegment PADY 


and when r, 


Ex. 6. 
In the Parabola rx=yy, let SP=x, P My then 


in Reſpect of the Axis of Suſpenſion S7, 2 2 * 


xxy/rx ; and 2 = xx Vrx: 2 
Yrs: And 5 = 3% = 2xy/rz 3 


5 2 
therefore ＋ * the Diſtance of the Center of Gra- 


vity from ST. | 
Agaig in Regard to the Anh of Salpenfien SP, 


becauſe the Center of Gravity of the erding Line 


is in the Middle of MP, therefore Z = = 2 22. 


and thence 2 = i tim E A 5 
PTY . Thereſore — 


S , the Diſtance from SP. 


Ex. 7. 


For the by wperbolic Area BCMP, ' 
ſymptotes. Let SP=b, BC= 6 8 8 
1 Then in Regard to the Axis SD, 2 = je 
—= cbx, and z=cbx, but in Bx=b, therefore ty 


Correction 2 cb -b. And — DIS ch x 
Again for the Axis of Sufl A _— BCP | 
ebb __ on —ccbb uſpenon s. SP, S2 4 


——X, and — — , of 
Ty > ans © E i; corrected z = 


_— 2 chxc—y 
2 Area BCB 


Ex. 8. 


«« _& 


Sect. II. ef FLUXIONS. 227 


Ex. 8. 


Let AMB be an Ellipfis, & the Center, AS=a, FIG. 
b65. 


2 If the elliptic 3 Sz = af = N. b and z : 
3 
_ 


E = = — Y =- i corrected Z==— 
nen | 5 hi —axbb— | 

= 155 Y : Thence — my 1 x Area 3 
* 5 Likewiſe for the Diſtance from SB, * = 9 = 


* : a a 
160 3 DL 2 . and Z = E... A 55 3 whence 


, 2  3bbay —aay 

fd. 5 6bb x Area STM9 | 

35 Ex. 9. > 
TL SMP be the hyperbolic Space, Tranſverſe = = 24, 163. 


2 b | 
— I Conjugate = 2b, SP= x, PM = = V ar za Tv, 


whence xx = 9 7 2 — 7 bby, ax = 


FA 8 3 3 - 
yn * _ e 
Gy | aab 2 


+ | — 30258 Log, * + WM 23 whence — = L | ; Ml 
* = 777] = Diſtance from 97 bd. — if The | 
2 [ Then for the Diſtance from SP, we have = K- 


x bbx bbxx 1 
* 255 N and the Fluent 2 = _ 1 


zabbxx4+bbx% 
* 92 ; therefore — — 544 x Area TPM 


. 3 Ex. 10. 
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Ex. 10. 


For the Surface of a right Cone, Jet SD=f, 
Circumference of the Baſe, Axis SBD d, 3 v, 


F = x. Then it is plain it's Center of Gravity is in 


the Axis SB. 5 — Circumſerence of the Circle 


a 
fr 


MA; and by ſimilar Triangles v = - ” and v = 


2 3 
I j therefore 2 = . Ee. nin. 3% 
Fe 


allo 5=——> = — : Therefore > = x =6C. 


Ex. . 


= ν and 2 = "ad? and 2 = = 5 ww 
bx 


—— 3 Therefore —= — IX = — SC the Diſtance of 


the FM of Gravity from $. 


Ex. 12. Fw 
Let b be a Sphere, SP=x, P. =), Radius 


Dr, c=23.1416, then y = 4/27x—xx, and = cy*xx 


20rx* © cx“ 


1 
- (by] Ex. 3. Prob. XIV.); there 


. 2 we xx 
one = — for the Diſtance of the Cen- 


ter of Gravity from S. 


Ex. 13. 


* the Spheroid & MD, whoſe Center is 6 let SC 
= =b, SP=x, PM=y, c= 3.1416, then yy= 
cbb 


Zz N; = = 
I 24X—X% 3 and & = cyan = — 


= 2 crxxx cx - » therefore 2 = 


+» 
3 


7 4 
and 6 erx* — | 


X laxX=X"x X; ; 
and 


A 


Sect. II. f FLUXIONS. 1 


cho — 8 
and z = * zar -i; and = a x a — FIG. 
- Z 8ax—3xx 
* and 7 124 —4x 
Ex. 14. 


To find the Center of Gravity of the Solid SBDm, 168. 
generated by a partial Revolution of the Parabela SMN 
about the Axis SB. 

Let 5 be the Point of Suſpenſion, let SB d, 
RD =#, . wa 60 = Y, Arch 
Dd c; then Arch Mm = —— therefore 8 = 
„ cax® cax* 
xt = and Zz = A ab "= 


=" | therefore — = = 2x, the Diſtance from S/. 
Again for it's Diſtance from SB, let Chord Dd=f, 

then Chord Mm = H. z and by Ex. 4. the Diſtance 
e of of the Center of Gravity of the Sector P Mn from 


fy , 
| P=x -3 therefore # = LL — . and 
3 
3 3 205 of | 2 1 3 87 
oy * 15 therefore s n5caax* © = * 


-y*xx Þ the Diſtance of the Center of Gravity from SP, and in 
i de Plane that paſſes through the Axis and biſſects tae 


;« HH kk. 
Ex. 13. 


Let the Hyperbola CM revolve round the Aſſymptote 1 69: 
SP, and deſcribe an Hyperboloid CMB : Let SB=b, 
Bcd, SP=x, PM=y, c= 3,1410, bd Sy]; and 


bbdd 
= 1x = — = „ whence 2 = = dbadc Log. x: 
And corrected z = ede Log. >: : Alſo i= cps =: = 
cbbddx cbbdd 


9 and 5= — 8 and corrected 12 
| chodd 
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163. 


De DocrRINRE 


I , i a5 
r 


— of the Center of. Gravity of the Solid from 
SA. | | 3 


Let the Solid be an Hyperboloid, Tranſ verſe = 2a, 
Conjugate =2b, = 3.1416, SP=x, PM =), = 


aa 


ara; whence Z= cyyxX = — N; 


Axis of a vibrating Body, in which if a ſmall Body 


170. 


| cbb ——— 5 hh f 

whence 2 = = 34x)þax* 3 alfo f= —— Xx x 
| 00 oh 

2ax+xx ; and 5 =—— x ax ; therefore = 


aa 5 


ITT = Diſtance of the Center of Gravity from 
12a+4x | Te 
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P R OB. XVIII. 
To find the Centers of * and Oſcillalion. 


The Center of Percuſſion is that Point in the Axis ol 
a vibrating Body, which ſtriking againſt an immova- 
ble Obſtacle, the Body ſhall incline to neither Side, 
but reſt as it were in Equilibrio, on that Point. 
And the Center of Oſcillation is the Point in the 


or Particle be placed, it ſhall perform it's Vibration 
after the ſame Manner, in the fame Time, and with 

the ſame angular Velocity as the whole Body. 

To find the Center of Percuſſion; through the 
-Point of Suſpenſion C, and Center of Gravity, dra 

che Axis of the Body CO; and ſuppoſe O to be the 
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Sect. II. of FLUXIONS. 


Center of Percuſſion; through CO draw the Plane in FI G. 
which the Center of Gravity moves, and imagine the 
| Body to be divided into innumerable ſmall Priſms, 


all perpendicular to this Plane, and let them be ſup- 
| poſed to be reduced to, or ſituated in, the Points where 
they interſe& this Plane; and let p be one of theſe 


ſmall Priſms. Draw pf perpendicular to CO, and 


pd perpendicular to Cy; then pd will be the Direction 
| of p's Motion as it revolves about C; and the Body 
being ſtopt at O, p will urge the Point d forward, 
with a Force proportional to it's Magnitude and Ve- 
| Jocity, that is as pxCp ; therefore the Force where- 
with p acts at d in a Direction perpendicular to CO, 

will be px CH. And the Force by which p endeavours 
| to turn the Body about O, will be as Xx CF do, or 


px x CO-. that is as PxCfxCO - X CY. 


Now fince the Sum of all theſe Forces to turn the 
Body about O muſt be =o, therefore all the p x Cfx 


CO—p x Cp* =o, or all the pxCfx CO = all the p x 


FR Sum of all the p x C- 

C* 3 therefore CO = Sum ot all the pxcf ; 

For the Center of Oſcillation. Through the Cen- 
ters of Motion C and Gravity G draw the Axis CO, 
and-*Tet O be the Center of Oſcillation. Draw the 
horizontal Line Cr, and Or, Gg, pn perpendicular 
thereto, and pf perpendicular to CO, 

By Reaſon of the equal angular Velocities of all the 
Particles of the Body ; the abſolute Motion of any 
Particle q (and conſequently the Force that generates it) 

will de as Cqxq; and a Force acting at n that can 


generate that Motion in q Is as r gg Sum 

of all the Cq* x9 in the Body, and let this be as (the 
Weight of) the Particle p. If the Weight of the Par- 
ticle p generates any Motion in the whole Body AD, 


Cq* x a 
then — Þ = that Part of the Gravity of p 


which generates the Motion of the Particle q ; and 
wand Lf x 
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The DocTRINE 
Cn 


F1G. the Motion of q generated by that Force is TG 


171. 


M* » or Cu SL, 
8 
Cn xCq x? 
* 


the fade Manner any other Force . Lats 


o and the Velocity of q is 
= x Gp. 


-, and its angular vnd 


at u, will generate the ſame angular wanne in 


any other Particle 3; and conſequently the Sum of 
all the Forces Qn 


5 


p or the Weight p will generate 


the ſame angular Velocity in all the Particles q toge- 


ther or in the whole Body. Now fince the Weight 
of any Particle p will generate an angular Velocity inthe 


Cn x = 
Body AD about, C,which is as 59. Sun ot all the e Cp* xÞ * 


therefore the angular Velocity which all the Particles 


the Sum of all the O * 


Sum of all the Cp* xp * * 

like Manner the angular Velocity which the Gravity 

of a Particle p placed 1 — 1 would generate in itſelf i; 
Cr xp 


as - D or as 1 But becauſe of the E- 


p can generate is as 


quality of the Vibrations and correſpondent Accelera- 
tions, this laſt muſt be equal to the Sum of all the for- 


Sum of Cn xp — 
mer; whence r TE But by 


the * Co x Body AD = - xCG x Body Al 

= 60 Sum of all the Cf x P. Therefore 5 
Sum Cf x Þ Cr 
"SC 00 whence CO 


S f all C 
bat — = 1 TI And therefore the Center of . 


cillation is the fame with the Center of Percuſſion, Þ 
inct 


the Nature of the Center of Gravity, the Sum of all 


Sect. II. of FLUXIONS. 


Sum of Crx Ar 
| CO ="TTx Body AD 


of all 2CGxGfx p. But by the Nature of the Center 
of Gravity, the Sum of all the Gf xp = ©; therefore 
Sum Cp* x Sum CG* xp + Sum Gp* x p CG 
* Body AD + Sum Gjp*xp. Therefore CO =— 
| COxBodyAD © © F TTxBodydD And 
; 0 Sum of all C xp | 

[0 =" layaD © 


| then the Sum of all the Cya xp = Sum of xis = Fluent 
| of x*5, and Sum of Cfx p = Sum of vs = Fluent of 


Le: __ \ Fluent of * Fluentof x 
* . Fluent of 95 © C@GxBody AD 
Fluent of 255 N | 


win = ©© TBO 
3 $ULEKE - 
Suppoſe the Body to be deſcribed or generated by a 


elera- Plane perpendicular to the Axis of the Body, or parallel 
e for- ¶ i» the Axis of Motion. Then n 


— 1. Muliply the Fluxion (or if the Caſe require, the 
] ſecond Fluxion) of the Body by the Square of the Diſtance 


of alli (of the generating Plane) from the Axis of Motion, and 
” find the Fluent (once or twice, as there is Occaſion) by 
ly 4 Help of the Equation of the Figure; which call F. 
6, thus: Imagine a Line drawn through the Center 
CO Gravity of the Figure parallel to the Axis of Motion; 
| then multiply the Fluxion (or ſecond Fluxion) of the Body 
into the Square of the Diſtance (of the generating Plane 
Ec) from this Line, and by Help of the Equation of the 
Figure, find the Fluent (once or twice) which call G. 


' Alfofince Cy\=CG2+Gp*-2CGxGf, therefore the 
* Sum of all Cp* x p = Sum of all GC*+Gpz x p- Sum 


Therefore if 3 = Body, Cp—sx, Cf, Gp =2, 


v,. And Sum of Gp* x Þ = Sum 2 — Fluent of 


4 Wh 2. Multiply 
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Since Sum of Cfx p = CG x Body AD; therefore FIG. 
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2. Multiply the Fluxion of the Body by the Diſtance 


from the Point of Suſpenſion to the Point where the ge- 


nerating Plane (or Line &c) cuts the Axis of the Body; 
and find the Fluent M, And let d = Diſtance from the 


Point of Suſpenſion to the Center of 8 and B = 


the Body. Then V r d + > will be 


_ the Diſtance of Fog Center of Percuſſion or Oſcillation 


27d. 


from the Point of Suſpenſion. 
SCHOLIUM. 

If the Center of Percuſſion or Oſcillation be made 
the Center of Suſpenſion, then the former Point or 
Center of Suſpenſion becomes the Center of Percuſſion ; 
if the Plane of it's Motion remain the ſame. For 
x = d x Diſtance of the Centers of Gravity and Per- 
cuſſion. 

Cor. The Center of Preſſure of any Plane immerſed 
in a Fluid and ſuſtaining that Fluid, is the ſame with 
the Center of Percuſſion of that Plane; the Axis of 
Motion being the Interſection of this Plane with the 
Surface of the Fluid. The Center of Preſſure is that 
Point againſt which a Force being applied = Sum of 
all the Preſſures, ſhall juſt ſuſtain them; fo as the 
Plane ſhall incline to neither Side. 

Through the Center of Gravity of the Plane draw 
40 perpendicular to AS the Interſection of the Plane 
and Surface of the Fluid, and let cd be parallel to 
AS. Then the Preſſure againſt any ſmall Part c 
is as cd x Ab, and it's Force to turn the Plane about 
O the Center of Preſſure is c d x Ab BO = cd x Ab 


x 40 — cdx Abs, and the ſum of all theſe muſt be 


Sum of cx 4b*_ | 


* O is the ſame with the Center of Oſcillation and 


Percuſſion, and 2 is to be found the ſame 


Way. 
Example 1. 


ar 


- . 


| Sec. II. FL LUXIONS. 


. £4 CB be a right 2 CB— Da, then F=x*x, 
be ; and d == allo M =, and M = — R 


' Ina Parallelogram where the Axis of Motion is in 
the Plane * the Figure, CB x, BD b, then F = 


. | bat. 


wg 3. 


Point of Suſpenſion, and the Axis of Motion perpen- 
* dicular to it's Plane; let Arch ABD = s, Cord 4D 


tc, .. Than F=Iv5; _ by Ex. 3. 
i . 3 F 
| 1 XVII, d = "> i 5 | therefore x = ＋ = — 
Ie 
8 1 


| Let AD be a right Line, 4 Axis of Motion per- 
pendicular to the Plane Paffing through it. C Bg, 


raw BA=y, then F = dd+yy x mY ao F = as «> „ 


lane EF 
1 4 whence 7 . RE ==d+2- 2. 
bout * 


For the Periphery of a Circle, let CD= d, Radius 
it be Dr, Circumference = c. If the Axis of Motion 
| be > Hen to it's Plane, wn G = rre, and 


ere; F FIC 
wiſh + a3 = 4+ =4+T- 
ame But if the Axis of Kagan be parallel to the Plane 


| of the Circle, let DE Z. P2 =5, then 6=2*5 
le 1. | - Bb 2 = 


Let AD ) be the Arch of a Circle, the Center c the 
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178. 


179. 
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1 _— for the whole 


Vr —Z 


G 
Circle: Therefore 427 7 Th = — + I 
Ex. 6, 
For the Plane of the Circle, the Axis of Motion per- 


pendicular to it's Plane, DE, Circumference at E 

NE... IO RO... md Gn why 

r 3 3 5 . — 47 _ 4 . | f 

nw de ane — 

And if the Axis of Morin be gt to the Plane I the 

3 

of it, G e whence o = and d 
G N 

171 „. % 2 


* 

Ex. 7. 
Fur the Periphery of the Circle, parallel to the Hori- 
zon, let the Axis of Motion be parallel to ED, Ra- 
dius DB r, BA=v, DL=z, CD=4, then Ga 


XX 
* _ and the whote Flame G= — 1 


42ZV = = 


then d + Jp = 4+ IF = 4+ ; 
Ex. 8. he 


For BY Plane of the Circle, whoſe Point of Sul- 
penſion is in CD perpendicular to it's Plane. Let AL 
Dx, the reſt as before, then v x, and G = 2 
= 42% x V2, and the whole Fluent O g- 

„ 

In an Iſoceles Triangle, where the Axis of Motion 

is parallel to the Bale, let CD ra, CA x, my 


Seck. II. of FLUXIONS. 


"IM the Axis at C be perpendicular t the Plane of 
the 2 * 1 F = xx+vvx xv, and 


ev + = = (becauſe v = 2 2 2 + 
| 22 3 whence e Lo _ Elbe, 
a . Rog 10. 


bs the Parabola CAF, Ac, AF=y, Mia. os. 
| ; let the Axis in C be parallel to AF, then F | 
2 = **Xy/ax, and F = 5/2; and M= 


= xX/ax, and M=3x*/ax. Therefore Tu. 


ri- 
a- r ies Plane; 8 
5 N , and F= α + 5 e + = 
= Xy/ax + * 5 * F = 3x%/ax + 
r Mar. Therefore-3p = 3x 4. 
uf. 1 8 
iT Ex. 11. 


bo Let 4B be the Surface of a Sphere, AB=s, BE=z, 1814 
. Radius AD r, c = Circumference. Then Circum- 
- 42s 4 


ference of BE , and G = = - x 


jon G 2rr 


. And B=rc ; therefored + JF =4+—7- 
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The DocTRINE 
Ex. 12. 


FIG. Le A3 be a Parallelepipidon, the Axis of Mo. 


tion perpendicular to the Plane AB9QD ; let AB= 2a, 

AD=26, Breadth = c, GS=x, SZ=y; then & — 
_— | . . = 

xx AY x 4cxy, and G = 4cx*yx + * 4ecbx*x 


+ <3 x : Therefore G = ch + 4<hix = * hg? + 


182. 


 aa+bh 
"= „ 13. | 
183, In a Cylinder let C4=x, AD=r, Ae. CH=a. 
the Axis of Motion parallel to AB; then F = ** 
x 432)/1r—3y, and the whole Fluent FR 
—_ 9 cx oh 2 
8 And F = —q—=+ 75-3 which corrected 
. FOX c TCX—=t 34 | 
gives F= 1. 7 4 — — ad B = 
2* 2% 7T1x-rra 
3x%=3a% 2K u 


— — 


re 3 
4X 7 7 then will 1 


ä 444+ rr 
IN G Ta 


Ex. 14. 


Let CKB be a Pyramid, whoſe Baſe is a Parallelo- 


184. gram, and Axis of Motion in C perpendicular to the 


Plane CEF; let it's Altitude = a, AB=f, AD=c, 


c 


CH=x, HL=y, then K = and EF — E. and 


W „ es _ en 
Fa , and F = 7 * ＋ =Y = 
ee ; | | 


1 . 
aa T „35 5aa 13 boa* 


| * N | 
Alſo M= = , and M = . whence * 


| ( 
8 
4 
4 winks 
Kee 


Sect. II. 


3 or BD= £, \ IK = 


——z . » X 
2A X 2 U 


cffx*x 
133 


whence — = 


to the Axis of Motion at C; 
ED, * c 3.1416. Then 6 


62 


| whence G = Sorts — Acri + ec. 
| Fluxion of the Solid = cx x r7—xx. 


Solid = crrx — 3 


| .= 1416, _ Then F 
| VD > 
| af x18 + ny —_— = *6aarux + 5cars* 


of FLUXIONS. 


Ex. 15. 


In a right Cone, let CA=g, Altitude = a, Radius FIG, 
of the Bale , AB x, Bx, c = 3,1416, then 185. 


2 


239 


— 22; then F 


— 2Z, and F=g+x 


, Sfx 
aa 


5 conſequent y F=: C. + 
„ 


fr 

" —" 
offi 
204d 
7 and M — 
F 


gx! ＋ c ＋ =— 22 


alſo M= = x 
ff 


aa 


2 5 ＋ * ox 2 * 
2088 +: 3084 +124a+ If f 
| 208+ 154 
Ex. 16. 


For the Sphere AS, draw the Diameter 48 parallel 
let AD 8 DE=x, 
2 =2C23xZ, and 


1 
181. 
cx 


= N = ——— * * — 2 ＋ a . 


Alſo cyyx = 
Therefore the 


G 
| Whence —— 1 5 
; and for the whole Oo 


I 51*-101rx"+ 34 


8 — x d 
5 277 
3 and CO= 44 ＋. 

Ex. 17. 
Ta AD te « Paraboloid; — AB=x, BD=y, 
* + ZZ: x 
co 
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FIG. + derx⸗ + 4:7, Allo 


eB. 


187. 


The DoCTRINE . 

= aÞx X c = aÞx x 

crxx, and M = cEcarx* ＋ Fcrs?, Therefore - = 
_6a* + 8ax + 1x o+ goo 


D = Diſtance from ive Center of Force, P Perpen- 


3 


P R OB. XIX. 


To find the Law of centrigetal Force requiſite to cauſe q 
tou to move in a given Curve BF. 


Let B be the Place of the Body moving in the 
Orbit BF by a Force directed to the given Point C. 
Draw the Tangent BY, and the Radius-CB, CQ, in- 
finitely near each other, parallel to CB, and C, 
iculars to BY. Let the Diſtance CB=D, 
Perpendicular CY=P, then the infinitely ſmall Line 
M will be as the Force and Square of the Time 
conjunctly, that is as the Force and Square of the 


Arca CB; therefore the Force is a ar or 


2 But — — = Radius of 


Curvature in the Point B, and the ſame Radius is alſo 


DÞ. by Prob. v. wherefore the Force is as —— 


| 2ÞD 


” A (ppoling D to be given) as the Fluxio 


—1 
of PR 


Therefore to find the * of 


' Force, It 
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gicular on the 7. angent : Compute the Value of P in FIG. 
* Terms of D, by the Nature of the Curve; then find the 

p ; PR 5 | 

| Fluxion of N making Di, and then expunge 


. all Quantities as far as poſſible, except D, and you will 
have F, the Law of centripetal Force required, 7 


Ex. 1. 
Loet C the Center of Force be in the Circumference of 185, 
he Circle CBD; Diameter CD=27r, the Triangles 
| CBD and CBY are ſimilar, whence P = 2 there- 


27 ? 


=_— © ow: 6 5 
| fore Pp. 2 . — therefore F a — A 5 3 
that is, the Force is reciprocally as the fifth Power 
of D. 1 | 


Ex. 2. 
Let DB ha Circle; and Cat an inſinite Distance, 


189. 
2 . | 
I.. . tema P 


|= 55 *, whoſe Fluxion (becauſe D is a ſtanding 
| Quantity) is J-. J. therefore F d 5 or 

Ex. 3. 

Let BF be an Ellipſis; C the Focus, E the Center; 
draw BE and it's Conjugate AE, and let the tranſverſe 
Axis = 27, Conjugate = 2c; then by the Property 
of the Ellipſis 27D— DD the Rectangle of the focal 
Diſtances from B, is = AE, allo AE or /2rD-DD 
IIS — _— 1 -2rD+DD 

1 | 


— 
—. 


190. 


242 n 
3 8 3 [ 
FIG = bn + : whoſe Fluxion is — therefore 
iT 


Fd D 5 0 
Ex. 4. 


1912 Let C be the Center of the Ellipfs: ; then by the Na- 
ture of the Figure AC. + CB* = rr + cc, and AC 


| /rrFa-DD ; allo AC: c:: rt P= e- 
4 : I . — 


therefore — —ʃ * , whoſe Fluri 


on is 2DD ; therefore Fa = A That is 
ccrr 


the Force 1 is as the Diſtance. 
— XY 
192. Let BA be an yperbola, C the Focus. Proceeding 


* 1 | * 8 8 | D 
OY Ry WARE» 4/2r DDD 
_ —2 7D — DD 3 1 | a 


— — 


2 _ "8 
27 


n „ 
whoſe 8 is 5 - therefore Y DD © 


— 


A - gg 
” . p ” — —— > 
a —— — — — 2 Co . — — —— 
_ 2 . w AM * 
= 4 1 a | 
- _ m 
» . 1 8 


FA = 5 55 
And alter . ſame hi if the Force be in the 


other Focus, there will be found P = a 
DDD 


—2 — 8 
and the Force F 9 —5 2 575 and is there: 


fore a centrifugal Force. | 
i & 
793. Let AB be an Hyperbola, C the 1 Tranſverſ 


Dar, Conjugate Sc, b = half the Conjugate belong 
ing to CB, Then by the Property of the m_—_ 
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Sea. II. F FLUXION S. 
þþ —DD=rr —cc, and h e - ; and 


e: ire F un D Conſequently one 
11 Dr 20D 
F =" — whoſe Fluxion i 233 
: therefore Fd — Of D, and is therefore a 
centrifugal Force. Fo 
; = - 3, 


Let A B bs a Parabola, C the Focus, r = 1 
Rectum; by the Property of the Figure P * = a 


whence—pp> = > whoſe Fluxion is 4 
therefore EF A AN 5 15 


Ex. 8. 


Let AB be a Parabola, C the Center of Force at 
an infinite Diſtance in the Axis. AD=x, . 8 | 


243 
FIG. 


194. 


193. 


Dy 
| x yy, then P 7 and 5 * 
ot r = 255 — 5 7 whoſe Fluxion is 


=4X —_— 2 - 5 
57 E 7 = (becauſe—x=D) : 


- | | D 8 
_ + —— Sf * D; therefore F Qt 2 p 


— 


ere given Quantity, 
Ex. 2 
A 


Let C be the Vertex if the Parabola, C A=x, AB=y, 
ar yy; by ſimilar Triangles TB: AB:: TCorx: 


er CY XYy | | I 
IL of P ; whence — - = — 
9 x > PP f 
—_ :- -:- WEE xxyy 


) ſor (becauſe D is infinite) A SI or FA 2 a 


1 96 


F — — 
. 
. 5 . — — 7 


4 * w 4.4 DD» 
—_ > - ox : 3 2 — J 
— — 
— —ͤ — 
. d 
— _ — 
7 +. => s 
A Þ — — — 
— — ——— 
- 2 _ - 
« _— x - = 
py x —— 
— * S = EE. - 
— * r 
ot , - 1 
= * — br ” OY — * £ - 


244 The DocTRINE 
ri Bi EY of 
| 5 6 whoſe Fluxion is _ 
Rx at DD= Orr. Lax, and thence x = == a 

gx+24 2905 455 
therefore F A —— x 7 = > or F 

— 
Ex. 10. 

197. Let VAR be an Ellipfis, C the Focus, and let the 


Curve VB be formed from the Ellipfis, thus ; take * 
— Cb, and the Angle VCA to the Angle V Cb, as 


10 u. „ far all the Points of the Curve. To find the * 


of ceniripetal Force of a body moving in the Curve VBY, 


Let the Tranſverſe of the Ellipfis = 27, Conjugate 


Sac. By the Property of the Ellipſis the Perpendi- 


cular tir G NB alſo th=TA, and L BCb 

— Ae. And by fimilar Triangles = 

iF xx — TO= 2 that is 755 55 
— , whence by Reduction 

PP 5 . e Ta bene p 
-2rm* mf 1 333 


= ED * pa D* ; * * 


à2 %] 21⁹¹, n 


on is === 9 Db, therefore Fa- 1 


n 


＋ . In the ſame Manner if C were the Cen- 
ter of the Ellipſis, it might be proves that the Force is 


m*D un — mm 
32 8— 4 — — cc. 


Ex, 11. 


Sec 


dic 


r e 


i 


I. 


Sect. II. of FLUXIONS. 


Ex. 11. 
Suppoſe AB to be the Logarithmic Spiral; ſince the 
Angle CBY is always given, there is given the Ratio 


of CB to CY ſuppoſe as m to n. Then P — 3 


N 
. 2MmD 


SE OI. : 8 
o 


therefore Fd —.— 0 


Ex. 12. 


Let CB be the byperbolic Spiral; draw CT perpen- 


dicular ro CB, and let CB=y, the given Subtangent 
CT=a. By ſimilar Triangles y/aa+yy:y::a:P 
__ a — 0 
95 3 


V 3 
2 5 
whoſe Fluxion is ＋ = — 


4 


I" - 


PROB. XX. 


The Nature of the Curve ABD forming an Arch being 


given ; to find the Nature of the Curve RST bound- 


3 
3 

, therefore F - 

25 os M -- 
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FIG. 
198. 


199. 


200. 


ing the Top of the Wall ATRD ſupported by that 


Arch; by the Preſſure or Weight of which Wall, all 
the Parts of the Arch are kepi in Equilibrio without 


falling. 


1. Let ſeveral equal right Lines AB, BC, CD, c, 
placed in a vertical Plane, be movable round. the 
Angles 4, B, C, D, Sc, whilſt the Points A, G, at 


the Baſe remain fixed and immovable. Through 


201. 


The DocrRINE 


FIG. B, C, D, Sc, draw the Lines Bi, Cm, Dp, Sc, 
201. perpendicular to the Horizon; and complete the Pa- 


rallelogram BHił, and make CI R, and complete 
the Parallelogram Cimn, In like Manner make 
Do Cn or Im, Er=op, Ft=rs, and complete all 
the Parallelograms in the Figure as at firſt, 

2. Let ſeveral Weights which are to one another as 
the Lines Bi, Cm, Dp, Sc, lye reſpectively on the 


Points B, C, D, Sc. Now the Force Bi, is equiva- 


| lent to Bh, Bt, acting in the Directions BA, BC; 
the Force Bb is deſtroyed by the Reſiſtance of the 
Point A; but B endeavours to move the Point B to- 

wards C. In like Manner the Force Cm is equivalent 
to C and Cu; the Force Dp to Do, op, Cc. Now 
the Forces B (acting towards C) and Ci (acting to- 
. wards B) being equal by Conſtruction deſtroy one 
another. In like manner the Forces Cy, Do; D 
and Er; Ev and Ft, &c, deſtroy one another ; and 
the Point G being fixed, it is manifeſt the Figure 
ACD, Sc, will not be moved by the incumbent 
Weights Bi, Cm, Dp, Sc, but all it's Parts will re- 
main in Equilibrio. 

3. The Force BÞ : 1 Bi or i : : Sine 5 vB 


or i BC: S. LAzhi: 7 — e or - E 
Likewiſe Force C! : : Fon Cnor Do:: . _ or 


W RO, ORE TO Os 
pDC « $.MCB :: SmCB” FAB er $3DC » 
and ſo on; w hence it is plain in general, that any 


Force C. is F = F Now ſince C m = 

S. Cm x C. 7 = 

— = —F =D — ; therefore the F orce 
S. BCx | 


Cm A YB 


4. Now let the Number of the Lines . 


CD, Sc, be increaſed and their Lengths diminiſhed 


ad inſinitum, that the Figure may obtain the Form of 
. a Curve, 
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a Curve, and the Preſſure will then act on all Parts of F 18. 
it; and the Angle BCr will then become the Angle 
of Contact, and the Sines of mCB and mCD become 
equal to the Sine of mCx : Therefore drawing the 
Tangent An (Fig. 200.) the Preſſure on any Point 4 200. 
to preſerve the Equilibrium will be as the Angle of 
Contact at A directly and the Square of the Sine of 

the Angle mn An reciprocally. But the Angle of Con- 
tact is as the Curvature, or reciprocally as the Radius 
of Curvature, Therefore the Preſſure is reciprocally 


as that Radius and the Square of the Sine of that An- 
gle mAn. 


g. Let Bezx, AC=y, AB=z. Radius of Cur- 
vature in _ Then if 2 be given, S. LTANQA. 


» and 5. 77 V A—. Then the Weight or Pref. 

ſure on A AT x 5, and on (as has been n 
Wn: 

is as N N Q - #7 e- therefore AT'I 55; 3 
or in general AT Q a — , But when x is given 


KF == 


2 >3 


im ara i & be given; or AT +, x; 5 
be given. 7 


Wherefore to find the Curve ST, let BC=x, AC=y, 
ABN; IO by the Nature of the Curve AB, com- 


Pute Fa if x be given, or Jr. if y be given, 
A 


and take AT proportional thereto. And x may be ex- 
punged out of the Value of AT, by Help of the given 


Line BS, and thence the Nature 29 the Curve ST will 
be known, 
EX. . 


Let BA be a Circle, Radius AR=r, BC x, AC=y, 202. 


17 


* 


BS=a, x given. Then y = 2/x-xx, 5 y/ 27x—xx 


F380 


The DocTRINE 


= 
zr 
therefore IT ——, I} »x 
To CE 3... 
e - And expunging XN, 82 = | IH 7 
. N = | wt 
f AT— CS = — - — 4 — 7 + Fn for II in 
6 71 the Nature of the —— 57 
11 Hence the Curve S T runs upwards ad infinitum, Tf ju, 
$f and the Perpendicular DE is an Aſſy mptote to the I 
£215 Curve. 5 Jt 27 
02 il SCHOLIUM. i = 
"I" If S had been a right Line, then the Point 4 JſÞ © 
Fate would be preſſed with too little Weight, and B with UF 
11 too much: And hence appears the Reaſon why circu- 1 ( 
. lar Arches commonly break about the Top, by being 11 
Ki loaded there with more 5 than their due Pro- UB 
N portion. FF an 
| . ; 202, Let the Curve DAB be anEllipfis, BR=r, DR=c, 
. | | . CB x, AC=y, BS=a, & given. Then y = * 2rx-xx, 
0 1 j ex * — ; * 1 — : whence 
[a nary - dat - as 
F v1 IE. = — 5 „ Which is as AT ; therefore | 
| 4 4 8 
Man 3 "I 
i 41 — Then 8 5 e 
bil Fans — 
| cia 1 „ ny 
336 x) "= rr 


for the Nature of the Curve ST, being of the fame _ 
Kind with the Foregoing, p 


* a 0 5 2 
— _— 1 
—— — = Dk. 2 = 
* + © Fete — * 
r 3 = 1 
-, * — 
_ _ 2 - 3 * 
w - +> 2 


2 — e 5 > . | 3 
; 1 2 : be mag 3 . 


ect. II. of FLUXIONS, 


Ex. 3. 
Let AB be a Parabola, BC=x, C 453, SB—a, 


r* =), y given. Then x = 2. * , -, and 
F 7 = -— , 2 given Quantity, therefore AT is every 
where th ſame, and S T is the ſame Parabola placed 


in a higher Poſition. : 
Ex. 4. 


Let BA be an H yperbola, Tue => . Con- 
jugate = 2c, BC=x, CA=y, BS Sa, J given. Then 


£ m7 
27 + xx = — W encer +x . 22 


aye —- of r = =" wherefore are 


5 6. 
* re 3 63 a 
m__ r and 47 . 
0 y — | cc+ „ 


Hence the Curve S T continually approaches nearer 


| 27 ＋ ee 8 — — S ——— expreſſes the Na- 
, 2 | 5 
ture of the Curve S . 


Ex. 5. 
13 BA be a Cycloid, BC x, CA, BD=s, 


i , has a ch 

, F AX— XX 12 — — en 5 
20X—2XX = 20 
2/ax—xx 


and nearer the Hyperbola: And & A= (a+x—AT=) 


therefore * = — :- mne... 471 


K * Ex. 6. 
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FIG, 
203. 


203, 


| 20 
| BY=a, * given. By che Property of the Curve 19 0 = 
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FIG. 


Le BA be the Calenary, BC x, cb. 


203. BS=a, x given; then x2 = N * 82 


N N 


2 T Nl“ 


47 is as r7+x, or AT= = x7Fwx. 
1. If a r, then Keen and then 


-; Whence 


Ex. 6. 


The DocTRINE 


therefore 5 = = (4 PT = 


— — 
f a — 


FX 


K. — 
. 


rr 


ST is a right Line paſſing through S. 


2. If BS is very ſmall, draw Az perpendicular to 


the Curve, and by ſimilar Triangles (Z =) 


0=) 


| rx 


Varxbxx 


22 (HT = 


into this Figure would ſupport it elf. 


3. For the Nature of the Curve ST, we have $? 
= (a+x—AT=) x — 


is lefſer than #7 the Curve is concave towards B, andi 


ax 


IL 


* XX 


BA=2, 


X, 


and j = 


Hence, 


, therefore 


INI 


* Fr 


a is greater than 7, it is convex towards B. 
| | Ex, 7. 


Let AB be the logarithmic Curve, GD it's Al 
ſymptote, BSS a, B Dr, Subtangent G E 


) — x Tx: At= 


a= BS, thercfore the Arch is of the ſame Thicknek 
every where : Conſequently a heavy flexible Line pu 


. Therefore if 4 


BC=x, CAD. AG =r + x, then by the Propert 

of the Curve 4 z and if & be given, 

— = 5 whence — _ 8 — Ma 
r+x * * N u 


when AT G Tx, Or AT= A, the ſame! 


in the laſt Example. 


Fe 


I 


Sect. II. of FLUXIONS. 


For the Nature of the Curve, $29 = (a+x—AT FIG. 


ax ; * 
=) .x— . therefore if a gr, then ST becomes 


the Aſſy mtote DG, and if @ be leſ than r, the Curve 
Tis concave ; but if @ is greater than v, it is con- 
vex towards B. 

Or thus for the 7 the Curve, GT = ( 


—AT =) r—a+— 
FT to the Aﬀlympeote GD. 


Ex. 8. 


Let AB be the Ci id, whoſe Equation | is | OxX—Jxx 
=, in Fluxions 24 — 2 πτ xy = 37; this 
again in Fluxions (making 10 0) „ 20X* — 25 — 


a5 — 2XXy — #*) = 6yy* + 359; from the former 


—_ for the Relation of 


Equation y = — ” -_ from the latter, 
| 2225 * ** — 4 — ** 2 
52 — — No if 4 10, 


x=1 ; ſuppoſe Daz, X=1, to find AT; here 4 J= 
7 J = =— 35402 3 whence I = ,293 for the 


Value of 4 T. And to find it in the Vertex where x 
and y are o, and y infinitely greater than x ; we ſhall 


"0 A 
have axx =", 3 2 7 2 "TU. —_ 


55 * 4 
= ; Whence ——— ——= _” g 
8 More generally Fn 
Since axx — u S, in Fluxions 20x3; — 20x 
| 3 
5 = Wh, whence & = == 5 this again in 


Fluxions and reduced (making y invariable), x = 


3 x 2 2 —— — 
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ayx —axy 


FIG. 35 x — —=== = (expunging x) - L— = 


yy x = 
zaay* 


(expunging x) —: 7 
ao N 7 


34 : Therefore AT : p 


= N Vox ay 


P ROB. XXI. 


207. ' The Carer BA bei eing given, by whoſe Revolution about 


>. if x be given, Ard. if 5 is given: 


the Axis BC there is generated a concave Surface or 
Vault; To find the Height AT of a Wail ſtanding 
on the ſame, and ſupported by that Surface, ſo that 
all the Parts may remain in Equilibrio. 


Let PB be an infinitely ſmall Part of the Surface 
contained between the Planes PBR and BR, draw 
the Ordinates D C, AC; and take Dd, Aa infinitely 


ſmall equal Parts of the Cabo: Let BC=x, CA=y, 


B A= : By the Reafoning in the laſt Problem, the 
Weight inſiſting on the ſmall Part of the Surface 


Ada will be as Br when the Particle of the 
Curve is given. But this incumbent Weight is ab x 
AD x AT, but 4D aA therefore the WA: is as 


AT x35 and this & W. » whence AT Q - y 


Or in general AT Whence 


Pu ling BC=x, CA=y, BA=z. Take ATA 


And 


44 s 4 | 5 e 1  ©S # &@3S &as3 ay wd - a + &@ Mi 4 4 «as 


— _—— — 


— — - 2 ” 
* _ - - — . — = by 
— T — _— » - : . - 
C wt ” "2 * * * » ow * J ph 
_Y * * — 0 —— a 2 * * . n - —_ 
. * = ” * — — - 
» PR. e — 4 bs —— — 3 * — 22 f 
- . a o — Prey — < - £4. K > = > e 
n_— — . * — — = — "x _— — 
— N = — * <> 
- - — — — - * * _ 9 e 8 4 — 
_ * . . — % — — - — — = — — — oo 
1 3 = WW) a) 
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And the Nature of the Curve ST will be known by ex- FIG. 
punging x. 
Example 1. 
Let BA be a cubic Parabola, ** ==; then = 203. 


2 309, and (if be given) * N whence =o 
6 
= . therefore AT is as _— given Quantity : 


Conſequently the Curve ST is the ſame Parabola with 
B4, but placed in a higher Poſition. 


Ex. 2. 


Let AB be à biquadratic Parabola Br — *, and 208. 
5 given. Then rx = 4Y%y, and 77x = 129* 7.  where- 


fore = = —— — — whence AT A y or AC. 


Ex. 3. 
* B 4 be a Circle, 722 —— x Siren 3 20% 


Xx — 
* VVrx— xx 8 21 X—XX 45 , 
Mo —-3 therefore AT A —== that 
_ 2 x 1—=x* yxr=x 


is -D Whence the Perpendiculars R G, 
$ r LO 


PROB; 
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PR O B. XXII. 


F I 8 2 0 find the Reſiſtance of a plane Figwe or Solid moving 


| 210. 


in @ Fluid, in the Direction of it's Axis. 


Let ABA be any plane Figure or Solid whoſe Axis 


is 42; draw Cf parallel to the Axis AQ, and gD 
and Ordinate B E Perpendiculars thereto; BD a 


Tangent at B. and DF perpendicular to it. Call AE, 


x; EB, y; AB, 2; Bn, 23 . x * 3 ru, y. 
Let fB repreſent the Force or Reſiſtance of a Par- 


ticle of the Fluid, ſtriking againſt C with a given 
Velocity, then will f D be the Force againſt the Curve 


Line or Surface at B in Direction fD ; and fg will 
be the Force or Reſiſtance againſt the Curve in Di- 
rection BC, which alone is the Reſiſtance that hinders 
or oppoſes it's progreſſive Motion in Direction of the 
Axis, But by ſimilar Triangles FB: fg: : TB: 


FD* :: DB* : Dg:: ©: * and fg = x f B. 


Therefore the Force of a Particle againſt Cand B are 


fand x/B, that is as x to 2 . Now the 


Quantity of Fluid ſtriking againſt B . in the Curve is 
as 5, and againft Bn in the Solid (generated by AB re- 


velving round it's Axts) as yy : Therefore the To 


againſt the Baſe : Force againſt the Curv 


3 
2 or B e 85 


1＋ 
is as jr —L: And Force 1 the Baſe: 
WE 4 
Force MLS on, n 
I + = 7 


Note, 


rue 
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Note, by the Reſiſtanee of a plane Figure moving F 1G. 


in a Fluid is meant the Reſiſtance of a priſmatic Solid 
of any given Depth, and whoſe Baſe is that Figure: 


And it is ſuppoſed to move in a Direction parallel to 


that Bale. 
Hence to find the Reſiſtance ; Z by the Equation of the 


Curve, exterminate * out of the Quantity - k — 
"2 + — | 


for the Curve; and find the Fluent F; or out of the 


Quantity — = — for the Solid, and find it's Fluent 
14 LAM 
G. Then will F Refi tance againſt the Baſs: to the 


Reſiſtance againſt the Curve : : y: F. Or the Reſt _ 


againſt the Baſe : to the Reſiſtance againſt the Solid : 
as * % 26. 


Ex. 1. 


Let there be a T1 riangle (or priſmatic Solid ) ARS 
moving in Direction QA, Let Ab, Mc, AR, 


AE x, 1 nd by ſimilar Thongs 12 * 


c 8 
| 7 23 


= Hr = yy whoſe Fluent F = —> . 


Went the Reſiſtance of the Baſe to that of the Side, 


. that's as 6 to cc, 
Ex. 2. 
22 whoſe 2 chen . 


_ a * 


w_ T 


211, 


211 


—— 
— — — 


— — - = — — 
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— — —— T2 5 Cn — == Ba AG -- 
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e = +. whoſe Fluent G = 447 , and 


2G = 4 — . Therefore the Reſiſtance of the Baſe 


to that of the Side is as yy to , or as dd to cc. 


210. 


EB=y. „ 


Ex. 3. 
Let ABR be a Circle, Radius AQ = r, AE = x, 


— My FF 

= LS ; therefore — = — 2 
e += 
mY J 9 ry 
A, whoſe Fluent F=y — 2 = - Whence 


the Reſiſtance againſt the Baſe, to the Reſiſtance 


hat” the Circle (or cylindric Surface) is as y to y 


210. 


= that! is as 377 to zr: which when vr, 


ö as 3 t0 2. 


Ex. 4. 
L. AB & be an Hemiſphere, then. = 
1+ = 
T 7 
— . whoſe Fluent 2 2 3 2 ; 
* the Reſiſtance againſt the Baſe, to the Re- 
ſiſtance againſt the convex Surface, is as * to y* 


BY — 


Ds 
A or as 277 to - which when y =7, 


is as 2 to 1. 
Ex. 5. 


Let ABR 9 be a Spheroid, Q the Center, 2 A=a, 
Latus Rectum = 27, AE=x, BE ö 14 3 


then 


the 


the 


tit 


ce 
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then ut = a8 — d , and x = —4 = = — 

Mas- 

therefore ———— = —==—j; whoſe 

| nn 

I + = 5 e 
Fluent, by Form the 4th and 1 th, is G= == 
4 * 2.302 58 ; rra + r x 
* „ x Log: rra 2 : Whence 


the Reſiſtance of the Baſe to the Reſiſtance of the 
CONVEX Surface, is as 4 to 26 _ when y = L, 


it will be as ar to 


* Lg — — : r. 
Ex. 6. 

Let ABE be an Hyperboloid ; denoting m Quan- 210. 

tities as in che laſt Example, uu = aa + — v. and 


I Fe rra roy 
$i. > rra + r+axyy 


, whoſe Fluent G | 


4 
+ 
1 - 
z 
i740 
1 
* U 
N © 
L 
$ 91 
2 
* + 
: s 
3 
* 18 
* 
1 
1 
119 *** 
. 
F \ 
4 
1 
g 
1.0 
* 
= 
4 3 
9 
» 
1 _ 
* = 
* 
KS 
2 
IF 
1 ay. 
l a Big " 
Wo 


rraa rra a 
=+n 22 T2 = x 2.30258 Log. — . 4 
Therefore Reſiſtance of the Baſe : Reſiſtance of the by” L 
3 | convex Surface : 7901 to 2G, A 
| Ex. 7. 1 
N Tt ABE be a Paraboloid, AE x, BE. 1 4 
Tx = yy, then = 24 3 and 2 gym == & 


- a > 
232 
EXE ; 
v _ 
+ . 2 


+= 
» Whoſe Fluent G = 2.3025rrLog: = 
n . LI Arid 


2 
WV 
> 
8 
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And by Correction G = 2.30258 2 2 


And the Reſiſtance of the Baſe, to the Reſiſtance of the 
Surface of the Solid, is as yy to 2. 30258577 x 


| rr + 
Log: — 
Ex. . e 
Suppoſe A 2 Lg be a cubic Paraboloid * =P. — 
then S =, whence —= ? — = - 0 — e 
; 3 
8 | 
whoſe Fluent G (by Form the 5th) — — — 
* Degrees in the Arch whoſe Tangent IS 75 ; 


212. 


and the Reſiſtance of the Baſc 2 Reſiſtance of the 
Surface : : as yy to 2G. 


Ex. 9. 


Tet AB D be the 22 generated by the Cycloid 
ABD revolving round AQ, DQ=a, A E=x, 
EB=% AB= 2; by the Nature of the Curve y = 


- TV 3 RR 
4 — I and yy =S— — then VE 


I + — 
Do e. 
ns — 444 C» 


= an „ OY 
whoſe Fluent G —= ens wm * : Whence the 
Reſiſtance of the Baſe, to the Reſiſtance of the 


PRs 2y* 
Surface : : a5 Jy, 0 , r 2 1 10 1 — 
2 


nf and in the whole Solid | it is as 3 to 1. 
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The Problems delivered in this Section are exceed- #70 
ing general, each of them comprehending an infinite 1 | A |. 
Number of particular Cafes, and are ſufficient here to i 
ſhew the Method of inveſtigating general Problems | , off 
by the Method of Fluxions. I ſhall now proceed to i 
exemplify the ſame Doctrine in the Reſolution of a 8 
few particular Problems belonging to Phyſics or _ 
Natural Philoſophy ; and the rather becauſe thefe* Week 
Sort of Problems have not been ſo common among . ol 
the Writers of F luxions, 
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"- > - 2 4 = # az <"s — * 
. + + 
— — — = - 
Pr — — 80 . 
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A — w = n 
— > — * 22 — pony —— — — 
2 ** 1 


SECT. III. 
The Solution of Phyſical Problems, or ſuch | < 


as occur in the Phenomena of Nature. | Ec 


PROB. J. 


To find the Curve which flexible Line 2A R 
is put into by the Wind or any Fluid moving 


againſt it. 
FIG. I E AE be the Axis, and BE, Cf Ordinates 


213. infinitely near, Bd parallel to AE, Call AE,  P 
= x; EB, y; AB, 2; Bd, x; Ca, y; BC, æ 4 
and let & be given. The Force of the Fluid acting th 
perpendicularly againſt the Particle of the Curve E, al 
is as the Quantity of the Fluid acting on it, and che tk 


Sine of Incidence, that i 1s as 5 x 2 „ or — that is s 


2 And (by Ex. 16, Prop. III,) that Force will 


3 as the Curvature in B, or reciprocally as the Ra- 
dius of Curvature, that is (by Prob. V. Sect. II.) as 


— therefore © d, or Z = 2 


— 


x 
1 | 1 
therefore . and the Fluent is * 


* 


„ nere. 
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4 ; but in 4, 5=Z, and x=0, therefore the cor- PI G. 
. 6 

rected Fluent s = F = a. whence xy = 

az — ay, therefore a+x x9 = aZ, and Tr x 2=x* 

= a*2*, or 24x + ax X = ATN **, and 3 = 
E - 3 and the Fluent z =4/2ax+xx3 an 


Max + xx © 
Equation to the Catenary. 


P R O B. II. 


7 0 find the Motion of a muſical String, — al very 
[mall Diſtances. 


1. Let AB be the String, and let it be drawn to C, 214. 
and there let go; now ſince the Force to move the 
Point C, by Mechanics, is as the Sine of the Angle 
In, or as that Angle it ſelf when it is very ſmall ; 
therefore the Point C alone will firſt begin to move, 
and preſently by the Flexure of the String in d and e 
theſe Points will alſo begin to move, and then the next 
Points to theſe, and fo forward. Now by Reaſon of 
the great Flexure in C, that Point will at firſt be very 
ſwiftly moved; and the Curvature in d and e being 
thereby increaſed, theſe Points are continually accele- 
rated; and the Curvature in C being diminiſhed, it's 
Motion will be leſs accelerated. And univerſally theſe 
Points that are too flow being more accelerated, and 
thoſe too ſwift being leſs accelerated, it will come to 
paſs that, the Forces being at length rightly ad- 
juſted all the Points of the String will acquire ſuch 
Motions, as to be carried to the Axis together and 
will continue to > 80 and return together ad —_— 

| 2. NO 
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2. Now that this may be regularly performed, the 


214. String muſt always have the Form of the Curve 


AFXB, whoſe Nature is ſuch, that the Angle of 
Contact, or the Curvature in any Point F, will be as 


the Ordinate FE; for then the Force at F being as 


the Curvature that is as FE, the Velocity generated 
will alſo be as EE the Space to be deſcribed and the 
conſequent Accelerations and Velocities, and the Parts 


of the Ordinates deſcribed, and thoſe to be deſcribed, 


will be as the wholes; and confequently any cor- 
reſpondent Parts of tne Ordinates, and therefore the 


whole Ordinates will be deſcribed in equal Times. 


3. To find the Radius of Curvature ; Let AB or 
2AZ=a, ZAR, AE=x, EF=y, Az, e = Radius 


of Curvature in the middle Point Xx. Let 2 be given; 


and by Prob. V. Sect. II. the Radius of Curvature in F 


= 2, therefore by the Nature of the Curve y: 6 


5 5 5 
11 #3 = .. and eb = Y. and the Fluent is 
RE Eo” £ | | | 


ebx —= —_ but in X, =, and y=b: Therefore 


- 5 1 | 
the Fluent corrected is ebx - eb = 2 —2, and ebx = 
biz + I og SHED FFF, and by Re- 
$7 200 + w—db xy 
= I = ly —y — Fe ly 
VVV 2e 
= (becauſe e is vaſtly greater than h or 5) 
W 


__jy/d_ 


* Whence (by Form the 1oth) the 
/bb—yy 1 eG e 


| Fluent yx Arch whoſe Sine is >, Radius 15 


and when 5 =b, then x = £4, and then x= cf 
5 5 3.1415 
1 
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222 = &, putting 2 3.1416. Therefore FIG. 
c aa Sos 
aa = —veb, whence e = g;, the Radius of Cur- 
vature in X. Therefore the Radius of Curvature in 
aa | 
FS * 3 N 
4. To find the Motion of any Particle of the 
String as ſuppoſe of & the middle Point. Let p= 
Tenſion of the String, or the Force that extends it; 
n = Weight of the String; IZ = x, v — Velocity 
in J, = Time of deſcribing XI; x, & 7, the Mo- 
ments of x, v, and r. The Radius of Curvature in 
Tis =—. By Ex. 16. Prop. XIII. the Force 
wherewith any Particle of the Curve at J is urged; 
is to the Tenſion of the String (p) : : as that Particle 


(Z): to the Radius of Curvature in 7 —_ ); there- 


fore the Force acting at [ — P 5 Now by Me- 
chanics or the Laws of Motion, the Velocity 
1 — - I n. and likewiſe the Mo- 
Force x Moment of Time 
Matter Nt 
therefore the Velocity x Moment of Velocity & 
. —— Ko _ - re (ſince the Weight is as 
the Matter) ; and this is an univerſal Proportion for 
theſe Quantities, = 
Now it is known that any heavy Body falling 
through 16 or f Feet gains a Velocity of 2f in 
x Second; therefore x = Velocity generated by that 
Body in falling through x with that Velocity 2f, be- 
cauſe the Velocities generated are as the Times, or as 
the Spaces (2f and x) uniformly deſcribed with the 
given Velocity 2f. Therefore, in this Caſe of falling 
Bodies, 


ment of Velocity & 


Fo 


* 
2 


- BET LY 


LI =_ ET SE Tos - * — = 
> -- * = 4 2 £ — 2 hoe . > — — . q , — — 
> b e — — 1 8 
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_ — + \ - iu. | \ _ __ 1 3 3 by: ns - IJ Ya x —_— TA , e eds - "= 
= J q "2 -. : _—— . : N „„ * 8 2 = — AE > _ — by, 3 * 12 N 
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- - * 3 - Fe _ 3 yy 4 — - 2 * 
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3 . * * n FX. - "ut; : 2 8 j c £ p 1 _ PT. \ — 933 . l > "a h = 
© > n — * K = IE — 2 * 4 Y 2 Cate” 8 — — IIS a oa — 5 
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the Rules Prop. XIII.) 


3 A2 ipec 
(by Prop. XII.) is vv — 
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FIG. Bodies, we have the Velocity x Moment of Velocity 
214. 1 ft: and likewiſe — Moment of Space 


Weight Tn 
- =x. Laſtly, in the Caſe of the vibrating String 


vv = Velocity x Moment of Velocity. And, becauſe 
My .. 
2: = Weight 
= Moment of Space, Therefore (by 


we get this Analogy (from 
the general Proportion before laid down) 2f% & : 


the String is homogeneous 3 : :: 
of Z; and — x 


>. Peex —2fPcexx 
2 Whence vb - or 
1 was na * 
as xn == 
a 


. © -<2faccxx ZA fpccx 
v = "UE, whence the Fluent is vv = 2 - 


but in A, v=o, x=b; therefore the Fluent corrected 
x bb=xx. And in 


Z, where 20, ve 2? the Feet deſcribed 


3 
in a Second. a 


5. Laſtly for the Time. Since the Moment of the 
Moment of Space 
Velocity „ univerſally, And in a 


falling Body, 27 Space): 1 Second (Time): : x (Space): 


* = Time * . by the falling Body. 
Space | 1 
And likewiſe = 54 = "Velo * therefore from 

the — Analogy, we get 7 = * , or 1 
5 77 =. — , then the Fluent : = — 
* 2 7-4 | c = 
(putting 4 — Arch whoſe Sine is and Radius 1). 
And 


On 


tic 


Sect. III. f FLUXIONS, 
And * Correction (for in X, o, x=b;) t= FIG. 


— (putting B = Arch whoſe Coſine is 25 . 


of 


and when x =o, the ls Time $= Vie» ; and 
Ha 3s 

24 or the Time fs one entire Vibration — V— Fo in 

Seconds. 5 21 


Cor. 1. Hence all the Vibrations great and ſmall 


265 


214. 


are performed in equal Times; for they are all expreſſcd 


by . 27 TH in which ô is not concerned. 


Cox. 2. The Number of Vibrations periormed 1 in 
2. 
one ſecond is V— 


Cor. 3. Hate the Square of the Time of Vibra- 
tion of any muſical String, is as it's Length and 


Weight directly, and it's Tenſion reciprocally. 
- SCHO LIUM. 


I took a virginal Scring 290 % Inches Jong, and 


. weighing 8.5. Grains; and fall ing it to the Virginal, 


I ſtretched it with 8 Pound Weight A voirdupoiſe; 


and cauſing it to vibrate, I found it to be Uniſon with 
the Note Ela in the Baſe (the Note below the Cliff): 
By this Problem it appears, that the String made 320 


Vibrations in a Second of Time. This FE; xp i I 


made very accurately, However, by * of the 


Reſiſtance of the Air, and the larger Vibrations that 
the String makes, it is probable chat the Lime is a 


little prolonged ; and that the Number of Vibrations 


in a Second may be lomething lels than! is aſſi gned by 
this Problem, | 


Mm PR OB. 
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P R O B. III. 


FIG. To fnd the Velocity of a Projeftile at A moving in any 
215. given Curve QAO about the Center of Force S. 


Let the Diſtance S4=D, SB the Perpendicular on 
the Tangent at A=P, Radius of Curvature CA=R, 
c = Velocity of the Body at A. e = Velocity of a 
Body in a Circle at the ſame Diſtance $A, and acted 
on with the ſame Force; take the infinitely ſmall Arch 

Aa, and draw am, an, parallel to $4, CA. 5 

Then by ſimilar Triangles, P: D:: an: am:: 

centripetal Force tending to C : to centripetal Force 

_ tending to S:: verſed Sine of the Arch Aa: verſed 

Sine of the Arch (deſcribed in the ſame Time) whoſe 
a a 


Radius is $4 : 1 Therefore PR: DD 


> 3 6 . 


1 

Co, 1. In the Ellipſis and Hyperbola, the Square 
of the Velocity of a Projectile moving round the Fo- 
cus: is to the Square of the Velocity of a Body 
moving in a Circle at the ſame Diſtance : : as the 
Projectiles Diſtance from the other Focus: is to the 
Semi-tranſverſe. 
For let 27 = Tranſverſe, 25 = Conjugate; then 
(by Ex. zd and 5th, Prob. XIX. Sect. II.) P= 

55 


— — 


Or thus, by Prob. V. Sect. 2 Do J there 
cc: ee : Px —>— : DD; that is n PH 


v2rD3DD © 


Se. III. of FLUXIONS. 
bD , brDD 


ES and Þ = ===. Therefore FIG. 


-” bDD —_—_.-- 
TDD 5 55 


7 wTD 


Cor. 2. The Velocity of a Body revolving in an 
Ellipſis round the Center, is to the Velocity of a Body 
in a Circle at the ſame Diſtance; as the Conjugate to 
that Line of Diſtance, to the Diſtance itſelf, | 

For (by Ex. 4. Prob. XIX. Sea. II.) P = 

br . 5 brDI 
a 8 ib — 
| br brD*D 
whence cc: ee: : ( — — X 
55 r- BI 
rr + bb — DD: DD. And e: e: : Conjugate of D 
2 0 D. 


Con. 3. The Velocity of a Body moving in a 


Parabola about the Focus, is to the Velocity in a 
Circle at the ſame Diſtance : : as /2 to 1. 


For let r = Latus Rectum, then by the Nature of 


the Parabola P = — , and P -V. 


Whence cc: ee: : ( — — 0221. 


— 
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PROB. IV. 


E 1G. To nd the Velocity of a deſcending Body in any Place P, 


let fall from the given Point D towards the Earth ; 
being acted upon by a Force which is as any Power 
of 11's Diſtance CP from the Center. 


Let the Earth's Radius CA—r, CD=a, CP=x, 
DP=a—x, whoſe Fluxion is —x, t = Time of 
deſcending through DP, v = Velocity acquired by 
that Deſcent. F the Force at P, which let be as x*, 

By Mechanics, when the Body is given, it is uni- 


verſally v ME, and 7 =, for any Velocities, 


Fe Fo K 
UV D 
Fe ws 


Times and Spaces; therefore vd 


and v -&, and the Fluent v* A ——— *+ 


1 1 


But in D, vg, x=4, therefore the Fluent corrected 


Fo ot : | ” 
I Zut if 22 —1, then vv 


is * 


a 


Now we muſt find the Value of v at 4 the Earth's 
Surface for ſome Ceterminate Values of à and x, in 


order to turn the general Proportion into an Equation, 


Thus, it is known by Experiments that a heavy 
Body deſcending through a Space 5 or 162 Feet will 
acquire a Velocity of 2 5 or 324 Feet in a Sccond of 


Time. Therefore writing 25 for v, 7 for x, s for 


| | | . „1 
a, we ſhall get this Analogy, ——— 


45 | 


A Þ 


Sect. III. of FLUXIONS. 
a+ * e . | a+" — + 


. 


— (becauſe r * Ti nearly, ) 455 x 
42 * 3 1 * | 6 * 
— —; and v = 2 —, the 


un IXI 7 X Fs 
F eet deſcribed i in a Second. 


JX d& 


Cor. 1. If = — 2, then v= „ 8 there- 


fore t the Velocity of a Body falling from an infinite 


Diſtance to the Surface of the Earth will be 24/75. 5 


Cor, 2. If uo, then v = 2/5 x 4 — K. 


Con. 3. If r, then V2 x aq—xx, Therefore 


a Body falling from the Surface of the Earth to the 
Center acquires the — „are. 


P R O B. v. 
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To find the Time wherein a falling Bod) cli deſeend 216, 


through any Space towards the Earth, being ated 


upon by a Force which is as any Power Fs us * 


ow the Eari lis Center, 


The ſame Things ſuppoſed as in the laſt Problem, 


we ſhall have, the Moment of Time & — Bros. — 


Velocky 4 
univerſally, Since a deſcending Body at the Earth's 
Surface acquires the Velocity 25 in the Time p or 
1 Secord, therefore by the Laws of uniform Motion, 
Pol 


2% %: —— = Moment of Time, wherein x 


1$ 


The DocTRriINE 
is deſcribed with Velocity 2s. Hence from the uni- 


verſal P — = . 


OY 
3 
; 


whence! = F luent of 7 == expreſſed 


af _ + 
25} —==— 
3 +1 x 
in Seconds. 
4 


Cox. 1. If #==2, # = r cz" 


(by Form 10 and 11) —V= xa ——V— 
* ,017453 x Degrees in the Arch whoſe Sine is 


V=, and Radius 11 And when duly correfted, | 
che Time 1 2 — 1 * 1 


. 


grees in the Arch whoſe Coſine is V, and Radi. 


us 1. And the Time of deſcending 0 to the Center i is 


314164 , /a 
Cos. 2. If #=0, then 7 = - he IN and i= 
2. | VAI 
3 3 R 
Cor. 3. If z=1, then 12 — — , and 


(by Form 10) ! =— V— R* 01 7453 Degrees of the 
- Arch 


Jo 
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Arch whoſe Sine is , and Radius 1. And being F G. 
duly correfted, 7 = ,017453 Vi x Number of De- 


grees in the Arch whoſe Coſine is _ and Radius 1. 
Hence the Time of deſcending to the Center will be 


— *r: And therefore all the Times of 
Deſcent 1 any Altitudes whatſoever will be equal, 


SCH O L 1 U M. 
If t be — * find x; Find the Fluent of ! i= = 


21 * 
—ÞV< * lo. * «1 Bag Jaa -r by 
infinite Sries and revert the Series. And it either 2 
or v be given the other may be found by firſt finding 
u. And hence a Body being projected upwards with 


any Velocity, ws Height may be found, and the 
Time of it's Aſcent, 


\ 


PROB. VI. 


The Velocity and Direfion of a Projedtile, and the Law 
of centripetal Force being given ; to find the V elocities, 
Times and Angles of Revolution. 


Let C be the Center of Force, and let the Body be 
projected from Y in Direction YA with Velocity & 
deſcribing the Space þ in the Time g; and let p be the 
Velocity and 44 the Space which the Force at Y will 
generate in the fame I ime g. To the Center C de- 
ſcribe the Circle VA H, draw the Radii CA, CY in- 


finitely 


3 


> ae RED — * 
. , "FT 


222 
8 «<3 * 
— = 3 - 


* 


* 
* 5 


aq 
- k 


2 2 | bn ah = _ 2 
f = n — y -_r 
* - - Bl l 
. - Sp + © pans an ET. 
— VEE hay — — 


* 
- 4 
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F 1G. finitely near, cutting the Trajectory in I and K. and 


deſcribe the Arch Ar, CaHCFi, oi Cho; Fh #5 
FX, 2; IÞ, x; Kr, yz M. 2; IX, 4: And let 
Time of A VI, and of deſcribing IX, 
5= Sine, c = Colne of the Angle CVA, and let 


the Force in any Place I be as x", and v = Velocity 
in J. Then 


1. By the Reſolution of Forces, the Force to acce- 


lerate the Body in Direction of the Curve is x” x 


F 
E 


- 


- 


6 ; 7 f | i 5 3 
tion C G, and 9a Force x Force x —— , and 


| 5 5 = OE xx 
TV A Force x, univerſally. Whence vv A —— 


y 0 


x # AX —N"X. | 
depends not at all on the Angle KIC, but upon x the 


Moment of perpendicular Deſcent, and is therefore 


the ſame at all Iaclinations as if the Body deſcended 
perpendlicularly. 
city in 45 by che Laws of uniformly accelerated 
Motion, the Velocity generated is as the Time, or as 
the Space unilormiy d cicribed with a given Velocity: 


And lince in the Time of deſeribing 24, the Velocity 


HED * 
7 18 Seherated, there! fre 28 2 2 * ©. x ; — Mo- 


4 


ment of Velocity generated at V whilſt x 18 defcribed 
WI rich Velocity g. Here therefore the Value of tv is 


* 
L 


„ and Force x M ment of Space is a r. There- 


univerſal Proportion 4 : ꝗ : IV 


as | — 4 | 

N:: 2 : *, whence vU =- ZE „ and the 

5 — 

Fluent . =: But in J, x=o, and v=b, 
Lx a | 


therefore 


but by the Laws of uniform Mo- 


Hence therefore the Moment of Velocity 


Now to find the Moment of Velo- 


ÞH 


D 


J 
— 


— therefore h: v: . : 54, then 55 =——= 
4 4 vx 


Set. III. / FLUXIONCS. 


. 
therefore by Correction VU = bb þ == — 5 25 7 = 


But here if u =— 1, then vv = bb + < - Leg 


2. Again, ſince the Velocity is every where reci- 
procally : as the Perpendicular let fall on the Tangent; 
and theſe Perpendiculars in V and J are 5a, and 
xy x _ asb 


— 


—— N „ and by Reduſtiocn s oy = — — 


* x —4 bp 


But by fimilar Triangles x : 5 :: @ : 2 2, and 


2 =L, therefore 5 = 3 
XV X*——a* bf 


3. Laſtly, ſince / . the Moment of the 


Area, or the Time d Ares 3 and in v. the Area = 


25 
— N * ach :: i: 2 j. 
| then will 5 — =, or 5 or 1 = | De 1 . 


| Conſequently ſubſtituting for vv it's equa], in the 
Values of 2 2 and t, the Fluents will give z and 7. 


Con. 1. Hence the Apſides of the Trajectory are 
eaſily found ; for then it will be 4 = 5 = 2. 4, of 


+. therefore vv = oy. —— 
_ u IX 


_ : ' Whence x will be found: And if 
= IXq ** 
two © Sax, of this Equation be found ; then the cor- 


reſpondent Fluents 2 will give the Poſition of the 
Apſides. 
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1 


Cox. 2. Since the Sine of the Angle C 5 $— 2 


asb 


* therefore if that Angle be given the Di- 


ſtance x may be found; or if x be given the Angle 


218. 


may be found. 
Cor. 3. If the Body be projected at right Angles 
to cr, then 5—=1, and, by Cor. I, we ſhall have 


«6 

bbxx o OR 2 = bb; in which 
 n+1x9 n+ 1 x qa" 

one Root is 4; and finding x another Root in the 


Equation, the Fluent z may thence be had; and con- 


ſequently the Motion of che Aplides. 


PROB. VIL 


2 find the Time of a Body's deſcending through any 


Arch of a Cycloid. 


Let AC be the Axis, BY, DF, ef Ordinates. 
Cre, VC =b, .. Ff=%, BD=z, De= 
Z, 5= 16 Feet. t = Time of deſcribing BD: 
And let the Body fall from B. 

The Times of deſcribing any Spaces uniformly are 
as the Spaces directly, and the Velocities reciprocally ; 


but che Velocities are as the Square Roots of the 


Heights fallen from; and 25 is the Space uniformly 
deſcribed in 1 Second by the Velocity acquired 1 


falling through 5: Therefore — 2 Second: 
2 2 2 
— 1 2 nin — 


Prob. 


Let | 


Sect. 1. of FLUXIONS. 
Prob. Yau, Sect. II.) * —3 whence t = : 


| 2 


22 K* — 7 7 a Whence the Fluent (by Form 


the roth) is 7 V x Arch whoſe Sine is V. and 


Radius 1. And when x =b, then iz Z 27 a 


Whence if a Pendulum be made to vibrate in the 


Arch of the Cycloid, 27 or the Time of one entire 
Vibration will be 3. 1416V—, in n, 


Cor. 1. Hence all the Times are equal in which 


Bodies deſcending from any Points Z, B, D ſhall ar- 
rive at the loweſt Point C: And all the Times of 
Vibration will be equal among themſelves. 


Cox. 2. It appears by Ex. 3. Prob. VII. Sect. II. 
that if ZP, P be two Cycloids, whoſe Cuſpids are 
at P, and Verdices at Z and 9; then if a Pendulum 
PC be ſuſpended at P, fo that in oſcillating it may 
fold about the Curves ZP, P; then the Point C 
will deſcribe the Cycloid ZC 9: And therefore the 
Time of it's Vibration will be 3.1416 x Time of a 
Body's falling through AC. 
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ER O B. VIII. 


FI G. To find the Force wherewith a Corpuſele P is altrafted 


219. 


to the Plane of a Circle ED, according to any Law 
* centripelal Force. 


Let A be the Center, and AP perpendicular to the 
Plane of the Circle, and let the Force of each Particle 


be as the a Power of the Diſtance. „ 
Put AP a, AE=x, c= 93.1416. And let the 


Body m attract the Corpuſcle P, at the Dictance d, 


with the Force /; then the Force which any Particle 


# arradts the Corpuſcle P towards E is = 7 
aa + * „and the Force of all the N in \ the 


Periphery EW 18 —— X ar: : And by Me- 
chanics the Force in | Direction PA = * 
A 5 
Xx da Æ＋ x ” ; whoſe Fluent 1s 2cfa * N 4 


md 1 1 


But in A, x=; therefore by Correction, the Force - 


erted on P by the Plane of the Circle ED = 206 * 


md” 
aaÞxx 2 | 20 - a _ 

— n+1 | +1 xmd” * But if 1 =—I, 

then the Force _ x 2.302585 Log. — 1 


. I. 


Set. III. of FLUXIONS. 
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Cor. 1. Hence if »=1, the Force of the Circle FIG, 


_ exerted on the Particle P will be 2 „the ſame 


as if the ſaid Circle were 2 — into the 
Center A. 


Cos. 2. Therefore if a=1, a Sphere will attract 
any Particle P with the ſame Force as if the whole 


Sphere was contracted into the Center C. For takin 
the Circles ED, ed parallel, and equidiftant from the 


Center; the Sum of the Forces will be as the Sum of 
the two Circles each multiplied into it's Diſtance, or 
as either Circle into half the Sum of the Diſtances, 


that is into 2 PC; or both Circles multiplied into PC; 


and it is the ſame of all equidiſtant Circles that com- 
* the Globe. 


fad © 

Con. 3. If a 2 the Force= 2 - x I 
. _ ER 
F 

Cos. 4. If u be leſs * T, then the Force of the 

- ; F 2cfa 
whole infinite Plane will be. 
| | ma” x —tt=1 
PROB. IX. 


To find the Force wherewith an infinite Solid, plain on 


one Side Ll, attratts a Corpuſcle placed at C: Sup- 


poſing the Law of Attraction to be inverſely as ſome 
Power of the Diſtance greater than 1. 


Draw the infinite Line CGK, perpendicular to the 
Plane LI, and through the Points I, K, infinitely 


* 


— 


N 
ry 


219. 


221. 
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F I G. near each other, draw two Planes parallel to LI; 


221. 


It's s Fluxion — i > whoſe Fluent is - 


and let CG a, CI = x, IK=x, and the Force as 


*; and by Cor. 4. Prob. VIII. the Force where with 
the Solid contained between the Planes at 7, K, 


20 f * 
undi x 211 


attracts the 3 will de — 


ma” X i — md” 


will be —— gs — „ +3 =. 
n+ 1x1+3 x md” 


Con. 1. If a be leſs than 3, and the Solid infinite 


: 3 2cfa"+3 
towards K - the Force will be 
n IX z nd“ 
Cor. 2. Hence therefore the Force at different 
Diſtances from the infinite Solid (when u is leſs than 


3) will be as a T or CG 


Cor. 3. Hence alſo (if » be leſs than -3), the 
Force of a very great Body upon a very ſmall Parti- 


cle, at any extremely ſmall Diſtances, will be as the 


2+ 3 Power of the Diſtance, nearly. 


Cox. 4. And it the Corpuſcle be placed within the 
Solid at I, ſo as GH = GC, the Force will be the 
very ſame as if it were placed at C, ſo far without it. 


For, taking IH=GH the Solids HG and HI deſtroy 


one another's Effects. 
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PROB. x. 


To find the Force wherewith a Sphere attrafts a Cor- Fl G. 
puſcle P, ſituated either without or within the Spbere; 


ſuppoſing the Forces of all the Particles to be recipro- 
cally as the Squares of their Diſtances. 


Caſe 1. Let P be without the Sphere, Draw the 
Axis PAB, and the Ordinates ER ed infinitely near, 
and let & be the Center, put PS = a, PD x, Dd 
=#, M3 =#, ED=y, bb aa - rr. Then PE 


= N Y = ax + rr - 4 = y/rr—aa2ax 
= N -b. But by Cor. 3. Prob. VIII. the Force 
of the infinitely thin Solid contained between the 


Planes of the Circles DE, de is = = PD 


222. 


*1 -N. 

therefore the Fluxion of the Force 18 — x 

+ al , Whoſe Fluent is = = * 
Va - 1 Wn 

_ 3 but in A where the Force 


is o, x=4—r; therefore by proper Correction, 
the Force of the Segment EAF i is = * — 


x into: 


e 


and when x = 4+7, the Force of the whole Sphere 
ER _ K 273 
==> __—_— * 
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Caſe 2. Let P be within the Sphere. Let Pb, 


PD=x, then PE = y/rr—aa+2ax = y/bb+2ax 
therefore (by Cor. 3. Pr. VIII.) the Fluxion of the 


. a * 

Force at D is 33 2 - 4 whoſe 

| bh 
Fluent is 2 > : & 5 but | 
in P, 1 e wr Forc of the Zone or 

| þ3 
Section EDER = = & * + - — i 3a 

7 


In which writing a+r for x, = comes out 
- 


X 


for the Attraction of the Segment 2BR. 


aa 
Fe by a like Proceſs the Attraction of the Segment 


2cfdd 7 hor. dn 


HAR = mt x — : whoſe Difference 
2cfdd „ 


18 4, the abſolute Force of the Corpuſcle 


P towards the Center ; which is the ſame as the Force : 


of a Sphere, whoſe Radius is SP, acting on the Cor- 
pace P at it's Surface. 


Cos. 1. Hence the Force of the Sphere upon the 


Particle P placed withour the Sphere is the very ſame 
as if the whole Sphere was collected into the Center, 


and exerted the Sum of all the Forces from that Cen- 


47% 

ter. F or Jas = 988 divided by the Square of 
47% PAY ... 

the Diſtance ; and 7 15 : 7 the 


very ſame Force of the Sphere before found. And 


hence it 1s alſo evident, that the Forces of Spheres are 
accurately in the reciprocal Ratio of the Squares of 


the Diſtances from their Centers. 


Cor. 2. The Force where with any Corpuſcle Pp 


within a Sphere, is attracted to the Center, is accu- 
rately as it's Diſtance from the Center. 


I PROB. 


To 


m4 go 


5 'Y 


p R O B. XI. 


To find the Force wherewith a Spberoid attracts a Cor- 


pujeie P, bing upon it' Surface in the Axis PB. 


Let PB=zr, Dingo 9 2 then 


AE = Irons T- Ax, and PE = == += r * 2x 


I 9 
= — : HIT FTXX ad = ee 


punting bb = rr —as, By Cor. 3. Prob. VIII. the 
Fluxion of the Force at A is = — 421 PA 


m — 
x | ** 2.30238 
= Xð* * — — : Let 2 25 X 
Log: * == A, if 7 be greater than a : 


| 501 
2 


X Degrees in the Arch, whoſe 


Sine is W. if f is leß than a: and the Fluent 


20 oa rraa 


ba r 2 + e- V:; 


= Force a the Segment PEF attracts the 


Particle at P. 8 
Con. . hs ihe Theme n oo: whe 


| Spheroid attracts the Particle P is . into 


a 2.30258 
27 + 7 2 where ꝙ = = 2302585 * 


V/rr — aa 


Oo 2 Log: 
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” + rr —aa 5017453 . 
2 Log: Wo So ne the twice 


the Number of Degrees in the Arch whoſe Sine is 


30 
Whole Spheroid is 3 ü > am 1 
MC 
WT db; as will appear by infinite Series, or Form 
the 16th. 


— Cy — 3 . 
* . -y Radius 1; according as 7 18 greater 
2 | | | 


or leſſer than a. = 
Con. 2. If ö be very ſmall, the Force of the Seg- 
| Lend b 27x. * 1 
ment EPF 8 f x into æ — OT + 


PROB. XI. 


7 find the Mation of @ Ray of Light paſſing into @ 


refracting Medium. 


Let there be two Mediums ſeparated by the re- 


fracting Space RndD terminated by the Parallel Planes 
RA, Da; and let the Ray, moving in the Direction 
6 H, paſs from H to J, and in it's Paſſage be 
atted upon, in Lines perpendicular to the Planes, 
by any Force which 1s equal at equal Diftances 
from either Plane, and at all Diſtances as any 
Powers or Sums of Powers of the Diſtance there- 
from: And let 5 = Velocity in H, vg Velocity 
in P, CP rx, PI=z, PPA, Time of 
deſcribing PF. And let the Force be as ABC 


+ 


Sect. III. /F FLUXIONS. 
| +Dx" G =; then will the Force in Direction 
PF be -. And ſince the Velocity 4 —— 4 


Iime ? 
and 1 of Velocity & Force x Time, therefore 
v0 N. or vv A ; aſſume p a given Quantity, 
and let v == p, and let F be the Fluent of 2x, 
then v*—2pF, and by Correction vv — bb = 2pF, 


and wv bb + 2p. Hence the Ray will always 
have the ſame Velocity in the fame Medium DIX, 


whatever be the Angle of Incidence, 


Let the Motion of the Ray GH be divided into two 
GA, AH, one parallel the other perpendicular to the 
Plane RA. Then ſince the parallel Motion 4 H is 


vot at all changed by the Actions of the Forces per- 


pendicular to theſe Planes: Therefore if ID be made 


= AH, and DR perpendicular to D 7, then IX will 
be deſcribed in the fame Time as GH. Therefore 


drawing IE parallel to GH, the Velocity in H to the 


Velocity in J, is as GH or EI to IK, that is as the 
Sine of the Angle of Refraction to the Sine of the 
Angle of Incidence. And therefore the Velocity of 


Light in Vacuo, to it's Velocity in Air of a mean 


Denfity at the Surface of the Earth; is as, 9995 to 1. 


For by Experiment the Sines of Refraction and Inci- 


dence are in that Ratio. 


Con. 1. The Sine of the Angle of Incidence at one 


Plane, is to the Sine of the Angle of Emergence 


from the other Plane, in a given Ratio. For the 


Velocity v at the ſecond Plane will always be equal 


to the given Quantity /bÞÞ2pF, and the Sine of 


Incidence to the Sine of Emergence, as this given 


* : 


Con. 2. If the Ray was to fall on 7 in Direction 
XI, with the Velocity it has at J, it would return in 
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the ſame Curve IPH, and ſo go to G, and obtain 


ir's firſt Velocity. For the ſame Forces that did before 
Oo 2 accelerate 
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FIG. accelerate it's Paſſage, will now equally 2 it in 


226. 


returning. Therefore, 


Cor. 3. If the Ray have a greater Velocity in the 
firſt Medium, than in the ſecond, and the Angle of 
Incidence GHA be continually diminiſhed, the Ray 


will at laſt be reflected; and the Angle of Reſtadion 
gba will be equal to the Angle of Incidence GHA 


For let the Angle GHA be ſuch, that the Ratio of 
it's Coſine to the Radius may be equal or greater than 


the Ratio of the Sine of Incidence of the firſt Medium, 


to the Sine of Emergence in the ſecond; and the Ray 
at R will be moving in a Direction parallel to the 


Planes; but being afterwards acted on by the ſame E 5 


Forces as before, it will be turned back deſcribing the 


Line Rg ſimilar and equal to RAG, and the Angle 


ba = HA. 


Cor. 4. Hence if there be two ſimilar Mediums 


whoſe Denſities are p and 3; and the Velocities after 
Refraction into each of them x and y. then will 
22 — bb: 1 — bb: 8 

For ſince the Forces of A are made towards 
Bodies, theſe Forces will be proportional to the Cauſes 


that produce them, and therefore will be as the Den- 
ſities of theſe Bodies, ſuppoſing the internal Form and 


Conſtitution of the Bodies to be in other Reſpects the 
lame. The Forces therefore exerted at any equal 
Diſtances by theſe two Mediums will be as p and 


42; whence will be had zz—bb —2pF, and yy 


— bb == 29; whence zz— %: zz—y ::p: 7. 
chat is as the Denſities of the Bodies, nearly. 


Con. 1 1 Light paſs chrough ſeveral refinſiing 
Mediums, the Sum of all the Refractions will be 
equal to the ſingle Refraction it would have ſuffered, 


by paſſing immediately out of the firſt Medium into 
the lt. | 


For 


Sect. III. of FLUXIONS. 


For ſuppoſing theſe ſeveral Mediums to be ſeparated 


by parallel Planes, the Refraction, Velocity, or Mo- 
tion generating in approaching any one of theſe Me- 
diums, will be deſtroyed again in it's receding (on 


the other Side) from the ſame Medium. And there- 


fore the Motion of the Ray can only be affected with 
the Force of that Medium it at laſt moves in. 


SCHOLIUM. 


Though it is not known to what preciſe Diſtance 


the refractive Power of any Medium reaches yet 
we are ſure it is contained in an exceeding ſmall 


Compaſs. And therefore the Curve H PI, and con- 
ſequently the Points I, 1 may be taken in 


only as one Point, : 3 
There are few or no Examples among all the 


Phænomena of Nature that afford ſo clear a Proof 
of the prodigious Forces of the ſmall Particles of 


Matter, as the Motion and Refraftion of Light 
does. For notwithſtanding the amazing Velocity of 
the Rays, and the extremely ſmall Space and Time 
that any refracting Surface has to act in; and yet 


to produce ſuch a ſenſible Refraction as we fee it 


does, muſt evince that the Forces exerted on theſe 


ſmall Bodies muſt be ſurprizingly great, and do really 


exceed all Comprehe 
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PROB. xIII. 


e Velocity of a Globe, moving in a right Line, and 


2s Denſe ity, and the Denſity of the reſiſting Medium 
in which it moves being given; to find the Time, 
Velocity, and deſcribed. 


Here we ſuppoſe the Medium to be uniform, and 
that the Projectile is acted on by no Force but the 


 Refiſtanceof the Medium, and that to be as the Square 


v Velocity 


of the Velocity. 
Loet Weight of the Globe, 1 


q=1it's Denfity, p = Denſity of the Medium, s = 
a Space of 16.7, Feet, þ — Space the Globe at firſt 


can deſcribe in x Second, or the farſt Velocity; x = 
any Space deſcribed, : = Time of deſcribing it, and 
at the End of that Time. Here I mea- 


ſure D a Second, 
and the Time is Seconds. 


. It is proved by Experiments that the Reſiſtance 


of * Globe is to the Force by which it's Motion may 


be generated in the Time of deſcribing 4 it's Diame- 
ter, as the Denſity of the Fluid to the Denſity of the 


Globe nearly, The Velocity generated in a given 
Body is as the Force and Time conjunctly, therefore 


the Force is as the Velocity divided by the Times or 
by * un deſcribed in theſe Times, there- 


bbw 
fore —- : : 2 A= Force dar vil ge- 
nen the Globe's Motion in the Time it deſcribes 


id; 


Sect. III. of FLUXIONS. 
3bbp 


16057 W = Reſiftance of the Globe 
with Velocity b, and likewiſe SK = Reſiſtance 
with the Velocity v. Now 1 Second: 25 (Velocity of 

a falling Body) : : T: 2% Velocity generated in 
the Time f by Gravity. Now ſince the Moment of 
Velocity is, in all Caſes, as the Force and Moment of 


Time; therefore 25/* : wit: .: I xs 


4d; therefore 


33 "Bag * 
which reduced is 8d + n way 
with Velocity 25) :: T: 25 = Moment of 
Space deſcribed with Velocity 25s. And fince 


Force 
Moment of Velocity & —7 r Moment 


of Space; and the Moment of Velocity in falli 
Bodies was found before = 25: Therefore — 


. 
2. 222061 aye" whence == 


, and 2 = 1 Therefore the Fluent 


3" Log. v. And by Coneizn off = 


_ 2.30258; Log: 


con. I. Hean x= — 1+ . 
this appears by — 


Con. 2. 
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x =dTx 2.302585 Log: — 
—* 


EEC 


SCHOLIUM. 


It is bee laid down as a Principle that the Reſiſtance 

of a Globe moving in a reſiſting Medium, is to the 
Force by which it's Motion may be generated in the 
Time of deſcribing it's Diameter; as the Denſity 

of the Medium to the Denſity of the Globe: Yet I have 
found by ſome Experiments that in ſwift Motions, 
the Reſiſtance has been greater ſometimes by a third 
or fourth Part, Theſe Experiments I tried in a River, 
with a Globe of equal Denſity with the Water, by 
faſtning a Thread to the Globe and to an Index in- 
cloſed | in a Tube with a ſpiral Spring: For by the 
Diviſions of the Index, as it was drawn out more or 


leſs, I could meaſure the Reſiſtance. 


* IE 1 LI 


- TC — - 
6 5 — 

923 

_ q 


N — P \ : 3 72 
— * — 2 - — 
—_- x =_ _ _ 1 — — boy 
AACR K oo 4 
— 


4 p 'T * 4 G 
A a 1 — - * 
| EAST — by P "Rd 5 
* Ml - ” fs 
"DIPS — * 
Cage <=" | 
— a <% AS. ee, — 
by _ = - 6 SPIE — 2 oy” 225 N 
. _ -_ — * - * 4 ' 
* — — - — 4 
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bes. 2 Fo Oe — ju bo " 
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—— 
2222 4 
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2 22 * — - * 
8 * " i 4 8 ©, Z — FRY — * Y <— 
Log _ — ee ent ere Re — tio eer>— 2 w_ De 
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— — — 


P ROB. XIV. 


'F 4 Body in a uniform Medium, being noms afted 
an by "be Force of Gravity, aſcends or deſcends in a 


rig Line; To jind the 77 imes, Velocities, and Spaces 
deſcribed, 


| gef. before W=Weighe of the Globe, 
25 _ d= is Diameter. 


a _ Daly foe Mev 


of Time univerſally: 


Sec. III. fFLUXIONS. 


5 = 1622 Feet the Space through which a heavy 
Body deſcends by Gravity in a Second. 


x = == deſcribed from the beginning of the 


Motion. 
; = Time of deſcribing x, 
v = Velocity at the End of the Time :. 
Velocity the Body is projected upwards with, 
if it aſcends. Here I meaſure the Velocit 


by the * uniformly deſcribed in a 


Second. 
The comparative Weight of the Globe i in the Me- 
dium will be 2. And we ſhall find, as in the 


laſt Problem — 777 17 = Reſiſtance of the Globe 


moving with Velocity v; and conſequently - bY W + 


22 


16450 ' '-is the Force acting on the Globe 3 


as it aſcends or deſcends; call this Force 5. Now 
25!'= Moment of Velocity generated by Gravity in 
the Time: And the Moment of Velocity being as 
the Force and Moment of Time univerſally ; there- 


fore 2 :: TU: :: TU: yt; whencet = 


— —— 
29 TJ 1644. gp 


Again, let à falling Body V deferide any ſmall _— 


z at the End of 1 Second; then it will be, 25 (Spac 


uniformly deſcribed with Velocity 25) : 1 Solo oy 
RO 


32: Time of deſcribing 2 with Velocity 2s. And 


ſince the Moment of Space oc Velocity x Moment 


: , * 4 — 
: &: Ut. Whence & v _ — | 
q—P x 1645+ e 


EY : Caſe 1. 


therefore &: : 25 X 2 4: . 


| 


wy 


_ 16@5+3pvv: And whenduly correftedae=? = — 
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— ws. 
e. When the Body aſcends, f = — 


and (by Form 5) the Fluent 1 3 1453 


V x 48d5p 


x Degrees in che Arch whoſe Tangent is * 2 
' 94-P x 16ds 
But when } =o, vb; and the Fluent corrected is 


2dq 1,0174353 
V x 3dp : 
the Arches * are Vena =. 
q—P * 164 
* 32 
I—px16ds * 
Tine of Afr 1=: <2! 917453 x Degrees in the 
Vepxadp 


the 4*) the Fluent x = . 1 Log: N 


6p 


3p 


4 x 1645+ 3pbb 
x Log: == 

2—p x 164+ 2p FF 

cas. Wheat Git dean? Sack _ 


[7 + 3 


-_— 


V5: + 
* 2 x 16d — y 3pvU 


x Degrees in the Difference of 


- therefore when vo, the whole 


Sect. II. of FLUXIONS. 
gag 


Alſo x = _ — 5 whence the 
Fluent x = ==: — Log: px 16d. — p: 
and when corrected x = —— 3 
* 164 : 


5 x 16ds r 
Cor. 1. The greateſt Velocity the Globe can 


acquire by an infinite Deſcent 3s 


For when x or 7 is infinite the Denominator q—p * 
1645 — 3pww =0. 


_ 
Cor. 2. Let G W's FF l 


E 
Then ; = 2.30258G xLog,-; H—> 


which reduced gves v = =7— Mr —— H, when the | 
Globe deſcends. —_ 


Cor. 3. x = 23025855, — 25 * N 


a, 
S : 2 * Log: 
Slobe deſcends. 


Cos. 4. In like Manner the V elociry and Space 
| e 


SCHOLIUM. 
The Denſity q mutt always exceed p, otherwiſe the 


| Globe will not gravitate 3 contrary to the Suppoſition. 
Pp 2 PROB, 


=y 


8 
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PRO B. XV. 


To N nd the Velocity and Reſ tance of a Globe vn 


in a Cycloid, in a reſiſting Medium, 


Let Ba be the Arch deſcribed in one entire Ofcil- : 
lation, C the loweſt Point, and CZ half the whole 
Cycloidal Arch equal to the Length of the Pendulum : 


Let the Globe deſcend from B, and put CZ = a, 


CB=b, BD=x, the reſt as in the laſt Problem. 
Then we ſhall find _— WW = comparative 


” Weight of the Globe i in the IRE and 2 W 


1649 
= Reſiſtance of the Globe moving with the Velocity 


v, in the Point D, as in the former Problems. Now 


it is known that CZ is to CD, as the Weight of the 
Globe IF is to its accclerating Gravity at P. 


which therefore 1s . „. — Therefore 


the whole Force by which the Pendulum is urged in 


D is —-— 3 — — Mi — —-* W=y. 


, and x = (wiz) — 


Sec. III. of FLUXIONS. 


Since x = 2 


(by the Help of Form the 4th and Rule 8. Prop. X.) 
we have x = SR Log: bf — fx A + +<:; 
but when * , v o; therefore the F _ JENS. 


1 9 1 
0 of + © pars 
Let a Number belonging 1 7 — 
i @ = 3 2 „ Which 
_ 2bp +1 —2gx— oo 

— b+ 11 F 
2. Letz= 399 wp the Reſiſtance in D, then 


1644 PEP 
64 + 
VP = — ——_ 7 , and v = - 


' 5 out of the Value of &, and we ſhall have & = 


2 | 5 2.2025 
IA . and the Fluent x = Log: bh — 


is & 


reduced gives vv : 


» finding the Fluent 
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z Expunge v and 


2 he — r. and when duly corrected x = 


_ 
a = Number of * W r then 
5＋ 


nw * : x into — Cox. 


—— , which reduced gives 
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Cog. 1. In the loweſt Point C, a Number be- 


longing to the Logarithm — And 


2.30258 x 4d * 


; — "67 # # 
there the Velocity = =\/:— = 2 x into 1 1 


enn Ex _b:xino 2 gr 
OY 35 nag 


Cox. 2. But the Velocity and Reſiſtance are the 


greateſt, when 2 or 00 — DX — 282 *. & o, and 


thence 2 = 22 h N 4 I. 


Cox. 3. And therefore the Velocity and Reſiſtance 
ae the greet hen Esel, 


SCHOLIUM 
If the ofcillating Body is not a 


whoſe Diameter is 4, muſt either be calculated from 
Prob. XXII. Sect. II. or found by Experiments ; let 


5 that be as 1 to m: And then we muſt take = inſtead 


of g, 0-4 inſtead of -A- in the foregoing Cal 


Log +1: 


of it's Reſiſtance to that of an cual Globe 


k a wad Ys ae Ot 


Scet. II. of FLUXIONS. 


R O B. XVI. 


To find the Denfity of the Atmoſphere at any Height; 
ſuppoſing the Force of Gravity to be as any Power of 
the Diſtance from £4 EartÞs Center, the as ity 
of ile Air as the Compreſs on. 


Let 7 = Radius of the Earth. 
x = Any Diſtance from the Center. 
d = Denſity of the Atmoſphere at the Earth's 
_ Surface. 
2 = Atmoſphere's Denſity at the Diſtance x. 
nun = Exponent of the Law of Gravity, 
Since the Denſity is as the Preſſure therefore the Mo- 
ment of the Denſity c Moment of Preſſure, that 
is O Momeat of Matter x Force of Gravity: But 
Moment of Matter c Denſity x Moment of Space. 
Therefore the Moment of Denſity oc Denſity and 
Moment of Space and Force of Gravity; that is 
Z QC N univerſally, 
Now it is collected from Experiments that the 
Weight of 1 Foot high of Air at the Earth's Surface 
is to the Weight or Preſſure of the Atmoſphere as x 
 t029725=P, at a mean Denſity ; n et & 


be any ſmall Height, and it is 9 4: = 
Moment of Denſity at the Earth's Sue & 


: And (by Form the uſt and = the Fluent 
i3 


pre 


from the foregoing general Proportion, —— 5 d | 
:S: &: therefore 2 = : and + = ö 
* } 


S 
De DocTriINE 
TY nr 
is s 2.30258 Log: Z: = r And duly cor- 
** — . — 


rected, 2.302585 x Log: 4 * 


therefore z=dx Number of the Log: 


2: 302 7 + ixpr* 
SPOT 


| =dx Number belonging to the Log, — —— 

ii] e be any ſmall Height GT the Earth's 

1 Surface, then z=d x Number of the Log. WM 
Con. 2. If 1 t, then 2 d x Number of of the 


444x217 * 
| Con: 3. H o, n Number of the 


Con. 4. L 3 


1 * 11 — 


Logarithm 12 — ü öb—ö In all which e, 7 and x 
are ſuppoſed to be taken in Feet. 


P RO B. XVI 


E find the Denſity of the Atmoſphere at any Height z 
Juppop ng the Force of Gravity to be as any Power of 
the Diſtance, and the Compreſſion as any Power of 

_ the Denſi 7. 


Let » = Radius of the Earth. 
d = Denſity at the Earth's Surface. 
x = any Diſtance. 


Sect. II. of FLUXIONS. 


z = Denftty at the Diſtance x from the Center. 
p = a Length of 29725 Feet. 
= Index of the Farce. 

n Index of the Denſity, 

V = com g Force at the Diſtance x. 
No by the Hypotheſis v O 2”, and Force oc ; 
And ] ⁊Z C Moment of Preſſure, that is as the 
Motnent of Space and Denfity and Force of Gravity: 
that is 2 2 OE x"zx, or z2""*2 Q xx, univerſally. 
To find the Moment of Denfity at the Earth's Sur. 
face, we have d Oc mz""Z ; therefore (by Prop. II.) 


| 5 1 - a 2 
v: U:: 25: 1 S:: 2: mZ, therefore æ === 5 


but at the Earth's Surface z=d; and taking any very 
A a Sp: virsitWwitfr 


and — a 2 ONS Off =_ Fluxion of 


wp 
Boath5 ar the hats duidiee x 7 from the 
22 | 
2 


univerſal Proportion; 2 * 
— S = 


Qq PROB3. 
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r - 
To * the Diameters of the Earth. 


FIG. Suppoſe the asd of the Sphe- 
227. roid, B; AB the Equinoctial, PQ the Axis; 
and let it's mean Radius CR=1, AC=1+v=a. And 
PC=1—v=e, let CS be the Conjugate to RC, and 


RT perpendicular to CS, then by Conics CS = * 
aa rtee— 1 = I+vv=c, and RT === = = 1 —2V0 a 
=P. Here I reject the Powers of v above vv as being 
very inconſiderable. 2 
In the mean Place R a heavy body falls about 3 
16 ,0917 Feet in x Second; and the verſed Sine of fir 
the. Arch deſcribed by R in 1 Second by the Earth's th 
Revolution is ,04, (if RC=2 1000000 Feet); alſo 

as 1: %:: 04: ,0283 = to the centrifugal Force to 

in R, as 16, 0917 repreſents the Force of Gravity; m 

therefore . zd, will be the gravitating Force at v 

R if the Earth ſtands ſtill: And this is nearly the _ 

lame with that of a Spheroid whoſe Axis is 2RT, * 

and Radius of the (Baſe or) yu Circle 4/ac ; which 

1 n 1 * 

(by — 2. Prob. XI.) is 2p — "Iva — Scr | 

* . - = } + £v — *374*, omitting the given oy 

Quantities in that Corollary. Alſo the Force of the * 

Earth at A is nearly the fame as a Spheroid whoſe 3 
1 | Axis is AB and Radius of the Baſe „ag, that is (by a 
| the ſame Cor.) 18 + 4 — — — 2 2 al 
Vae gac ,, K 

Tv lv. Likewiſe the Force of the Earth at P 2 

wer 200 x a- 2 


. = 7 Þ+ 5 + 4vv. 
LY > For 


Sect. III. of FLUXIONS. 


For the centrifugal Force at the Equinoctial, it 


is as /r: IT:: ,04 : ,05657 x 1+vV = b + bu (by 
Subſtitution) = centrifugal Force at 4 : Alſo + &.v 


2 
— 200: d 3 T 20+ 


1,1, 


xd for the gravitating Force at A, if the Earth ſtood 
ſtill : from this take b+bv the centrifugal Force, and 


we get 1—jv+10,03vV x d—b— by for the Force 
of Gravity at A when the Earth is in Motion. 
Let CD=x, CE=y. Since the Gravity and alſo the 


centrifugal Force (which is as the Decreaſe of Gravity) 
in A and D, are as à or 1+v to x, therefore the gra- 


vitating Force of the Earth in D, when the Earth is 
in Motion will be 1—$v+11.237 x dx - br. 

Laſtly, 3 + $4v— vu: d:: 1 +40 +4w: 
 1++45v+15.27vv d the Force of Gravity at P. And 


fince the Forces in P and E are as e or 1—vto y, . 


therefore the Force at E is 1+3v+16,47vv x dy. 


Now ſuppoſe the Weights of the Columns x andy 


to be equal; therefore their Moments or Fluxions 
multiplied into the gravitating Forces at D and E, 
will be equal; that is 1—$v+11.23vv x dxx — bxx 


= 1＋ 76, 7⁰⁰ * dyy, and taking the Fluente, 


and dividing by 24, and putting 1+v and 1 U for 


x and y, there comes out 1— 3 + 11.290 ==> 


1 = 1+5v+16.47V0 x 1—v ; that is 1 — + 


1 — = v 9.83 — Q 1-15. 0%⁵, 
Or vv + ,06329v= ,00014r,, whence v = ,00213, 


and CA—CP=4,00426: And therefore if the mean 


Radius of the Earth be 21000000, then CA — CP 
= 89460 Feet or 17 Engliſh Miles nearly: Therefore 
AC = 21044730, and PC = 20955270 Feet. 


Qq 2 SCHOLE 
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| SCHOLIUM. 

This Computation ſuppoſes the Earth every where 
of equal Denſity: But ſince that is not certainly 
known, nor with what Force a Spheroid accurately 
attracts a Body when ſituated out of the Axis; nor 
whether the Earch ieſeif — « 6; : Theſe 


Things may render this Solution a litt incorrect. If 


the Earth be more rare towards the Equinoctial than 


towards the Poles; it's Height * will 
be encreaſed 1 in that Proportion. 


And now 1 might proceed to the Calrulegion of 
other more difficult Problems, ſuch as finding the 
Curves deſeribed by Bodies atted upon by any Laws of 

Gravity, and moving in Mediums which reſi as any 
Powers of the Velocity; the Motion of the Nodes 2 
Apſides of the Moon , the Preceſſion of the Eguinoxes; 
and ſuch like, But ſince theſe cannot be diſpatched in 
a few Words, but often run into long and tedious 
_ Calculations, and require a great deal of Room, I ſhall 
not trouble the Reader with them, eſpecially ſince the 
Method of purſuing and managing theſe is the very 

fame as in thoſe Problems here delivered. And there. 
fore I ſuppole, it the Reader underſtands what has been 
before laid down, he will be able of himſelf to apply 

1bis Doftrine to the Solution of any other Problem that 


happens to fall in his way, though more com lex, 
3 further Aſſiſtance. 22 , 
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